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PREFACE 


The alterations in the text in this revision consist of verbal 
changes in the details of some of the proofs and discussions, and in 
the addition of a chapter on Hyperbolic Functions. This chapter 
has been written with the siime attention to clearness and com- 
pleteness that marks all other sections of the book. Also, cylindrical 
coordinates have been employed to broaden the applications of 
doul)le integration. 

The problems have in general been completely revised, and in 
s^)me respects their appeal and interest have been increased. Some 
applications to the mathematics of economics will be found in the 
problems. 

; Additional problems for the use of superior students have been 
4dded at the end of most chapters. 

Answers to a good many of the problems are given in the text, 
^me of the answers are purposely omitted in order to give the 
ftudent greater self-reliance in checking his work. Teachers who 

i fcsire answers to the other problems should communicate with the 
»blishers. 

The labor of the authors will be amply repaid if this revised edition 
eets with the generous and well-nigh universal favor accorded Gran- 
lle’s Calculus since its first appearance. 

PERCEY F. S.MITH 
WILLIAM R. LONGLEY 
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DIFFERENTIAL CALCULUS 


CHAPTER I 


COLLECTION OF FORMULAS 


1. Fonnulas from elementary algebra and geometry. For the con- 
venience of the student we give in Arts. 1-4 the following lists of 
formulas. We begin with algebra. 


(1) Quadratic Ax^ + Br + C = 0. 

Solution. 1. By factoring: Factor Ax* + Bx+ C, set each factor equal 
to zero, and solve for x. 

2. By completing the square : Transpose C, divide by the coefficient 

of X*, add to both members the square of half the coefficient of x, and 
extract the square root. ' _ , — 7 — 7 ; 

3. By the formula x = 


Nature of the roots. The expression — 4 AC beneath the radical in 
the formula is called the discriminxint. The two roots are real and unequal, 
real and equal, or imaginary, according as the discriminant is positive, 
zero, or negative, 

(2) Logarithms 

log a 6 = log a + log 6 . log o’* = n log a,. log 1 = 0 . 

log 7 = log 0 - log 6 . log '^ = ~ log 0. loga 0 = 1. 

b n 

(3) Binomial theorem (n being a positive integer) 


(a + 6)" = o» -b no" ->6 + a»-»6* + 

+ n(n - l)(n - 2) - ,: , (n.^±, 2) . fcr- 1 ^ 


( 4 ) Factorial numbers. n! = [n = l*2*3*4** - (n — l)rt. 

In the following formulas from elementary geometry, r or K 
denotes radius, o adtitude, B area of base, and s slant height. 

( 6 ) Circle. Circumference = 2 ar. Area = irr*. 

( 6 ) Circular sector. Area = i r^a, where a — central angle of the sector 
measured in radians. 


1 
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(7) Prism. Volume = Ba. 

(8) Pyramid. Volume = ^ Bo. 

(9) Right circular cylinder. Volume = Lateral surface = 2 rrcu 

Total surface = 2 rrr{r -f a). 

(10) Right circular cone. Volume = ^ 7rr*a. Lateral surface = wts. 
Total surface = 7 rr(r 4- 

(11) Sphere. Volume = J irr^. Surface = 4 Trr^. 

(12) Frustum of a right circular cone. Volume = 1 7ra(B^ 4- 4- Rr). 

Lateral surface = 7rs(B 4- r). 

2. Formulas from plane trigonometry. Many of the following for- 
mulas will be found useful. 

(1) Measurement of angles. There are two common methods of measur- 
ing angular magnitude ; that is, there are two unit angles. 

Degree measure. The unit angle w 3 ^ o ^ complete revolution and is 
called a degree. 

Cirndar measure. The unit angle is an angle whose subtending arc is 
equal to the radius of that arc, and is called a radian. 

The relation between the unit angles is given by the equation 

180 degrees = tt radians (tt = JT.lllSO • • •)» 

the solution of which gives 

1 degree = = 0.0174 • • • radian ; 1 radian = = 57.29 • • • degrees. 

leu TT 

From the above definition we have 

X- ; / /• • 7 suhtendina arc 

x\«moer of raduin.s in an angle = ^ 

radius 

These equations enable us to change from one measurement to another. 

(2) Relations 

ctn X = ; sec X = ; esc x = ~ — 

tan X cosx sinx 


. sin X . cos X 

tan X ~ ; ctn x = 

cos X 8in X 


sin^ X 4- cos^ x = 1 ; 14- tan^ x = sec^ .r ; 1 4- ctn^ x = csc^ x. 

(3) Formulas for reducing angles 


Angle 

Sine 

Cosine 

Tangent 

Cotangent 

~ X 

— sin X 

cos X 

~ tan X 

— ctn X 


cos X 

sin X 

ctn X 

tan X 

90^ ^ X 

con X 

— sin X 

— ctn X 

~ tan X 

is(r-z 

sin X 

— cos X 

tan X 

ctn X 

4 - X 

— sin X 

1 — coa X 

tan X 

ctn X 

270^ ~ X 

i — c^>»x 

- sin X 

ctn X 

tan X 

270^^ 4“ X 

— cm X 

sin X 

~ ctn X 

- tan X 

3fi(r - X 

— sin X 

cmx 

— tan X 

*- ctn X 


SeciJQt 


»ec X 
C8C X 

- CSC X 
-- sec X 

— sec X 



Cosecant 

— cac 

X 

sec 

X 

sac 

X 

cac 

X 

~ cac 

X 

— aec 

X 

- aec 

X 

— CSC 

X 


nee X 
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(4) Functions of (x + y) and (x — y) 

sin (x -f 2/) == sin x cos y + cos x sin y. 
sin (x — 2/) = sin xcosy — cos x sin y. 
cos (x 4* 2/) = cos X cos 2/ — sin x sin y. 
cos {x — y) = cos X cos 2/ 4 sin x sin y, 

tan X — tan y 
1 4 tan X tan y 

(5) Functions of 2 x and \ x 

sin 2 X = 2 sin x cos x ; cos 2 x = cos'^ x — sin^ x ; tan 2 x — “ “ 


tan (x 4* y) 


tan X -f tan y 

—JL . . tan (x 

1 — tan X tan y 


y) 


1 — tan^ X 


. A ~ . A 4 cos X ^ „ X . A^ 

yj 2 • 2 yj 2 ' 2 ~ yji 


— cos X 


sin^ X 


2 ^ 2 
cos 2 X ; cos^ x = 2 4 2 cos 2 x. 


4- cosx 


(6) Addition theorems 

sin X 4 sin ^ = 2 sin I (x 4 y) cos 2 (x — y). 

sin X — sin 1/ ~ 2 cos 2(x 4 ?/)sin 2U — V)* 

cos X 4 cos y ~ 2 cos ] (x 4 ?/ ) cos I (x — ifO* 

cos X — cos ?/ =r — 2 sin I (x 4 ?y j sin ^ (x — y). 


(7) Relations for any triangle 


Law of sines. 

Law of cosines. 

F ormulas for area. 


a b _ 

sin A sin B 

^2 ^ ^2 

K = I sin 


c 

sin C 

— 2 k' cos A. 

A. 


_ ^ sin B sin C 
sin (/? 4 C) 

K = Vs(s - (OC"' “ c), where s — ^(a 4 4* c). 


3. Formulas from plane analytic geometry. The more important for- 
mulas are given in the following list. 

(1) Distance between two points Pi(xi, yi) and ys) 

d = V(xi - X 2 )* 4- iVi - 


Slope of Pi Pa. m = ^ ^ • 

Xi - X2 ♦ 

Midpoint. x = §(xi 4* xa), y = 2 (yi + l/a)* 

(2) Angle between two lines 

. A mi — ma 

tan 0 = 

1 *4 r»itna 

(IW parallel lines, nii = ma ; for perpendicular lines, miwia = — 1.) 
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(3) Equations of straight lines 
Point-slope form. y — y\— m{x — xi). 


Slope-intercept form. 
Two-point form. 

Intercept form. 


y = mx + ft. 


y.-.y» = gi: 

X - x» x» 
a b 


Xl 


(4) Perpendicular distance from the line j4x + + C = 0 to Pi(xi, yx) 

Axi ^ Byi + C 

± 


(5) Relations between rectangiilar and polar codrdinates 

X = p cos 0 , 1 / = p sin p = Vx^ -f 0 = arc tan 

X 

(6) Equation of the circle 

Center {h, k). (x — h)^ 4* (y ~ k)^ = r*. 

(7) Equations of the parabola 

Vertex the origin. 1 /^ = 2 px, focus (| p, 0). 

X* = 2 py, focus (0, ^ p). 

Vertex (A, k). (y — fc)* = 2 p(x — A), axis y ^ k. 

(x — A)^ = 2 p(p — A), axis x = A. 
i4xis the y-axis. y = Ax* -f C. 

(8) Equations of other curves 

Ellipse with center at the origin and with foci on the x-axis. (a > b) 



Hyperbola with center at the origin and with foci on the x-axis. 

2!_k! = i 
ft* 

Equilateral hyperbola with center at the origin and with the codrdinate 
axes for asymptotes. 

xy — C. 

See also Chapter XXVI. 

4 Formulas from solid analytic geometry. Some of the more impor- 
tant fcnmulas are given. 

(1) Distaase between P\{x\, yi, si) and Ps(x$, y%, xt) 


d *» V(xi — ft)* + (|fi — yi)* + (xi — s*)*. 
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(2) Straight line 

Direction cosines : cos a, cos /3, cos 7 . 

Direction numbers : a, b, c. 

Then cosa^cosj^co^^ 

a b c 

cos 2 a + cos^ /3 + cos^ 7 = 1 . 


cos /3 = 


db V -f 6^ -f 
b 

± Va- -f 6- -f 


± Va- + b- + 

For the line joining (xi, Vi, zx) and (xs, 2 / 2 , - 2 ) 
cos a _ cos /j __ cos 7 

X-Z — Xl 2/2 — ?/l -2 — 

(3) Two lines 

Direction cosines : cos a, cos /3, cos 7 ; cos a\ cos /?', cos 7 ', 
Direction numbers: a, 6 , c; a\b\c\ 

If 0 = angle between the lines, 

cos 6 = cos a cos or' -f cos cos /3' + cos 7 cos 7 ', 

^ an' -f -f cc' 

cos y = r: ~=z==:=====^ 

Vu“ + 6^-1" c- V(z'‘ -f /;'*•* 4- c'^ 

ParalU'l lines. — — — 


lU'rpendiadar lines. an' -f 4 - cc' “ 0 . 

(4) Equations of the straight line with direction numbers a, h, c pass- 
ing through (ri, yi, 21 ) 

X ~ Xx _ y - ?/ i _ c - :i ^ 
a b c 

(5) Plane. For the plane Ax 4- By 4* Cz 4 - /) — 0 the coeOicients A, B, C 
are the direction numbers of a line perpendicular to t))e plane. 

Equation of a plane passing through {Xi, yi, Zi) and perpendicular to the 
line with direction numbers A, /?, C. 

A(x - xi) + B{y - yi) 4- C{z - Zi) = 0. 

(6) Two planes _ 

Equation^ Ax By + Cz -h D — 0, 

A'x 4- B'y 4- C'z 4 - D' == 0. 

Direction numbers of the line of intersection : 

RC' - CB\ CA' ~ AC'. AB' - BA\ 
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II 0 = angle between the planes, then 


cos 0 = 


A A' 4- BB' -f CC' 

Va^+ B^ + V + B'^ + C'^ 


(7) Cylindrical coordinates,* The distance 2 f of a 
the X F-plane and the polar coordinates (p, 0) of 
its projection (x, p, 0) on the XY-plane are called 
the cylindrical coordinates of P. The cylindrical 
coordinates of P are written (p, 6, z). 

If the rectangular coordinates of P are x, y, z, 
then, from the definitions and the figure, we have 

p sin d, 


point P(x, y, z) from 


X = p cos 


p* = 4 


y 


-z: 


0 = arc tan 

X 


(8) Spherical coordinates.* The radius vec- 
tor r of a point P, the angle <> between OP and 
the r-axis, and the angle 0 between the projec- 
tion of OP on the X i'-plane and the x-axis are 
called the spherical coordinates of P. </> is called 
the colcditude and 0 the lojigitudc. The spherical 
coordinates of P are wTitten (r, 0, ^). 

If the rectangular coordinates of P are x, y, z, 
then, from the definitions and the figure, w e have 



X = f sin cos 0, y = r sin 0, z r cos <l > ; 

= a:* -f p* + 2 ^, 0 = arc tan 6 = arc tan — 


6. Greek alphabet 


LSTTBIta 

Names 

Letters 

A a 

Alpha 

1 t 

B B 

Beta 

K ic 

r y 

Gamma 

A X 

A 6 

Delta 

M p 

E « 

Ei»ilon 

N y 

z f 

Zeta 

H i 

H r, 

Eta 

0 0 

e 0 

Theta 

n X 


X 


Names 

Letters 

Names 

Iota 

p P 

Rho 

Kappa 

2 ) ff $ 

Sigma 

Lambda 

T T 

Tau 

Mu 

T i; 

Upsilon 

Nu 

4> <t> 

Phi 

Xi 

X X 

Chi 

Omicron 


Psd 

Pi 

fl (a) 

Omega 


♦For m di«cui«ion of rylindrical and apherical fottrdinat«a tm Smith. Gale, and 
Nad]^*a **Naw Analytic Geometry, Reviaed Edition" (Ginn and Company), pp. 320~322« 



CHAPTER II 

VARIABLES, FUNCTIONS, AND LIMITS 

6. Variables and constants. A variable is a quantity to which an 
unlimited number of values can be assigned in an investigation. 
Variables are denoted usually by the later letters of the alphabet. 

A quantity whose value is fixed in any investigation is called a 
constant. 

Numerical or absolute co7islants retain the same values in all prob- 
lems; as 2, 5, VT, tt, etc. 

Arbitrary constants are constants to which numerical values may 
be as-signed, and they retain these assigned values throughout the 
investigation. They are usually denoted by the earlier letters of 
the alphabet. 

Thus, in the equation of a straight line, 

a b 

z and y are the variable coordinates of a point moving along the 
line, while the arbitrary constants a and b are the intercepts, for 
which definite values are as.sumed. 

The numerical (or absolute) vahic of a constant a, as distinguished 
from its algebraic value, is represented by |a|. Thus, |— 2| = 2 = |2|. 
The s>Tnbol |aj is read "the numerical value of a.” 

7. Interval of a variable. Very often we confine ourselves to a por- 
tion only of the number system. Fo.' example, we may r^trict our 
variable so that it shall take on only values bang between a and 6. 
Also, a and 6 may be included, or either or both excluded. We shall 
employ the s^mibol fa, b], a being less than b, to represent the ntim- 
bers o, b, and all the numbers between them, unless otherwise stated. 
This symbol [a, 6] is read "the interval from a to b.” 

8. Continuous variation. A variable x is sjiid to vary continuously 
through an interval [a, b] when x increases from the value o to the 
value 6 in such a manner as to assume all values between a and 6 
in the order of their magnitudes, or when x decreases from x = bto 
x = a, assuming in succession all intermediate values. This may be 
illustrated geometrically by the diagram on page 8. 

7 
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The origin being at O, lay off on the straight line the points A 
and B corresponding to the numbers a and 6. Also, let the point 
P correspond to a particular 

value of the variable x. Evi- g ^ ^ 

dently the interval [a, 61 is reiJ- 

resented by the segment AB. As x varies continuously through 
the interval [a, 6], the point P generates the segment AB when x 
increases, or the segment BA when x decreases. 

9. Functions. When two variables are so related that the value of 
the first variable is detennined when the value of the second variable 
is given, then the first variable js sjiid to be a function of the second. 

Nearly ail scientific problems deal with quantities and relations of 
this sort, and in the experiences of everyday life we are continually 
meeting conditions illustrating the dependence of one quantity on 
another. For instance, the weight a man is able to lift depends on 
his strength, other things being equal. Similarly, the distance a boy 
can run may be considered as def)ending on the time. Or we may 
say that the area of a square is a function of the length of a side, and 
the volume of a sphere is a function of its diameter. 

10. Independent and dependent variables. The second variable, to 
which values may be assigned at plejisure within limits depending 
on the particular problem, is called the independent variable, or 
argument ; and the first variable, whose value is determined when 
the value of the independent variable is given, is called the dependent 
variable, or Junction. 

Frequently, when we are considering two related variables, it is 
in our power to fix ui:K)n either as the independent variable; but 
having once made the choice, no change of independent variable is 
allowed without certain precautions and transsformations. For ex- 
ample, the area of a stjuare is a function of the length of its side. 
Conversely, the length of a aide is a function of the area. 

11. Notation of functions. The symbol /(x) is used to denote a func- 

tion of X, and is read / of x. In order to distinguish between different 
functions, the prefixed letter is changetl, as F(x), f'(x), etc. 

During any investigation a functional symbol indicates the same 
law of dependence of the function upon the variable. In the simpler 
cas^ this law takes the form of a series of analytical operations upon 
the variable. Hence, in such a ca.se, the functional symbol will indicate 
the same operations or smes of operations applied to different values 
of the variable. Thus, if 


then 


/(x) = X* — 9 X -f 14, 
f(y) -y^ — 9y + 14:. 
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Also f(b + 1 ) = (6 + 1)2 - 9(6 + 1 ) + 14 = 62 _ 7 5 g, 

/(O) =02-9-0+14 = 14, 

/(- 1) = (- 1)2 - 9(- 1) + 14 = 24, 

/(3) = 32 - 9 • 3 + 14 = - 4. 

12. Division by zero excluded. The quotient of two numbers a and 
6 is a number x such that a = 6x. Obviously, division by zero is 
ruled out by this definition. For if 6 = 0, and we recall that any 
number times zero equals zero, we see that x does not exist unless 
a = 0. But, in this case, x may be any number whatever. The forms 

a 0 
0' 0’ 

are, therefore, meaningless. 

Care should be taken not to divide by zero inadvertently. The fol- 
lowing fallacy is an illustration. 

Assume that a = 6. 

Then, evidently, ab = a^. 

Subtracting b'^, ab — 6^ = — lj‘. 

Factoring, b(a — b) = (a + h){a — 6). 

Dividing by a — 6, b — a + b. 

But a — b; 

therefore 6 = 26, 

or 1 = 2. 

The absurd result is due to the fact that we divided by « — 6 = 0. 

PROBLEMS 

1. Given /(x) = x* — 5 _ 4 x + 20, show that 

/(I) = 12, /(5)=0, /(()) = -2/(3), .C7) = 5/(-l). 

2. If /(X) = 4 - 2 x2 4- x". find /(O). /( I ), /(- 1 ). /(2). /(- 2). 

3. If F(0) = sin 2 0+ cos 0, find F{1 tt’i. F{Tr). 

4. Given f(x) = x-’ — 5 x- — 4 x + 20, show that 

/(<+ 1) = P - 2 P-n t + 12. 

6. Given f(y) = y- — 2 y + 6, show that 

f(y + /,) = ?/2 - 2 1 / + 6 + 2iy - 1)6 + 6 *. 

6. Given /(x) = x-’ + 3 i, show that 

fix + h)- fix) = 3(x* + 1)6 + 3 x62 + IP. 

7. Given f(x) = show that f(x + h) — /(x't = — ^.2 

8. Given <piz) — 4*, show that <>(2 + 1) — <t>iz) = 3 ^(2). 
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9. If = a*, show that 0(v) • <^( 2 ) = 0(y + a). 

1 X 

10. Given 4>{x) — log r— — > show that 

1 + X 

*W + 0(.-) = <.(f^)- 

11. Given f{x) — sin x, show that 

f{x + 2 A) — /(x) = 2 cos (x 4- h) sin h. 

Hint. Use (6), p. 3. 

13. Graph of a function; continuity. Consider the function x^, 
and let 

(1) y = ar-. 

This relation gives a value of y for any value of x ; 
that is, y is defined by (1) for all values of the inde- 
pendent variable. The locus of (1), a parabola (see 
figure), is called the graph of the function x-. If x 
varies continuously (Art. 8) from z — atox—b, then 
y will vary continuously from y = a~ to y = b-, and 
the point P(z, y) will mo%'e continuously along the graph from the 
point (o, o^) to (6, b'-). Also, a and b may have any values. We then 
say, "the function x- is continuous for all 
values of x.” ^ 

Consider the function - . and let 

X 

( 2 ) . = !■ 

This equation gives a value of y for any 
value of X except x = 0 (Art. 12). F'or x = 0 
the function is not defined. The graph, the locus 
of (2), is an equilateral hyTierbola (see figure). If x increases con- 
tinuously through any interval [a, b] which does not include x = 0, 

then y will decrease continuously from ^ to -f* and the point P(x, y) 

« ^ / 1 \ / 1 \ 

will trace the graph between the corresponding points (n, -j. 

Then we say, " the function - i.s continuous for all values of x except 

X 

X = 0.” There is no point on the graph for x = 0. 

These examples illustrate the concept of continuity of a function. 
A definition is given in Art. 17. 

14. Limit of a variable. The idea of a variable approaching a limit 
occurs in elementary geometry in establishing a formula for the area 
of a circle. The area of a regular inscribed polygon with any number 
of sidea n is considered, and n is then assumed to increase indefimitely. 
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The variable area then approaches a limit, and this limit is defined 
as the area of the circle. In this case the variable v (the area) in- 
creases constantly, and the difference a — v, where o is the area of 
the circle, diminishes and ultimately becomes less than any preas- 
signed number, however small. 

The relation illustrated is made precise by the 

Definition. The variable v is said to approach the constant I as 
a limit when the successive values of v are such that the numerical 
value of the difference v — I ultimately becomes and remains less 
than any preassigned positive number, however small. 

The relation defined is written lim v = 1. For convenience, we shall 
use the notation t> — * I, read, ” v approaches I as a limit,” or, more 
briefly, "v approaches 1.” (Some authors use the notation v = 1.) 

Illustrative Example. Let the values of r be 

2 + 1, 2+i.2 + |...., 2^ , 

without end. Then, obviou.<ly, lim v ■— 2, or p 2. 

If we mark on a straight line, as in Art. 8, the point L correspond- 
ing to the limit I, and from L lay off on each side a length e, however 
small, then the points determined by v will ultimately all lie within 
the segment corresponding to the interval [/—€,/+ e]. 

15. Limiting value of a function. In applications, the situation that 
usually arises is this. We have a variable r, and a given function z 
of r. The independent variable r assumes values such that v — > 1. 
We then have to examine the values of the dependent variable z, 
and, in particular, determine if z approaches a limit. If there is a 
constant o such that lim z = a, then the relation described is written 

lim z — a , 

t-i 


read, "the limit of z, as v approaches I, is a.” 

10. Theorems on limits. In calculating the limiting value of a func- 
tion, the following theoremsinay be applied. Proofs are given in Art. 20. 
SupjMjse u, V, and w are functions of a variable x, and suppose that 

lim u = A, lim v—B, lim w = C. 

x~^a jr-*a 

Then the following relations hold. 

(1) lim (u + V — w) — A + B — C. 

(2) lim (uvw) — ABC. 

jf a 


lim- 



( 3 ) 


if B is not zero. 



12 


DIFFERENTIAL CALCULUS 


Briefly, in words, the limit of an cdgebraic sum, of a product, or 
of a quotient is equal, respectively, to the same algebraic sum, product, 
or quotient of the respective limits, provided, in the last named, that the 
limit of the denominator is not zero. 

If c is a constant (independent of x) and B is not zero, then, from 
the above, 

c c 

(4) lim (u + c) = A + c, lim ch = c A, lim-=o* 

x~* a s~* a X ti V tS 

Consider some examples. 

1 . Prove lim -f 4 xi = 12. 

jr-* 2 

Solution. The tfiven function is the sum of and 4 x. We first find the limit- 
ing values of these two functions. By (2), 

lim = 4, since = x • x. 

By (4). lim 4 X = 4 lim X = 8. 

X - 2 X - 2 

Hence, by (1), the answer is 4 + 8 = 12. 

2. Prove lim " — -7 

- 2 - 4- 2 4 

Solution. Considerinj^ the numerator, lim (z^ — 9) = — 6, by (2) and (4). For 
the denominator, lim i j *f 2) = 4. Hence, by (3}, we have the required n^ult. 

17. Continuous and discontinuous functions. In Ex. 1 of the pre- 
ceding article, where it was shown that 

lim (X- + 4 X) = 12, 

X -♦ 2 

we observ'e that the answer is the valve of the function for x = 2. 
That is, the limiting value of the function when x approaches 2 as a 
limit is equal to the value of the function for x = 2. The function is 
said to be continuous for x = 2. The general definition is as follow.s. 

Definitio.N’. a function fix) is said to be continuous for x = a if 
the limiting value of the function when x approaches o as a limit is 
the value assigned to the function for x — a. In symbols, if 

lim/(x)=/(a), 

x~*a 

then fix) is continuous for x = o. 

The function is said to be discontinuous for x = o if this condition 
is not satisfied. 

Attention is called to the following two cases of common oc- 
currence. 
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Case I. As an example illustrating a simple case of a function con- 
tinuous for a particular value of the variable, consider the function 


For X — 1, f(x) = /(I) = 3. Moreover, if x approaches 1 as a limit, 
the function f{x) approaches 3 as a limit {Art. 16). Hence the 
function is continuous for a: = 1. 

Case 11. The definition of a continuous function assumes that 
the function is already defined for x = a. If this is not the case, how- 
ever, it is sometimes possible to assign such a value to the function 
for r = a that the condition of continuity shall be satisfied. The 
following theorem covers these cases. 


Theorem. If J{x) is not defined for x — a, and if 

lim f(x) = B, 

X » a 

then fix) will be continuous for x = a if B is assumed as the value of 
f{.r) for x~ a. 

Thus, the function x — i ^ 

— X — Z 


is not defined for x — 2 (since then there would be division by zero). 
Hut for ever>' other value of x, 


X 



= x + 2; 


and 

therefore 


lim (/ + 2) - 4 ; 



Although the function is not defined for a: = 2, if we arbitrarily as- 
sign to it the value 4 for / = 2, it becomes continuous for this value. 


A function fix) is said to he continuous in an interval u'hen it is 
continuous for all values of r in this interval.* 

In the calculus we have to calculate frequently the limiting value 
of a function of a variable v when v approaches as a limit a value a 
King in an intert^al in which the function is continuous. This limit- 
ing value is the value of the function for v = a. 

18. Infinity (oo). If the numerical value of a variable r ultimately 
becomes and remains greater than any preassigned positive number, 


• In this book wo shiill iloat only with functions which aro in Rcncral continuous, that is, 
oontinuoHs for all valiios of x, with tho po^ible exception of certain isolated values, our 
ro«ulta in j^eneral heinij understood ns valid only for those values of x for which the function 
in question is actually cootiruoua. 
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however large, we say » becomes infinite. If v takes on only positive 
values, it becomes positively infinite; if negative values only, it 
becomes negatively infinite. The notation used for the three cases is 
lime = 00, lim » = + «>» limp = — oo. 

In these cases v does not approach a limit as defined in Art. 14 . The 
notation lim e = oo, or » — ► oo, must be read " v becomes infinite,” 
and not " v approaches infinity.” * 

We may now write, for example, 

lim - = 00, 

x-OX 

meaning that - becomes infinite when x approaches zero. 

Referring to Art. 17 , it appears that if 

lim /(x) = 00, 

x~*a 

that is, if /(x) becomes infinite as x approaches o as a limit, then 
/(x) is discontinuous for x = a. 

A function may have a limiting value when the independent 
variable becomes infinite. For example, 

lim - = 0 . 

X-* ao X 

And, in general, if /(x) approaches the constant value A as a limit 
when X 00, we use the notation of Art. 17 and vmte 

lim /(x) = A. 

X-* 00 

Certain special limits occur frequently. These are given below. The 
constant c is not zero. 


W ritten in the form of limila 

( 1 ) lim - = 00. 

f-O V 

( 2 ) lim CP = 00. 

r-* « 

( 3 ) lim? = 00. 

» c 

( 4 ) lim? = 0 . 

9-^ 00 V 


Abbreviated form often wed 



C • 00 = 00. 




•On account d the notation used and for the sake of uniformity, the expression 
9^ 4. 40 in nometimea read v approaches the limit plus infinity.'* Similarly, a — ♦ — « is 
read approaches the limit minus infinity," and e qo ia read "r, In numerical value, 
ap|>roaches the limit infinity." 

This phraseolo{or is convenient, but the student must not forget that infinity is not A 
Hxnit, for Infinity is not a ntimber at ail 
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These special limits are useful in finding the limiting value of the 
quotient of two polynomials when the variable becomes infinite. 
The following example will illustrate the method. 


Illustrative Example. 


„ , 2 1* - 3 x’ + 4 2 

Prove lim | y ■ ;; , = - 

Solution. Divide numerator and denominator by x*, the highest power of x 
present in either. Then we have 

s-S + i- 

Ito + .im * 

X-.00 6x~x^~7x» 


X2 


- - - 7 

X 


The limit of each term in numerator or denominator containing x is zero, by (4). 
Hence, by (1) and (3) of Art. 16 we obtain the answer. In any similar case the 
first step is therefore as follows. 

Divide both numerator and denominator by the highest power of the variable 
occurring in either. 

If u and V are functions of x, and if 

lim u = A, lim v = 0, 

X a X-* a 

and if A is not zero, then 

lim ~ = 00 . 

T-a r 

This notation provides for the exceptional case of (3), Art. 16, 
when B = 0 and A is not zero. See also Art. 20. 


PROBLEMS 

Prove each of the following statements. 
5 - 2 2 


1. lim 


Proof. 


3 j -f- 5 x'-* 


lim , 

x^oo 3x-f5x2 


= lim 


iif. 

X 


[Dividing boiii numerator and denominator by x*.] 

The limit of each term in numerator and denominator containing x is zero, by 
(4). Hence, by (1) and (ID, .-\rt. 16. we obtain the answer. 

^ 4 i -f 5 o 

2 X + 3 “ 


3. lim 


ii!+AL±2_ 1 


;Uo C + 2<-6 3 

^ xVi + 3 x/t* + A® _ X 
2xAT6A»" =2 
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3A+23:A» + xW_ 1 7, 


6. lim . 

*-» 4 


3 xA - 2 x^A* 


2x 


y-*ao2|^“f'32^^ 


= 0 . 


2 zi2 z — ky 


0 


8.u™|4:iA£l±| = 3. 

2x-^ + 4x~7 


’ -f -f h a„ _ Oo^ 

X-* » 6oJP'* -f 5i-r" " ^ 4* ’ • • "f bo 

aoj-" -f aix"~ * -f ■ — -f «n _ 

0 6oX'‘ -f 6ix""* H h 5n 


9, lim 


1 0. lim 


11. lim £^-ti£i±£ = o. 


12. lim 


00 dx^ + €2^ -f fx 
ax^ -f -f c 


05 dx-^ -f 4- /x -f fir 


= 00. 


o4 ^4 

13. lim = 2 a». 


— 


a- 


14. iim (L± A n-£- ^ 


15. lim 

X - 2 

16. lim 

0 


0 h 

x '^ 4- X - 6 


nx” 


x^ 


Vx 4- h 


^5 

4* 


1 

2Vx* 


(n = positive integer) 


Proof. The limiting value cannot bo found by substituting /i = 0, for we then 
obtain (Art. 12) the indeterminate form We then transform the expression in 
a suitable manner as indicated below, namely, rationalize the numerator. 

V X h — V r y V x 4- /» 4- v ‘x _ x -f - x 1 

A \ X + A + V X Aiv i'-TA+Vr) v x + A+ vi 

Hence lim + h— \ x _ j = = — L . 

*"♦0 " ^-ovx-ffi-fvx 2vx 

17. Given /(x) = x^, show that 

*-0 h 

18. Given /(x) = ax* 4- 6x 4- c, show that 

li^fjL±hyLM^2ax + b. 

A- 0 A 

19. Given /(x) = sbow that 

fc-0 A X* 

20. If /(x) = x», find lim 

A 
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19. Infinitesimals. A variable v which approaches zero as a limit 
is called an infinitesimal. This is written (Art. 14) 

lim V = 0 or r — > 0, 

and means that the numerical value of v ultimately becomes and 
remains less than any preassigned positive number, however small. 

If lim V — I, then lim (» — /) = 0; that is, the difference between a 
variable and its limit is an infinitesimal. 

C'onversely, if the difference between a variable and a constant is an 
infinitesimal, then the variable- approaches the constant as a limit. \ 

20. Theorems concerning infinitesimals and limits. In the following 
considerations all variables are assumed to be functions of the same 
independent variable and to approach their respective limits^as thi^ 
variable approaches a fixed value a. The constant e is a preassigned 
jjositive number, as small as we please, but not zero. 

We first prove four theorems on infinitesimals. 

I. An algebraic sum of n infinitesimals is an infinitesimal, n being 
a fixed number. 

For the numerical value of the sum will become and remain less 
than « when the numerical value of each infinitesimal becomes and 

remains less than -• 
n 

II. The product of a constant c by an infinitesimal is an infinitesimal. 

F'or the numerical value of the product will be less than e when 

the numerical value of the infinitesimal is less than • 

kl 

III. The product of n infinitesimals is an infinitesimal, n being a 
fixed number. 

For the numerical value of the product will become and remain 
less than c when the numerical value of each infinitesimal becomes 
and remains less than the th root of e. 

IV. If lim V = I, and I is not zero, then the quotient of an infinitesimal 
i by V is also an infinitesimal. 

For we can choose a positive number c, numerically less than I, 
such that the numerical value of v ultimately becomes and remains 
greater than c, and also such that the numerical value of i becomes 
and remains le.ss than ce. Then the numerical value of the quotient 
will become and remain less than e. 

Proofs of the theorems of Art. 16. Let 

(1) u — A = i, V — B — j, IP — C = k. 
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Then i, j, k are functions of x, and each approaches zero as i -► o; 
that is, they are infinitesimals (Art. 19). From equations (1), we 
obtain 


(2) u-\-v — w — — C) = i+j — k. 

The right-hand member is an infinitesimal by theorem I above. 
Hence, by Art. 19, 

(3) lim (u -b p — ttJ) = A -f- B — C. 

X a 

From (1), we have u= A-f i, p=B-f-j. By multiplication and 
transposing AB we get 

(4) UP — AB = A) -b Bi -f ij. 

By the above theorems I-III the right-hand member is an infinitesi- 
mal, and hence 

(5) lim uv — AB. i 

X-* a 

The proof is readily extended to the product uvw. 

Finally, we may write 

/c\ “ _ ii — A -f t _ A _ Bi — Aj ^ 

^ ’ V B~ B+j B~ BiB+j)' 

The numerator in (6) is an infinitesimal by theorems I and IT. By 
(3) and (4), lim B{B+j) = B*. Hence, by theorem IV, the right- 
hand member in (6) is an infinitesimal, and 


( 7 ) 


lim - = 
X -. 0 P 


A. 

B* 


Hence the statements in Art. 16 are proved. 



CHAPTER III 

DIFFERENTIATION 

21. Introductioti. We shall now proceed to investigate the man- 
ner in which a function changes in value as the independent variable 
changes. The fundamental problem of the differential calculus is to 
establish a measure of this change in the function with mathematical 
precision. It was while investigating problems of this sort, dealing 
with continuously varying quantities, that Newton * was led to the 
discovery of the fundamental principles of the calculus, the most 
uiientific and powerful tool of the modem mathematician. 

22. Increments. The increment of a variable in changing from one 
nunierical value to another is the difference found by subtracting the 
first value from the second. An increment of x is denoted by the 
symbol Ax, read "delta x.” The student is warned against reading 
this symbol "delta times x.” 

Evidently this increment may be either positive or negative f 
according as the variable in changing increases or decreases. Similarly, 

Ay denotes an increment of y, 

A4> denotes an increment of (f>, 

A/(x) denotes an increment of /(x), etc. 

If in y = f(r) the independent variable x takes on an increment Ax, 
then Ay will denote the corresponding increment of the function /(x) 
(or dependent variable y). 

The increment Ay is always to be reckoned from the definite 
initial value of y corresponding to the arbitrarily fixed initial value 
of X from which the increment Ax is reckoned. For instance, consider 
the function 

{/ = X2. 

♦Sir Isaac Newton (1642-1727), an EnRHshman, was a man o! the moat extraordinary 
ffeniim. He developed the science of the calculus under the name of Fluxions. Although 
Newton had discovered and made use of the new science as early as 1670, his first published 
work in which it occurs is dated 1687, having the title Philosophise Naturalis Principia 
Mathematics. This was Newton’s principal work. Laplace said of it, " It will always remain 
prstminent above all other productions of the human mind.” See frontispiece, 

t Some writers call a ntgatite inertmerU a deertmeni, 
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Assuming x = 10 for the initial value of x fixes y = 100 as the 
initial value of y. 

Suppose X increases to x = 12, that is, Ax = 2 ; 
then y increases toy= 144, and i^y = 44. 

Suppose X decreases to x = 9, that is. Ax = — 1 ; 
then y decreases to y = 81, and Ay — — 19. 

In the above example, y increases when x increases and y decreases 
when X decreases. The corresponding values of Ax ami Ay have 
like signs. It may happen that y decreases as x increases, or the 
reverse; in either case Ax and Ay will then have opposite signs. 

23. Comparison of increments. Consider the function 

(1) y = x^. 

Assuming a fixed initial value for x, let x take on an increment Ax. 
Then y will take on a corresponding increment Ay, and we have 

t/ + Ag = (x + Ax)2, 

or 1 / + Ag = X* 4- 2 X • Ax + (Ax)^. 

Subtracting (1), y = x- 

(2) Ay = 2x-Ax+(Ax)" 

we get the increment Ay in terms of x and Ax. 

To find the ratio of the increments, divide both memljers of (2) 
by Ax, giving 

^ = 2x + Ax. 

Ax 


If the initial value of x is 4, it is evident (Art. IG) that 


lim 

.ii ^ 0 Ax 


8 . 


Let us carefully note the behavior of the ratio of the increments of 
X and y as the increment of x diminishes. 


InitiJil 

Wew 

lacrement , 

Initial 

Re«r 

Increment 

Av 

Value of X 

Value of X 

Ax || Value of y 

Value of y 

Ay 

Ax 

4 

5.0 

1,0 

16 

25. 

9. . 1 

9. 

4 

4.S 

0.8 

16 

28.04 

7.04 

8.8 

4 

4.6 

0.6 

16 

21.16 

5.16 

8.6 

4 

4.4 

0.4 

16 

19..86 ! 

3.86 

8.4 

4 

4.2 

0.2 

16 

17.64 

1.61 

8.2 

4 

4.1 

0.1 

16 

16.81 i 

0.81 

8.1 

4 

4.01 

0.01 

16 

16.0801 ' 

0.0801 ' 

8.01 
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It is apparent that as Aa: decreases, Ay also diminishes, but their 
ratio takes on the successive values 9, 8.8, 8.6, 8.4, 8.2, 8.1, 8.01, 

illustrating the fact that the value of ^ can be brought as near to 

8 as we please by making Ax sufficiently small. Therefore 

lim ^ = 8. 


24. Derivative of a function of one variable. The fundamental 
definition of the differential calculus is as follows. 


The derivative* of a function is the limit of the ratio of the increment 
of the function to the increment of the independent variable, ichen the 
latter increment varies and approaches zero as a limit. 


When the limit of this ratio e.xists, the function is said to be differ- 
entiable, or to possess a derivative. 

The above definition may be given in a more compact form sym- 
hoUcally as follows. Given the function 


(1) y=fM, 

and consider x to have a fixed value. 

Let X take on an increment Ax ; then the function y takes on an 
increment Ay, the new value of the function being 

(2) y + Ay =/(x + Ax). 

To find the increment of the function, subtract (1) from (2), gi\nng 

(3) Ay=/(x + Ax)-/(x). 


Dividing both members by the increment of the variable, Ax, 
Ay _ /(X + Ax) — fix) 

^ ^ Ax ■ Ax 

The limit of the right-hand member when Ax — * 0 is, from the 
definition, the derivative of /(x), or by (1), of y, and is denoted by the 


symbol^- Therefore 
dx 

(A) 


dy ,. /(x + Ax)-/(x) 

= lim ; 

dx Ji-o Ax 


defines the derivative of y [or /(a)l with respect to x. 
From (4) we get also 

ax Ax-o Ax 


♦ Alto called the differential coefficient or the derived function. 
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Similarly, if u is a function of t, then 

^ = lim 4^ = derivative of « with respect to t. 
dt Ai-o At 


The process of finding the derivative of a function is calletl differ- 
entiation. 

25. Symbols for derivatives. Since Ay and Aa: are always finite and 
have definite values, the e.xpression 


is really a fraction. The symbol 


Ax 



however, is to be regarded not as a fraction but ns the liruilinq ralue of 
a fraction. In many cases it will be seen that this syinbol dm^s possess 
fractional properties, and later on we shall show how meanings may 

be attached to dy and di, but for the present the symbol is to be 
considered as a whole. ‘ ■' 

Since the derivative of a function of x is in general also a function 
of X, the sjTnbol f'{x) is al.so u.sed to denote the dcrivaiivc of /(x). 

Hence, it 

we may write ^ =/'(e), 

which is read "the derivative of y with resjwjct to x equals / prime 
of X.” The symbol ^ 

dx 


when considered by itself is caller! the differtnliutitiq operator, and 
indicates that any function written after it is to be differeniialed with 
respect to x. Thus, 

^ or ^ y indicates the derivative of y with respect to x ; 


/(x) indicates the derivative of /(x) with respect to x; 

(2 x^ + 6) indicates the derivative of 2 x^ -f- 5 with respect to x. 


dx 

± 
dx 

y' is an abbreviated form of 

me 

V-Kx), 


The symbol £>, is used by some writers instead of —■ If, then, 

dx 
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we may write the identities 

It must be emphasized that the variable, in the essential step of 
letting Ar 0, is Ar, and not r. The value of the latter is assumed 
fixed from the start. To emphasize that x — xq throughout, we may 
write 

/.(,„) = lim /(>■- + -/(xo) . 

ix 0 Ax 

26. Differentiable functions. From the Theory of Limits it is clear 
that if the derivative of a function exists for a certain value of the 
independent variable, the function itself must be continuous for that 
value of the variable. 

The converse, however, is not always true, functions having been 
di.scovere(l that are continuous and yet possess no derivative. But 
such functions do not occur often in applied mathematics, and in (his 
book onhj diffcroiliable fiinctio7is are considered, that is, functions that 
po.ssess a derivative for all values of the independent variable save at 
most for i.solated value.s. 

27. General Rule for Differentiation. From the definition of a deriv- 
ative it is setm that the process of differentiating a function y = /(x) 
consists in taking the following distinct steps. 

CfE.VERAL Pa'IJ-: FOR DIFFERENTIATION * 

First Step. In (he fioiclimi replace x by x + Ax, and calculate the 
lieu' ralue of (he fiiuetioii, y P A;/. 

Second Step. Si)b(ract (he value of the funcdon from the new 
value and thus fuid A// (the increment of the fiaiction). 

Third Step. Divide the < mainder A// {the increment of (he function) 
by Ax {(he increment of the independent variabU'). 

Fourth Step. Find the limit of this quotient when Ax {(he incre- 
ment of the independent variable) varies and approaches zero as a limit. 
This is the derivative required. 

The student should become thoroughly familiar with this rule by 
applying the process to a large number of examples. Throe such 
examples will now be worked out in detail. Note that the theorems 
of Art. 16 are used in the Fourth Step, x being held constant. 


* Alao called the Four-Step Rule. 
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Illustrative Example 1. Differentiate 3 4- 5. 

Solution. Applying the successive steps in the General Rule, we get, after placing 
j/ = 3 x-* 4- 5. 

First Step. y 4- Ay = 3(x + Ax)-* -f 5 

= 3 x^ -4 6x • Ax 4 3(Ax)® 4 5. 

Second Step, y 4 Ay = 3 x*^ 4 6 x • Ax 4 3( Ax)^ 4 5 

H - 3 X“ ±_5 

Ay = 6x* Ax4 3(Ax)- 

Third Step. ^ ~ 6 x 4 3 • Ax. 

Ax 


Fourth Step. In the right-hand member let Ax -♦ 0. Then by (A) 

^ = 6i. Ans. 
dr 

Or V' = ^ (3 + 5) = 6 X. 

Illustrative Exampu: 2. Differentiate x^ - 2 x 4 7. 


Solution. Place y = X'^ - 2 x 4 7. 

First Step. y 4 Ay - (x 4 Ax) ’ — 2(x 4 Ax) 4 7 

= x'’43x^- Ax43x. (Ax)-4(Ax)^-2x-2- Ax 4 7. 

Second Step, y 4 Ay = x^ 4 3 x- • Ax 4 3 x • ( Ax)^ 4 ( Ax)-^ - 2x-2 - Ax 4 7 

y =^x^ - 2 _x ±J 

Ay ” 3 X-* • Ax 4 3 X • (Ax)- 4 ( Ax)-^ — 2 • Ax 

Third Step. ^ = 3 + 3 x ■ Ax h ( Ax) ^-2. 


Fourth Step. In the right-hand member let Ax 0. Then by {A) 

3x^-2. A»«. 
dx 

o, ,’ = £(,'-2, + 7) = 3 x=-2. 

Illustrative F^xample 3. Differentiate 

X* 

(I 

Solution. Place V 


First Step. 
Second Step. 


Third Step. 
Fourth Step. 


y+ Ay = 
y+ Ay = 
V = 


c 

(x 4 Ax)* 
c 

(x 4 Ax)* 
JL 

X* 



C _ 

(x 4 Ax)* X* 

_ f. 2 X 4 Ax 
’ x2{x 4 Ax)* 


— c ■ Ax(2 X 4 Ax) 
x*(x 4 Ax)* 


In the right-hand member let Ax 0. Then by (A) 


4m ^ ^ 

dx ' x*{x)* 


2jr 


Ane. 
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PROBLEMS 


Use the General Rule in differentiating each of the following functions 


l.y = 

2 — 3 /. Am, 

2/' = -3. 

12. 1/ 

1 ^ dv 

= — Ans. “ = 

2 

2. i/ = 

mx + b. 

y'^m. 


1 -2x 

(lx 

"(l-2x)-^ 

3. ;/ = 

a/2. 

^' = 2 a/. 

13. p 

e 

dp _ 

2 

II 


s' = 2 - 2 f. 


0 + 2 

de'~ 

(0 + 2)2‘ 

8. 1/ = 

cx^. 

1/' = 3 cx^. 

14. s 

_ B 


AD- BC 

6. j/ = 

3 / — 

t/' = 3 - 3 x^. 


a + />' 

dt 

{Ct + IJ)^' 

7. M = 

4 4- 2 

ai' =: 8 r + 6 

15. V 

_ /•' + 1 


2x-— • 

8. v = 


?/' = 4 

A w. y 

X 

dx 

x" 


2 

dp _ 2 

16 ly 

_ 1 


2 X 

9. p = 

0 + 1* 

(0 + 1)-' 

i V. y 

x‘^ + 

dx 

(X- + a-j'^' 


3 

(f ;/ _ 6 r 

17 2/ 

X 

dy^ 

1 — X-’ 

10. y - 

x^ + 2' 

(lx (x* + 2)'^ 

i. t • y 

"x- + l‘ 

dx 

(x^ + 1)^’ 

11 £» - 

+ 4 

dH_ 4 

1ft 7i 


dy^ 

8x 

11. 8 - 

t 

(it 

lO. (/ 

4 - x2‘ 

dx 

(4-x2)^‘ 


19. y = 3 /2 - 

- 4 X - 5. 


26. ; 

s = (a + 60^. 


20. = af" -f -f r. 

21. u~ 2 r' — 3 r2. a -4- bx‘^ 

22. y = (ix^ -f -f cj* + d. „ a -f 5/2 

23. p— (a — hd)-. 

24. (2 -/)(!- 2/). ^2 

2b. y={Ar+ B){Cr+ D). ’ a + 6x‘ 
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Now differentiate (1) by the General Rule and interpret each step 
geometrically from the figure (p. 25). We choose a point r(/, y) 
on the curve, and a second point Q{x + Ax, y + A//) near P, also 
on the curve. 

First Step. y + Aj/ = /(x + Ax) = NQ 

Second Step. y + ^y=f(x + Ax) = NQ 

y =/(j) = .UP - NR 

Ay =/(x + Ax) -/(x) = KQ 


Third Step. 


Ay _ fix -f Ax) - /(X) _ RQ ^ RQ 
Ax Ax .U.V PR 

= tan Z RPQ — tan 
= slope of secant line PQ. 


At this point, therefore, we see that the ratio of the increments Ay 
and Ax equals the slope of the secant line drawn through the points 
P(x, y) and Q(x 4- Ax, y + Ay) on the graph of /(xi. 

Let us e.xamine the geometric meaning of the Fourtli Step. The 
value of X is now regarded as fixed. Hence P is a Jixrd point on the 
graph. Also, Ax is to vary and approach zero a.s a limit. Obviously, 
therefore, the point Q is to move along (he curie and approach P as a 
limiting position. The secant line drawn through P and Q will then 
turn about P and approach the Uingent line at P as its limiting 
position. In the figure, 

<t> — inclination of the secant line PQ, 

T = inclination of the tangent line PT. 

Then lim 4> = t. Assuming that tan is a continuous function (see 
Art. 70), we have, therefore. 

Fourth Step. ^ = /'(x) = lim tan = tan t, 

OX Ax - 0 

= slope of the tangent line at P. 

Thus we have derived the important 

Theorem. The value of the derivative at any point of a curve is equal 
to the slope of the tangent line to the curve at that point. 

It was this tangent problem that led Leibnitz* to the discovery of 
the differential calculus. 


♦Gottfried Wilhelm I>?ibnitz (164^1716) waa a native of Leipzijj. Ifia remarkable 
ftbOities were ahown by original inveetljcationa in several hranchi»a of learninic. Ke waa 
Urst to publish his discoveries in calculus fn a short essay appeariniir in the periodical Acta 
Bnidiiorum at Leipzig io 16S4. It is known, however, that manuacripU on Fluxiotif 
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li.r.T 'sTHATiv 1 % ):\ A Mi*r,F. Find the slopes of the tangents to the parabola y — x- 
at the vertex and at the point where x = 

Solution. Differentiating by the General Rule (Art. 27), we get 

(2) ^ ^ ^ ^ ~ slope of tangent line at any point (x, y) on curve. 

To find slope of tangent at the vertex, substitute x = 0 in (2), 
giving 

dx 

Therefore the tangent at the vertex has the slope zero ; that 
is. it is parallel to the x*axLs and in this case coincides with it. 

To find the slo}>e of the tangent at the point P, where x = 
substitute in (2), giving ^ 

that is, the tangent at the point P makes an angle of 45° with the x-axis. 



PROBLEMS 

Find by difTorentiation the slope and inclination of the tangent line to 
each of the following curves ai the point indicated. Verify the result by 
drawing the curve and the tangent line. 


1 . y — j*" — 2 , wher(' ./* 1. 

2, y = 2 j- - I r-, where* j' 3. 

4 

y — where .r 2. 

X - 1 

6. Find the point on the curve , 
the tangent line is I V. 

7. Find the points on the curve 
parallel to the lim* y " 4 x. 


A/is. 2; 63^26'. 

4. yrrS + Sx — where x ~ — 1. 

5. y = — 3 x-, w here x = 1. 

/ - * 5 X — X- where the inclination of 

Ans, (2, 6). 

y = x'^ -f X where the tangent line is 
Aius. (1,2), ~2). 


In each of the three following problems find (a) the points of intersection 
of the given pair of curves: (b; the slope and inclination of the tangent 
line to each curve, and the angle between the tangent lines, at each point 
of interstTlion (sef* (2), p. 3), 

8. // = 1 — .4 PS. Angle of intersection = arc tan ^ = 53° 8'. 

y = x^ - 1. 

9. y = x^, 10. y = x^"* ~ 3 x, 

x~-y-f2 = 0. 2x-hy = 0. 

11. Find the angle ui intersection betw’een the curves 9 y — r* and 
y = 6 4 - 8 X - x*'^ at the point (3. 3). Ans, 21° 27\ 


written by Ncwtt)n were alrcmly in existence, and from these some claim I^eibnitz got the 
new iiif‘a8. The decision of mt)dern limes stH*ms to be that both Newton and I-^ibniU 
inventiHl the calculus indej:>endently of each other. The notation used today was intro- 
duced by Leibniu. 



CHAPTER IV 


RULES FOR DIFFERENTIATING ALGEBRAIC FORMS 

29. Importance of the General Rule. The General Rule for dilTeren- 
tiation, given in the la.st chapter ( Art. 27) is fundamental, being found 
directly from the definition of a derivative, and it is very important 
that the student should be thoroughly familiar with it. However, the 
process of applying the rule to e.xamples in general luis l)een found 
too tedious or difficult : consequently si)ecial rules have been derived 
from the General Rule for differentiating certain standard forms of 
frequent occurrence in order to facilitate the work. 

It has been found convenient to express these special rules by 
means of formulas, a list of which follows. The student should not 
only memorize each formula when deduced, but should [ye able to 
state the corresponding rule in words. 

In these formukus u, r, and «' denote functions of x which are 
differentiable. 

Formulas for Differentiation 


I 

II 

p 

n 

^=1 

dx 

ni 

d , , . du , dv dw 

dx dx dx dx 

IV 

d , . dv 

V 

rf . . dv , du 

5j(u<,) = u5j + .5j- 

VI 

dx dx 

via 


vn 

d (u\ ^ dx ^ dx 

dx\v/ “ 


28 
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du 

dx\c/ c 
dy dy dv 

dx^dv'dx'^ being a function of v. 
dy 1 

dx ~ dx' ^ ^ function of x. 

dy 

30. Differentiation of a constant. A function that is known to have 
the same value for every value of the independent variable is con- 
stant, and we may denote it by 

y = c. 


WUa 

vm 

IX 


As / takes on an increment lx, the function does not change in 
value, that is, Ay — 0, and 


lx 


0 . 


But 

I 


lim = $? = 0. 
. 0 AJ " ox 


— 
‘ ’ dx 


= 0 . 


The derirat’ve of a coni^tan( is zero. 


This result is readily foreseen. For the locus of ;/ = c is a straight 
line parallel to OX, and its slope is therefore zero. But the slope is 
the value of the derivative (Art. 28). 


31. Differentiation of a variable with respect to itself 

I.et y = X. 

Following the General Rule (Art. 27), we have 


First Stt:p. 
Second Step. 

Third Step. 
P’ouRTH Step. 
n 


y + ly=^x + lx. 
ly~ lx. 

lx 

djL 
dx 
. dx 


1 . 

= 1 . 


'"dx 


= 1 . 


The deriratire of a variable mth respect to itself is unity. 

This result is readily foreseen. For the slope of the line y = x is 
unity. 
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32. Differentiation of a sum^ 

Let ,y = u -{■ V — w. 


By the General Rule, 
First Step. 

Second Step. 


Third Step. 

Now (Art. 24), 

Am dll 

lim -r — = -j- > 
sx~*o Ax dx 


y + Ay = u + Au + v + Av — w — Aw. 
Ay = Am + Ar — Aw. 

A^/ _ ^ ^ _ Aw 

Ax Ax Aa: Ax 


Ap 
urn — 
Ax * 0 Ax 


dx’ 


lim ~ 
aj- 0 Ax 


dw 

dx 


Hence, by (1), Art. 16, 

Fourth Step. ik — ^ 

dx dx dx dx 


m 


d , , . du dv dw 

— (u + t/-to)= — + — • 

dx dx dx dx 


A similar proof holds for the algebraic sum of any number of 
functions. 

The derivative of the algebraic sum of n functions is equal to the same 
algebraic sum of their derivatives, n being a fixed number. 

33. Differentiation of the product of a constant and a function 
Let y — CP. 

By the General Rule, 

First Step. y + Ay = c(v + Av) = cp + cAp. 

Second Step. Ay = cAv. 

Third Step. ^ = c 

/\y /\y 

Whence, by (4). Art. 16, 

Fourth Step. ^ = c ^ . 

dx dx 


IV 


^ (cm) = c 
dx dx 


The derivative of the product of a constant and a function is equal to 
the product of the constant and the derivative of the function. 

34. Differentiation of the product of two functions 
Let y==uv. 

By the General Rule, 

First Step. y + Ay=iu + Au)(v + Ap). 
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Multiplied out, this becomes 

y 4- Ay = «» + mAp + pAm + AmAp. 
Second Step. Ay = mA» + »Au + AmAp. 

Av , Au , A Ap 
Ax 


31 


Third Step. 


Ax 


= u-r- + P-;j f-Att 


Ax' Ax 


Applying (2) and (4), Art. 16, noting that lim Aw = 0, and hence 


Av . 


Ax -» 0 


that the limit of the product Au ^ is zero, we have 


Fourth Step. 
V 


p = u^ + v'‘'‘ 


dx 


dx dx 


d . . dv , du 
— (uy) = u — + p— • 
dx dx dx 


The derivative of the jyroduct of two fiuKtiom is equal to ike first 
function times the derivative of the second, plus the second function 
times the derivative of the first. 

35. Differentiation of the product of n functions, n being a fixed 
number. When both sides of V are divided by uv, this formula 
assumes the form 

d , . du dv 

UV U V 

If, then, we have the product of n functions 

y = v^V2 • • • rn, 


we may write 


dx 


{riV2 


ViV2 


« \ dZ'i d , N 

■ ■ O (r„'3 ■ ■ ■ tv) 

Vn Vi V-zV-s ■ ■ ■ Vn 


^ ^ {V3V4 

— — 4- — -I- — 

~ »1 P2 V3V4 ■ ■ 

dvt dv> di's 

dx . dx . dx ^ 

~ I’l Pa «’3 

Multiplying both sides by PjPa • • • tv, we get 


Pn) 


+ 


dx 

Vn 


^ (PlP 2 • • • P») = (P2P3 




r )^ + - 
dx ^ 


+ (PlP3---P«-l) 


dx 
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The dericalive of the product of n functions, n being a fixed number, 
is equal to the sum of the n products that can be formed b-y multiplying 
the derivative of each function by all the other functions. 


36. Differentiation of a function with a constant exponent. 
Power Rule. If the n factors in the above result are each equal 
we get , , 

— - — = « — 
e" V 


The 
to V, 


VI 


„ I dv 
— (y") = ny"~ ^ — • 
dx dx 


When V = x, this becomes 


Via 



n - 


We have so far proved VI only for the ciise when n is a positive 
integer. In Art. 65, however, it will be shown that this formula 
holds true for any value of n, and we .shall make use of this general 
result now. 


The derivative of a function with a co7istant exponent is equal to the. 
product of the exponent, the function with the exponent diminishtd by 
unity, and the derivative of the function. 

This rule is called the Power Rule. 

37. Differentiation of a quotient 


Let y = -• 

V 

By the General Rule, 

First Step. y + Ay - 

V -f- 


Second Step. 


Ay 


— M + Au 


u 


V + Av V 


Third Step. 


Ax' 

Applying (l)--(4), Art, 16, 

Fourth Step. ^ = 

dx 


Au 

Ax' 


u 


A£ 

Ax 


v(v + Av) 


du dv 
dx “ dx 


• ^ /^\— dx “ dx 
” dx\v)~ v» 


(C 5^ 0) 


V ■ All — u ■ Av 

• 

v{v + Av) 


vn 
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The derivative of a fraction is equal to the denominator times the 
derivative of the numerator, minus the numerator times the derivative 
of the denominator, all divided bg the square of the denominator. 


When the denominator is constant, set r = c in VII, giving 


vna 


du 

dx\cl c 


Since 




fiv 


(lx dx 


We may also p:et VII a from IV as follows : 

du 

A. 1^1] — — 

dx ' c dx c 

The dcrimtivv of the qnotivni of a function a constant is equal to 
the derivative of the function divided by the constant. 


PROBLEMS* 

DifTorentiato the following functions. 

1. y ^ x\ 


Solution, - 7 ” - 3 j**'. Aiis, 

ii t dx 

By VI a 

In = 3.] 


2. y = ax* — h.v^. 


Solution. - 7 ~ (ax^ - bx^) = -™ iax*) - -f- (6x2) 

dx dx dx dx 

by III 

= G (xM — h f- (x^) 

dx dx 

by IV 

“ 4 (ix ^ - 2 bx. -4 rts. 

By VI a 

3. y = .r^ -f 5. 

Solution. 7 ^ =: -p IX? ^ -f “ (5) 
dx dx dx 

by III 

== ^ X‘\ .4/ts. 

By VI a and I 

4. J/= ,-f= + Svx3. 

VJ--* vx' 

Solution. ^ - :f (3 - — (7 X- i) + ^ (8 

dx dx ' dx ' dx^ 

by III 

= ‘V^ xR 4* 1 + V 

By I\' and VI o 


♦ When learning to difforontiiite. the student should have oral drill in differentiating 
simple functions. 
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6 ,y=r (x» - 3)*. 

Solution. ^ = 5(x*-3)<^(x»-3) by VI 

[» =5 X* — 3, and n := 6.] 

= 6(x3 ~ 3)< • 2 X = 10 x(x» - 3)\ Ans. 


We might have expanded this function by the Binomial Theorem ((3), 
p, 1), and then applied III, etc., but the above process is to be preferred. 

6. ^ = Va^ — x^. 

Solution. ^ = :r = I Co* - x*)- ^4-{a^~ x») by VI 

dx dx 2 dx 

[p = a* — X®, and n = ^.] 

= l(a^-x^ri {-2 X) = Arts. 

^ Va'‘ - x^ 

7. y = (3 X* + 2) vT+Tx». 

Solution. ^ = (3 + 2) (1 + 5 x»)i + (1 + 5 (3 z» + 2) by V 

OX dx dx 

[a = 3 -f. 2, and r = (1 -f 5 

= (3x» + 2)i(l +5x»)-i;r (l + 5x’) + (1 +5z3|i6x by VI etc. 
2 dx 

= r3x2 + 2){l 4-5 x>)-4 5x + 6z( 1 + 6x»)i 

= ^ g ^ A»w. 

\ 1 4- 5 x=* \ 1 4 5 x^ 


8 . y ■ 


4* x^ 


Vo^ 


,a3 _ 4- <a^ + x=) - (a’ + x^) Ca= - x^)^ 

Solution. ? 

dx a-’ - 

— 2 4 4 x-) 

(^2 _ 3.2,1 

(Multiplying both numerator and denominator by (a^ — i»)4.] 


3 a^x - x^ 
(a* — 


Ana. 


Prove each of the following differentiations. 

9. (3 X* - 2 X* + 8) = 12 r* - 4 X. 

dx 

10. £ (4 + 3 X - 2 x«) = 3 - 6 X*. 

11. -(<^-5 bt^) = 5 al *- 15 bfi. 


by VII 



RULES FOR DIFFERENTIATING ALGEBRAIC FORMS 36 


dx 2Vti dx 

dx \x x^J x^ jr 

16. 1^(2 = 

16. ^ (2 + 4 X ^ j- ^ — x~K 

17. £{x^ -J) = lx K 




(I fa + bx -h rx- 


1 a ^ j" - 

19. y = — 


20. s = 


Vx 

a + b( ^ rP 

v< 


21. V = Vox H — ^• 

Vax 

22. r = Vl - 2 9. 

23. /(/) = (2 - 3 

24. F(x) = ^'4 - 9 x. 

1 


25.1/= 

V<i^ — x^ 

26. /(0) = (2 - 5 0)*. 

■»=(»-!)■ 

29. y — xVa -f 6x. 

30. 8 = t V oMI*. 

a — X 


27 

28 


31. i/ = 


dx 

ds 
dt ' 

^ . 
/'(O ^ 

F\x) 

du . 

dx 




4Vx xVx 
2 ty/t 2Vt 


a 


2Vax 2 xV^ 
1 


Vl - 2 0 

18 f(2 - 3 /3)3. 

3 


/'(0) = - 


(4 - 9 x) 

X 

(a^ — x^)^ 

3 


i 


a -f X 


, 

dx 

^ . 

(ix' 

dx 

(« 

dx 


(2 - 5 0) 
:2b 

X 

_ ^b 

2 a -f 3 6x 


« 




2Va -f fex 
-f 2 

VoM^ 

_ 2 g 

(a 4* x^* 


3cV7 

2 
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32. 


33. 


y = 

y == 


4- 

a- — ^ 

yg- 

X 


34. y = 



35. r : 

36. */ = ^;- 


3 - 4 0. 


1 — r.r 
4- 




39. »/ — V'J pj-. 


40. j = - Va- - j-2. 

a 

41. .7 = 


dy _ 

4 a^x 

dx 

{.a^ - 

k ^ 

a* 

dx. 

x^Va-* -f 



iix 

(a-j 

dr _ 

66-10 6- 

dd 

< 

1 

C2> 

dy _ 

r 

dx 

(1 + <-x}Vi - (• 

dy „ 

2 g-x 

dx 

(g- — X“) Va^ - x' 

d.< 

4 

dt 

(•J + 3 lr‘{-2 - 3 0 

k =: 

P. 

dx 

11 

dy 

_ ^i!£, 

iU 

a^y 

dy ^ 

- ^F^- 

dx 

\x 


Differentiate ea<^h of the following functions. 


42. /'>j = V2 X + \ 3 
2 - r 


43. y 

44. y 

45. .S' 

46. r 


1 + 2 
X 


Va — hx 

Vg 4-7*f . 
f 

Vrx -f- 7/0 


47. // = x“ V5-- 2 X. 

48. .7 = X \ 2 -f 3 X. 


49. ,s 



1 


50. 2 / = (x -f 2)’Vx“ 4- 2. 


51. 


y ~ 


Vl 4- 2 X 
vTT:t X 


In each of the following problems find the value of 
value of X, 


dx 


for the given 


52. 1/ = (x^ - x )^ ; X = 3. 

53. y ^ + Vx : x = 64. 


Arts. 540 
tV. 





HULKS FOR DIPTERENTIATING 
54. j/= (2x)^ + (2x)^; x = 4. 


66. y = Vg + 4 ; X = 2. 

1 


66 . y 


V25 


: x = 3. 
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Ans, f* 


f. 




58. )/ = xV8-x-; x=:2. 


59. y = x^ Vl + x’ ; X = i 

60. >/ ~ (4 — y-y '' ; r — 3. 


61 ., = f-±-;x 

_ ■- s- 


62. y 


V.j 

‘•j7 + 1 


x = i. 


-fi. 

0 . 

20 . 


63. y = xVs + 2 X ; x = 3. 


64. y = 


66. 2/ = 


4i 

V 


4 jr -f 1 


— 5 

10 


2 . 

3. 


38. Differentiation of a function of a function. It sometimes hap- 
pens that //, instead of being defined directly as a function of x, is 
giv(‘n as a function of another variable r, which is defined as a func- 
tion of j\ In that case y is a function of x through r and is called a 
function of a function. 

For e.xample, if 2/ ~ 

1 — 

and r = 1 — 

then // is a function of a function. I>y eliminating v we may e.xpress y 
direi'tly as a function of /, but in general this is not the best plan 

when we wish to find • 

(ix 


If y rr /(r) and v — 0(/), then y is a function of x through v. Hence, 

wlien we let x take on an increment A.r, r will take on an increment Av 

and y will also take on a ^^^orresponding increment A//. Keeping this 

in mind, let us apply the General Rule simultaneously to the two 

functions ... , ^ . 

?/=/(r) and v^(p[x). 

First Stkp. y+^y —f{v + Ar) v + Ar = (t>{x + Ax) 

SkcondStep. j/+A?/=/(t’ + AiO t; + <^(x + Ax) 

y 


A 2 /=/(r + Ar)-/(w) 

Av Ad 


Av = <(){x + Ax) — <f>{x) 
Av <}>{x + Ax) — <t>{x) 


Ax 


Ax 

! 


Third Step, 
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The left-hand members show one form of the ratio of the increment 
of each function to the increment of the corresponding variable, and 
the right-hand members exhibit the same ratios in another form. Be- 
fore passing to the limit let us form a product of these two ratios, 
choosing the left-hand forms for this purpose. 

This gives ^ which equals 

® Ai» Ax Ax 


Write this 


. Ai’. 

Ax Ar Ax 


Fourth Step. When Ax -> 0, then also At? 
limit. 


dy_<^ 

dx dv dx 


— 0 . 


Piissing to the 
By (2), Art. 16 


This may also be written 

(B) 


If y = f{v) and v = the derivatire of ij irith resj>ect to x equals 
the product of the. derimtive of ij with respect to c by the derivatire of v 
with respect to x. 

39. Differentiation of inverse functions. lx}t y Ije given a.s a func- 
tion of X by means of the relation 

y=^f(/}- 

It is often possible in the case of functions consideixMl in this book 
to solve this equation for x, giving 

that is, we may also consider y ;us the indejiendent and x as the 
dependent variable. In that ca.se 

fix) and 4>iy) 

are said to be inverse functions. When we wish to distinguish I)etween 
the two it is customary to call the first one given the dirrrl junction 
and the second one the inverse function. Thus, in the examples which 
follow, if the second members in the first column are taken as the 
direct functions, then the corresixmding members in the second 
column will be respectively the inverse functions. 

y = x^+l, X == ± Vy- 1. 

y = o*, a: = loga y. 

V S3 sin X, X = arc sin y. 
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Let us now differentiate the inverse functions 


2 /=/(/) and x = 4>(y) 
simultaneously by the General Rule. 

First Step, y + Ay =/(ar + Ax) x+Ax = <l>iy+ Ay). 

Second Step. y+Ay=f{x + Ax) x + Ax = <f>(y + Ay) 

U X =4>iy) 

Ax)-/(a;) Ax = 4){y-\-Ay)-<t){y) 

Third Step ^ ^ ii >{ y + Ay )-< i >{ y ) ^ 

Ax Ax Ay Ay 

Taking the product of the left-hand forms of these ratios, we get 


or 


Ay Ax .. 
A/ ■ Ay ~ ’ 

Ax Ax 


Fourth Step. 
ing to the limit, 


(C) 


or 


Ay 

\\'hen Ax - -> 0, then also, in general, Ay —* 0. Pass- 
^ = -L, by (3), Art. 16 

dx ^ 

dy 


( D ) 


r(x) ^ 


1 

riy) 


The dtriratire of the inverse fiaictiini is equal to the reciprocal of the 
derivative of the direvt finivtiotu 


40. Implicit functions. When a relation between x and y is given 
by means of an equation not .solved for y, then y is called an implicit 
function of X. For e.xainple, the ecjuation 
(1) a--' _ 4 // - 0 

defines y as an implicit function of x. F.vidently x is also defined by 
means of this equation ;js an implicit function of y. 

It is sometimes possible to solve the equation defining an implicit 
function for one of the variables and thus obtiiin an explicit fimction. 
For instance, equation (1) may be solved for y, giving 

y = \ 

showing y as an explicit function of x. In a given case, however, 
such a solution may be either impossible or too complicated for 
convenient use. 
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41. Differentiation of implicit fimctions. When y is defined as an 
implicit function of x, it was explained in the last article that it 
might be inconvenient to solve for y in terms of a: or ar in terms of y 
(that is, to find y as an explicit function of x, or x as an e.xplicit 
function of y). 

We then follow the rule : 

Differeyiiiate the terms of the equation as giren, regarding y as a func- 
tion of X, and soke for 


This process will be justified in Art. 231. Only cor re.spon ding 
values of x and y which satisfy the given equation may be .substi- 
tuted in the derivative. 

Let us apply this rule in finding ^ from 

ax'"' -f 2 x-^y — y'x = 10. 

Then (ax'O + ~ (2 x\(/) - y iy'x) - (10) ; 

dx dx (lx (h: 

6 ar’ + 2 ^ + 6 j -y - y" - " 0 ; 

(2 jr^ — 7 xy*'') ~ y’^ — 6 ax'" — (5 j -// ; 

^ dx 

ill ^ y' - ^ 
dx 2x-^-7xir 

The student should observe that in jreneral the result will contain 
both X and y. 


PROBLEMS 

Find for each of the following functions. 
dx 


1. t/ = u = 1 + 2 Vur. 

2. y = VTtt — u^fU = x^ — X. 


« a — u 6 — X 
3. y = — — » u - 


a + w 


6 -f X 


4. y = ttVa^ li = Vl — x^. 

5. 15 X = 15 y -f 5 + 3 y*. 

6. X ^ Vy -f \^y. 


. dv f) 
dx Vx 

ill - /_L 


dx W2u 
^ 4 ah 


// (3x» - 1). 


dx (a -f u)^(h 4- x)'^ 

^ x(2 n '^ — g'**) 

dx 

in 1 

dx 14- y'^ -f y^ 

dy _ 6 
^ 3 4* 2 
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7. 1 /^ = 2 px. 

8. X* + 2/^ = r^. 

9. h-x'^ + a^n'^ = 

10. Vx + Vy = Va. 

11. x^ +y^ = a^. 

12. x* — 3 asy -f ~ 0. 


13. X'* -f 3 x^y + = r*. 

14. X + 2Vx^ + y z=: a. 

16. + ay/l^j 4* t/^ = 6^. 

16. -f 4 x^y — 20. 

17. CLT* — 3 6^X2/ 4* cy"^ = 1 



Find the slope of each of the following curves at the given point. 

19. x‘ 4- xy -f 2 \r - 28 ; (2, 3). Ans. - J. 

20. .r^ - 3 xir -f //" 1 ; (2, - 1). - 

21. V2 X -f V3 y = 5 ; (2, 3j. 23. — axy 4- 3 ay- — 3 a'^ ; (a, a). 

22. X- -- 2\^X!I - ir 52 ; (8, 2). 24. - xVx^ - 2 y- = 6 ; (4, 1). 

25. Show that the parabolas y- ^ 2 px 4- and y- ~ — 2 px inter- 

sect at right angles. 

26. Show that the circle x f //- — 12 x — 6 t/ 4- 25 = 0 is tangent to the 
circle x-’ 4 ir 4- 2 x -f y ~ lb at the point (2, 1). 

27. At what angle doe.s the lint ?/ = 2 x cut the curve x^ — x?/ 4- 2 = 28 ? 

28. If /<x' and o an* inverse functions, show that the graph of 0(x) 
may he found as follows: construct the graph of — fix) and rotate it 
around the origin 1)0 counterclockwise. 


ADDITIONAL PROBLEMS 

1. The vertex of the parabola = 2 px is the center of an ellipse. 

The focus of the parabola is an end of one of the principal axes of the 
ellipse, and the parabola and ellipse intersect at right angles. Find the 
equation of the t*llipse. Atns. 4 x^ -f 2 = p*. 

2. A circle is drawn with its center at (2 a, 0) and with a radius such 

that the circle cuts the ellipse b-x- 4- a-y^ = a-b'^ at right angles. Find the 
radius. Ans, ^ 4- 6^). 

3. From any point P on an ellipse lines are draw n to the foci. Prove 
that tht^se lines make equal acute angles with the normal at P. 

4. Prove that the line Px 4* Ay — AB is tangent to the ellipse 

4* a^y^ = a^b^ if, and only if, B^a^ 4* A^b^ = A'^B^, 

6. Find the equation of the tangent to the curve x^v’' = a'”’’"" at any 
point. Prove that the portion of it intercepted between the axes is divided 

in the ratio — at the point of contact. Am, myi(x ~ Xi) 4- nxi{y — ij\) = 0. 

6. If k is the slope of a tangent to the hy perbola b^x^ — a'^y'^ = a^b^, 
prove that its equation is y = kx ± and show that the locus of 

the pointa of intersection of the perpendicular tangents is x^ 4- ~ 6^. 



CHAPTER V 

VARIOUS APPLICATIONS OF THE DERIVATIVE 


Direction of a curve. It was shown in Ai‘t. 28 that if 


V = fix) 

is the equation of a curve (see 
figure), then 

dy. 


dx 


= slope of the line tangent 
to the curve at F(r, y). 



The direction of a curve at 
any point is defined as the direction of the tangent lino to the cur\’'e 
at that point. Let t = inclination of the tangent line. Then the 
slope = tan t, and 

^ = tan r = slope of the curve at any point F(r, y). 


At points such as D, F, H, where the direction of the curve is 
parallel to the i-axis and tfie tangent line is horizontal, 

T = 0 ; therefore ^ — 

At points such as A, B, G, where the dire< tion 
of the curve is perpendicular to the x-a.xis and 
the tangent line is vertical, 

T = 90®; therefore ^ becomes infinite, 
ax 

Illustrati\'B Example 1. Given the curve y -f 2 (see figure). 

(a) Find the inclination r when x = 1. 

0)) Find T when x — 3. 

(c) Find the points where the direction of the curve is parallel to OA'^. 

(d) Find the points where r = 45^ 

(e) Find the points where the direction of the curve is parallel to the line 
2 » — 3 y = 6 (line AB). 

Soluti<MU Differentiating, — 2 x — t&n r. 
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43 


(a) When x=Ltan7 = l~2 = — 1; therefore r = 136®. Ans. 

(b) When x = 3, tan r = 9 — 6 = 3 ; therefore r = 71® 34'. Ans, 

(c) When r = 0, tan r = 0 ; therefore — 2 x = 0. Solving this equation, we 
get X = 0 or 2. Substituting in the equation of the curve, we find y = 2 when 
X - 0, y — f when x 2. Hence the tangent lines at C(0, 2) and Z>(2, f ) are 
horizontal. Ans, 

(d) When t_~ 45®, tan 7 = 1; therefore x^ — 2 x = 1. Solving this equation, we 
got X “ 1 i \'2 =2.41 and — 0.41, giving two points where the slope of the curve 
(or tangent) is unity. 

(e) Slo^Hi of the given line = |; therefore x^ — 2 x = f . Sohnng, we get 
X = 1 ± \/ ^ = 2.29 and — 0.29, giving the abscksas of the points F and E where 
the direction of the given curve (or tangent) is parallel to the line AB, 

Since a curve at any point has he same direction as its tangent 
line at that point, the angle between two curves at a common point 
will be the angle between their tangent lines at that point. 

ILLUSTUATIVE EXAMPLE 2. Find the angle of inteiWction of the circles 


(A) x2 4-y^-4r = l, 

(B) x2 4- y2 - 2 y = 9. 

Solution. Solving simultaneously, we find the points of intersection to be 
(3, 2 ) and (1, - 2). 

I^t mi = slope of the tangent to the circle A at (x, y), 
and m 2 = slope of the tangent to the circle B at (x, y). 

. ill - 2 - 

dx y 

d\i __ X 

dx 


Then from (A), 


and from (/?), 


mi = 


m2 


by Art. 41 
By Art. 41 



1 ~ y 

Substituting x = 3, y = 2, wo have 

~ ^ — slope of tangent to (A) at (3, 2). 

7712 “ “ 3 = slope of tangent to (H) at f3, 2). 

The formula for finding the angle 0 In tween two lines whose slopes are mi 
and m 2 is ^ 

, an . ( 2 ), Art. 3 


Substituting, 


tan 0 = -ijti 

1 . i| 


1 -i- WiWa 

1 : = 45“. Ans. 


This Ls also the angle of interseeiion at tlie point (1, — 2). 


43. Equations of tangent and normal ; lengths of subtangent and sub- 
normal. The equation of a straight line passing 
through the point (xi, yi) and having the slope 
is y _ - X,). (3), Art. 3 

If this line is tangent to the curve AB at the 
point Pi(xi, j/i), then m is equal to the slope of 
the curve at (xi, y\). Denote this value of m by mi. Hence at the 
point of contact Pi(xi, yO the equation of the tangent Une TPi is 

( 1 ) = 
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The normal being perpendicular to the tangent, its slope is the 
negative reciprocal of mi ((2), Art. 3). And since it also pas.ses 
through the pwint of contact Pi(:Xu yi), we have for the equation 
of the normal PiN, 

( 2 ) 


1 


y-yi = - — (x- xi). 

mi 

That portion of the tangent which is intercepted Ix'twcen the 
point of contact and OA' is called the length of the tangent (— 77*0, 
and its projection on the x-a.\is is called the length of the suhtangent 
(= TM). Similarly, we have the length of the 
normal (= Pi.V) and the length of the sul)- 
normal (= MX). 

In the triangle TPiM, tan T = mi = 
therefore 


(3) 


= yL = 

mi mi 

In the triangle MPiX, tan r = 



M .V X 


length of suhtangent. 
.MX 


nil 


MPi ’ 


therefore 


(4) 


MX* — nil M Pi = miyi — length of subnormal. 


The length of the tangent (TPi) and the length of the normal 
(PiN) may then be found directly from the figure, each Ixdng the 
hypotenuse of a right triangle having two legs known. 

When the length of subtangent or subnormal at a point on a <’urve 
is determined, the tangent and normal may easily lx* constructed. 


PROBLEMS 


1. Find the equations of tangent and normal and the lengths of sub- 
tangent, subnormal, tangent, and normal, at the point («, a) on the cissoid 

r3 


. 




2 a ~ X 

SolutiozL 


— 3 ax^ — 
dx y{2 a - X)* 

Substituting x = a, j/ = a, we have 
3 

mi - 


= 2 = slope of tangent. 


a(2 a ~ a)'-* 

Substituting in (Ij gives 

2 / = 2 X — a, equation of tangent. 
Substituting in (2) gives 

2 ^ -f X = 3 a, equation of normal. 



♦ If the nuhtanRent extends to the right of T, we consider it positive: if to Ihe left, 
negative. If the subnormal extends to the right of M, we consider it positive; if to tho 
left, n«rgative. 
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Substituting in (3) gives TM = ^ = length of subtangent. 

Substituting in (4) gives MN = 2 a = length of subnormal. 

Also, PT = V(TM)2 4- (MPy^ = + a* = | >/5 = length of tangent, 

and PN = \/(MN)^ -f (MP)'^ — v^4 -f = a V5 = length of normal. 

Find the equations of the tangent and normal at the given point. 

2. 2/ = — 3 a: ; (2, 2). An.^. Qx — i/ — 16 = 0, x-f92/~ 20 — 0. 

3 . y (2, 5). 7x-y-9 = 0,x + 7y-d7=:0. 

6 — X 

4. 2 X- - Xfi -f 2/2 rrr If) ; (3, 2). 

5. ir A 2 IJ - 4 X 4- 1 = 0 ; (1, - 2). 

6. Find the equations of the tangent and normal at (xi, 7/1) to the 
ellipse h 'x‘^ -f a'-'?/ - ~ a Vn. 

Auii, h'^xix f- a-ijiy = aV)^, a^y\X — fe^xi?/ = ~~ b^). 

7. Find the equations of the tangent and normal, and the lengths of 
the suhtangent and subnormal, at the point (xi, ?/i) on the circle x^ -f = r^. 

Ajiii. xix -f 7/1 ?/ = xiv — 7/iX = 0, — —f — xi. 
‘ * Xi 

8. Show that the suhtangent to the parabola y~ = 2 px is bisected at 
the vertex, and that the subnormal is constant and equal to p. 

Find the equations of the tangent and normal, and the lengths of the 
suhtangent and subnormal, to each of the following curves at the points 
indicated. 

9. ay — X - ; (a, a), Ans. 2 x — ?/ = a, x -f 2 y ~ 3 a, 2 a. 

10. x2 - 4 7/2 9 ; (5, 2). 5 x - 8 77 = 9, 8 x -f 5 y = 50, I 

11. 9X2 q. 4 y2 ^ 72; (2, 3). 

12. xy 4- ir 4-2 = 0; (3, — 2b 

13. Find the area of the triangle formed by the x-axis and the tangent 
and the normal to the curve y - 6 x — x^ at the point (5, 5b Am^. . 

14. Find the area of the triangle formed by the ?/-axis and the tangent 
and the normal to the curve y- = 9 — x at the point (5, 2). 

Find the angles of intersection of each of the following pairs of curves. 

15. yi = j 4. 4- ?/2 = 13. Ans, lOr 39'. 

16. 7/ = 6 — x^, 7 x^ 4- 2/^ = 32. 

Am, At (± 2, 2), 5" 54'; at (± 1, 5), 8" 58', 

17. 7/ = x2. r/2 -- 3 7/ = 2 X. 

18. -h 4 1/2 = 61, 2 x* - 2/2 = 41. 
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Find the points of contact of the horizontal and vertical tangents to 
each of the following curves. 

19. V = 5 a* — 2 Am. Horizontal, (|, ^). 

20. 3 ~ 6 1 / - X = 0. Vertical, (- 3, 1), 

21. X-' 4- 6 xy 4- 25 t/2 = 16. Horizontal, (3, — 1), (- 3, 1). 

Vertical, (6, - f), (- 6, f). 

22. x^ -Sxy + 25 = 81. 

23. x2 --- 24 xy 4 169 = 25. 

24. 169 X- 4 10 xy 4 y^ = 144. 

25. Show that the hyperbola x'^ — y^ = 5 and the ellipse 4 -h 9 = 72 

intersect at right angles. 

26. Show that the circle x- 4 8 ox and the cissoid (2 a — x)y^ = 

(a) are perpendicular at the origin ; 

(b) intersect at an angle of 45 at two other points. (See figure in 
Chapter XXVT.) 

27. Show that the tangent.s to the folium of Descartes x"^ 4 y^ = 3 axy 
at the points where it meets the parabola y'^ = ax are parallel to the 2 /-axis. 
(See figure in Chapter XXVL) 

28. Find the equation of the normal to the parabola ?/ = 5 x 4 x^ which 
makes an angle of 45" with the x-axis. 

29. Find the equations of the tangents to the circle x^ 4 = 58 which 

are parallel to the line 3 x — 7 y = 19. 

30. Find the equations of the normals to the hyperbola 4 x^ — = 36 

which are parallel to the line 2 x 4 o t/ = 4. 

31. Find the equations of the tw'o tangents to the ellipse 4 x^ 4 = 72 

which pass through the point (4, 4j. Ans. 2 x 4 2/ == 12, 14 x 4 = 60. 

32. Show that the sum of the intercepts on the coordinate axes of the 

tangent line at any point to the parabola 4 is constant and 

equal to a. (See figure in Chapter XXVL) 

33. Show that for the hypocycloid x^ 4 the portion of the 

tangent line at any point included betw'een the coordinate axes is constant 
and equal to a. (See figure in Chapter XXVL) 

x^ 

34. The equation of the path of a ball is y = x — ; the unit of 

distance is 1 yd., the x-axis being horizontal, and the origin being the 
point from which the ball is thrown, (a) At what angle is the ball thrown? 
(b) At w^hat angle will the ball strike a vertical wall 75 yd. from the 
starting point? (cj If the ball falls on a horizontal roof 16 yd. high, at 
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what angle will it strike the roof? (d) If thrown from the top of a build* 
ing 24 yd. high, at what angle will the ball strike the ground ? (e) If 
thrown from the top of a hill which slopes downward at an angle of 45®, 
at what angle will the ball strike the ground ? 


36. The cable of a suspension bridge hangs in 




the form of a parabola and is attached to support- 
ing pillars 200 ft. apart. The lowest point of the cable is '40 ft. below 
the points of suspension. Find the angle between the cable and the sup- 
porting pillars. 


44. Maximum and mininmpi values of .a function ; introduction. In 
a great many practical problems we have to deal with functions 
which have a greatest (maximum) value or a least (minimum) 
value,* and it is important to know what particular value of the 
variable gives such a value of the function. 

For instance, suppose that it is required to find the dimensions of 
the rectangle of greatest area that can be inscribed in a circle of 
radius 5 inches. Consider the circle in the following figure. Inscribe 

any rectangle, as BD. 

liOt CD — X ; then DE — VlOO — x~, and the area of the rectangle 
is evidently 

(1) A = a-Vl00- j-C 


That a rectangle of maximum area must e.xist may be .seen as follows. 
Let the base CD (= x) incr i‘a.se to 10 inches (the diameter) ; then 
the altitude DE = x'Too — x- will decrease to zero and the area will 
become zero. Now let the base decrease to 
zero ; then the altitude will increa.se to 10 
inches and the area will again become zero, p. 

It is therefore evident by intuition that there 
exists a greatest rectangle, iiy a careful study 
of the figure we might suspect that when the 
rectangle becomes a square its area would be 
greatest, but this would be guesswork. A 
better way would evidently be to plot the 
graph of the function (1) and note its behavior. To aid us in draw- 
ing the graph of (1), we observe that 

(a) from the nature of the problem it is evident that .r and A must 
both be positive ; and 

(b) the values of x range from zero to 10 inclusiv^e. 

Now construct a table of values and draw the graph, as in the 
figure on page 48. 

♦ There may be UMNCe lhan one of each illojtraled on page 66, 
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What do we learn from the graph? 



(a) If carefully drawn, we may find quite accurately the area of 
the rectangle corresponding to any value of x by measuring the length 
of the corresponding ordinate. Thus, 

when X — OM = 3 in., 

then A = MP — 2S.6 sq. in. ; 

and when x = O.V = 4^ in., 

then A = \'Q — about 39.8 sq. in. (found by mefisurement). 

(b) There is one horizontal tangent {RS). The ordinate Til from 
its point of contact T is greater than any other ordinate. Hence this 
observation : One. of the inscrilmd rectangles has evidently a greater area 
than any of the others. In other words, we may infer from this that 
the function defined by fl) has a maximum value. We cannot find 
this value (= /IT) exactly by measurement, but it is ver\' easy to 
find by the calculus. We observed that at T the Langent was 
horizontal : lienee the slope will be zero at that point (Art. 42). To 
find the abscissa of T we then find the derivative of A with respect 
to X from (1), place it equal to zero, and solve for x. Thus we have 


A = a: VlOO - 


dA 100-2 100 - 2 

dx VlOO - VlOO-x® 

Solving, X = 6 V2. 


Substituting, we get 
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Hence the rectangle of maximum area inscribed in the circle is a 
square of area 

A = CD X DE = 5 V 2 X 5 V 2 = 50 sq. in. 

The length of HT is therefore 50. 

Take another example. A wooden box is to be built to contain 
108 cu. ft. It is to have an open top and a square ba.se. What must 
be its dimensions in order that the amount of material required shall 
be a minimum ; that is, what dimensions 
will make the cost the least? 

Let X — length of side of square base in feet, 
and y = height of box. 

Since the volume of the box is given, how- 
ever, y may be found in terms of x. 7'hus, 

Volume = x-y — 108 ; .'. y — 

We may now express the numlier (= M) of square feet of lumber 
required as a function of x :is follows. 

Area of ba.se = x- sq. ft., 

43 -> 

and Area of four sides = 4xy — — ^ s(i. ft. Hence 

X 

(2) M = T — 

X 

-n i 




is a formula giving the number of square feet required in any such box 
having a capacity of 108 cu. ft. Draw a graph of (2), as in the figure. 
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tl 'hal do toe learn from the graph ? 

(a) If carefully drawn, we may measure the ordinate correspond- 
ing to any length (= i) of the side of the square base and so deter- 
mine the number of square feet of lumber required. 

(b) There is one horizontal tangent (RS). The ordinate of its 
point of contact T is less than any other ordinate. Hence this obser- 
vation: One of the boxes evidently takes less lumber than any of the 
others. In other words, we may infer that the function defined by 
(2) has a minimum value. Let us find this point on the graph ex- 
actly, using the calculus. Differentiating (2) to get the slope at any 
point, we have 

dM o 432 
dx X- 

At the lowest point T the slope will be zero. Hence 


that is, when r = 6 the least amount of lumber will be needed. 

Substituting in (2), we see that this is 

iU = 108 sq. ft. 

The fact that a least value of M exists is also shown by the follow- 
ing reasoning. I/** the base increase from a very small square to a 
very large one. In the former case the height must be very great ami 
therefore the amount of lumb<‘r required will Ik* large. In the latter 
case, while the height is small, the base will take a gnat deal of 
lumber. Hence A/ varies from a large value, grows less, then in- 
creases again to another large value. It follows, then, that the graph 
must have a "lowest'’ point corresponding to the dimen.sions which 
require the least amount of lumber and therefore would involve the 
least cost. 

We will now proceed to the treatment in detail of the subject of 
maxima and minima. 

45, Increasing and decreasing functions.* Tests. A function y =/(x) 
is said to be an increasing function if y increases (algebraically) when 
X increa.ses. A function y = f{x) is said to be a decreasing function 
if y decreases (algebraically) as x increases. 

The graph of a function indicates plainly whether it is increasing 
or decreasing. For instanc*e, consider the graph in Pig. a, p. 51. 

♦ The proofs given here dep<md chiefly on geometric intuition. The eubjoct of maxiing 
wad tnlmma will be treated analytically in Art. 125. 
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As we move along the curve from left to right the curve is rising', 
that is, as x increases the function (= y) increases. Obviously, Ay 
and Aa: agree in sign. 

On the other hand, in the graph of 
Fig. b, as we move along the curve from 
left to right the curv’e is Jailing ; that is, 
as X increases, the function (= y) always 
decreases. Clearly, Ay and Ax have op- 
posite signs. 

That a function may be sometimes increasing and .sometimes 
decreasing is shown by the graph (Fig. c) of .h 



(1) y = 2 x'^ - 9 xH- 12 X - 3. 

As we move along tlie curve from left to 
right the curv^e rises until we reach the point 

A, falls from A to B, and rises to the right of 

B. Hence 

(a) from x = — oo to x — 1 the Junction is 
increasing; 

(b) from X = 1 to X = 2 the Junction is de- 
creasing ; 

(c) from x = 2 to x — cc (he Junction is 
increasing. 



At any point, such as C, where the function is increasing, the 
tangent makes an acute angle with the x-axis. The slope is positive. 
On the other hand, at a point, such .as D, where 
the function is decreasing, the Lingent makes 
an obtuse angle with the x-axis, and the slope is 
negative. Hence the following criterion : 

A Junction is increasing ichen its derivative is 
positive, and decreasing ichen its derivative is 
negative. 

For example, differentiating (1) above, we 
have 

= r{x) = 6 x» - 18 X + 12 = 6(.- 

dx ' 



( 2 ) 


l)(x-2). 


When X < 1, J'{x) is positive, and Jix^ ife increasing. 

When 1 < X < 2, J'{x) i.s negative, and J(.r) is decreasing. 

When X > 2, /'(x) is positive, and /(x) is increasing. 

These results agree with the conclusions arrived at above from 
the graph. 
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46. Maximum and minimum values of a function ; definitions. A 
maximum value of a function is one that is greater than any value 
immediately preceding or following. 

A minimum value of a function is one that is less than any value 
immeti lately preceding or following. 

For e.xample, in Fig. c, Art. 45, it is clear that the function has a 
maximum value MA (= y = 2) when a: = 1, and a minimum value 
iVJS {= y = 1) when ar = 2. 

The student should observe that a maximum value is not neces- 
sarily the greatest possible value of a function nor a minimum value 
the least. For in fig. c it is seen that the function y) will have 
values to the right of B that are greater than the maximum MA, and 
values to the left of .4 that are less than the minimum \B. 

If f{x) is an increasing function of x when / is slightly less than a, 
and a decreasing function of x when x is slightly greater than a, that 
is, if /'(.r) changes sign from -f to — as jT increases through a, then 
fix) has a maximum value when x = a. Therefore, if continuous, 
/'(/) mu.st vanish when x = a. 

Thus, in the above example (F’ig- f). is l)ositive ; at 

A, /'<.•) — 0; at D,f'(x) is negative. 

On the other hand, if f(x) is a decreasing 
function when x is slightly less than o, and an 
increasing function when x is .slightly greater 
than n, that is, if f'(x) changes sign from — to -f 
as X increases through o, then fix) has a mini- 
mum value when x = a. Therefore, if contin- 
uous, J'ixj must vanish when x = a. 

Tlius, in Fig. c, at D, fix) is negative; at B, fix) = 0; at E, 
fixj is positive. 

We may then state the conditions in general for maximum and 
minimum values of fix). 

fix) is a maximum if f'ix) = 0 and fix) changes sign from -t- to — . 

fix) is a minimum if fix) = 0 and fix) changes sign from — to +. 



The values of the .^’^ariable satisfying the equation fix) = 0 are 
called critical values; j,'u.s, from (2), Art. 45, a; = 1 and x = 2 are the 
critical values of the -.jtriable for the function whose graph is shown 
in Fig. c. The critical values determine turning points where the 
tangent is parallel to OX. 

To determine the sign of the first derivative at points near a 
particular turning point, substitute in it, first, a value of the variable 
dightly less than the corresponding critical value, and then one 
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slightly greater. If the first sign is + and the second — , then the 
function has a maximum value for the critical value considered. 

If the first sign is — and the second +, then the function has a 
minimum value. 

If the sign is the same in both cases, then the function has neither 
a maximum nor a minimum value for the critical value considered. 
For example, take the above function in (1), Art. 45, 

(1 ) y — J{x) = 2 X-* — 9 a:- + 12 X — 3. 

I’hen, as we have seen, 

(2j /'(/) = 6(/ - l)(x - 2). 

Setting J'{i) = 0, we find the critical values x = 1, x = 2. Let us 
first test x — 1. We consider values of x near this critical ''al” 
substituted in the right-hand member of (2), and obs' 
of the factors, (('ompare Art. 45.) 

When X < 1, J'(x) — (—)(—) = +. 

When X > 1, /'(x) - (-}-)(—) = — . 

1 fence /(x) has a maximum value when x = I 
table, this value is // =/(l ) — 2. 

X'ext. test X — 2. Proceed as before, t 
the critical value 2. 

When X < 2, f(x) 

When X > 2, 

Hence /fx t has a minimum valu- 
this value is y ~ 1. 

We shall now summarize on 

47. First method for exami 
mum values. Working rule. 

First Stkp. Find the 

Skconp S'lLi’. Set theft 
ctiitation for real root-ft. 

Third Stki*. Cot/.s/d 
(lerivatire, first for a vain 
than the critical ralite. 
the function has a maxi 
mriahle ; but if the rere 
sign does not change, th 

* In this connection the It 
next smaller root (critical vy 
KiX'ater,” or *’ trifle greater,” 
tbe next larger one. 
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In the Third Step, it is often convenient to resolve J’(x) into 
factors, as in Art. 46. 

Illustrative Example l. In the first problem worked out in Art. 44 we wshowed 
by means of the graph of the function 

A = x\ 100 - 

that the rectangle of maximum area inscribed in a circle of radius 5 in. con- 
tained 50 sq. in. This may now be proved analytically as follows by applying the 
above rule. 


Solution. 
First Step. 

Sero7\d Step 



’ value. Only the pasitive sign of the radical Ls taken, since, 
'\e problem, the negative .sign ha.s no meaning. 

X < 5\ 2. then 2 x- < 100. and /'{x) is 4-. 

2 X- > 100, and /'{x' is 

‘•^t derivative chang<^ from 4- to — , the function has a 
\ 2 • 2 ~ 50. Ans, 


Examine the function (x — l)^(x-|- 1)*^ for maxi- 


‘Vx~ l}^(j4-l)=» = (x-l)(x-f l)^(5x~l). 
- 0 . 



m value /(I) = 0 (= ordinate 

= 4 -. 

value fil) = 1.11 (= ordi- 

= -h. 

= -f. 

laximum nor a minimum 
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48. Maximum or minimum values when /'(x) becomes infinite and 
/(x) is continuous. Consider the graph in the At B, or G, 



f{x) is continuous and has a maximum value, but f'(x) becomes in- 
finite, since the tangent line at li is parallel to the y-axis. At E, fix) 
has a minimum value, and fix) again becomes infinite. In our dis- 
cus.sion of all possible maximum and minimum values of fix), we 
must therefore include as cn'ticnl values also those values of x for 
which fix) becomes infinite, or, what is the same thing, values of x 
satisfying 


( 1 ) 


1 

fix) 


= 0 . 


The Second Step of the rule of the preceding section must then 
be modified as indicated by (1 ). The other steps are unchanged. 

In Fig. d above, note that /'(x) also becomes infinite at A, but the 
function is neither a maximum nor a minimum at A. 


lu.vsTRATU'E Exampi.e. Examine the function a — b{T — ro for maxima and 
minima. 


Solution. 


fix) —-a - b(T — f)i. 


fix) = - 

1 

fix) 


2b 

.‘Kx-c)I 
.‘l(r — 


2 6 




r 


o 



xy 


Since x = c is a critical value for which ~ 0 (and /'(x'l — coi, but for which 

f(x) is not infinite, let us test the function for maximum .and minimum values when 
X c» 

When X < r. /'(x) ~ +. 


When X > e, /'(x) = 


Hence, when x = c = OM. the function has a maximum value f(r) =a = MP. 
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PROBLEMS 


Examine each of the following functions for maximum and minimum 
values. 


L - 6 -f 9 X. 

2. 10 -f 12 X - 3 - 2 


3. 2 X'*' -f 3 x2 -f 12 X ~ 4. 

4. -f 2 X- - 15 X - 20. 

5. 2 X- - x^. 

6. x^ - 4 X. 

7. x^-x^-f 1. 

8. 3 x^ - 4 - 12 x2. 


9. x^ - 5 x^. 


10. 3 x^ - 20 x^. 
2 


11. X- + 


X 


12, 2 X 


13. x2 + ■ 


14. 

15. 


16. 


17. 


ax ^ 

x^-f a^' 

X *f a 
x^ 

xJ -f.a^ 

x" 4- 2 . 


18. (2 -f x)2(l - x)^ 

19. (2 -f x)2(l - x)^ 

20. 5 -f cfx — o)^. 

21 . a — b(x - c)^. 


A715. X = 1, gives max. = 4. 

X = 3, gives min. = 0. 

X = I, gives max. ~ 17. 

X = — 2, gives min. = — K). 

No max. or min. 


X = 0, gives min. — 0. 

X — ± 1, gives max. -■= 1. 

X = 1, gives min. = — 3. 


X = — 1, gives Tnin. -- — 5. 
X = 0. gives max. 

X = 2, gives min. — 32, 

X = 0, gives max. ~ 0. 

X = 4, gives min. -- 25(). 

X = a, gives min. ~ 3 a*. 


X - i a, givt*s min. 2 a-, 

X =r ~ ( 1 ^ gives min. “ ■- L 
X ~ a, gives max. ~ J>. 


X == a, gives min. = h. 
No max. or min. 
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22. (2 + x)^(l -a:)l 

23. x{a -f- .r)2(a — 

24. (2 j* — aj^(x — a)^. 


25. 

26. 


/ 4- 2 


28. 


X“ 

■f 

2x4-4 

X“ 


X 4- 4 


.r ' 

f 1 

x 

' 4 

- X -t- 4 

X" 

"V 

' 2' X + 4‘ 

U 


(;■'(// - x) 


Ans, X = 1, gives min. = 0. 

X = — 1, gives max. = Vi = 1.6. 

X = ~ a, gives max. = 0. 

X = — J a, gives min. = — a®. 

x = i a, gives max. = ||f a®. 

X = a, gives neither. 

2^ = 3 gives max. — J a. 

X = a, gives min. = 0. 

2^ = i gives neither. 

X = 0, gives max. — i. 

X = — 4, gives min. = — 

X ~ — 3, gives max. = — 5, 

X = 1, gives min. 3. 


X = — 2, gives max. = J. 
X = 2, gives min. = |. 


2 ah 

X — r» gives max. = 

a -f 6 


(h ~ a)^ 
4 ab 


29, 



X = 


a + b' 


gives min. = 


(a -f h)- 
a 



gives max. = 


fa~6)2 

a 


30. 


("a -- 

n - 2 .r 


: *-» gives min. = a^. 

4 


31. 


x-jf X ;::_l 

x'^ -X + i 


49. Maximum and minimum values. Applied problems. In many 
problems we must first construct, from the piven conditions, the 
function whose maximum and minimum values are re(}uired. as was 
done in the two exampkv worked out in Art. 44. This sometimes 
offers considerable dilliculty. No rule applicable in all cases can be 
given, but in many problems we may be guided by the following 

General directions 

(a) Set up the fiindmi ivhose maximum or minimum vahie is in- 
volved in the problem. 

(b) If the resulting expression co7itains more than one variable, the 
conditions of the problem will furnish enough relations between the vari- 
ables so that all may be expressed in terms of a single one. 
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(c) To the resulting function of a single variable apply the above rule 
(p. 53) for finding ma^rimurn and minimum values. 

(d) In practical problems it is usually easy to tell which critical value 
will give a maximum and which a minimum value, so it is not always 
necessary to apply the third step. 

(e) Draw the graph of the function in order to check the work. 

The work of finding maximum and minimum values may fre- 
quently be simplified by the iiid of the following principles, which 
follow at once from our discussion of the subject. 

(a) The maximum and minimum values of a continuous function 
must occur aliernatehj. 

(b) When c is a positive coyistant, cf{x) is a ynaximum or a mini’- 
mum for such values of x, and such only, as makef(x) a maximum or a 
minimum. 

Hence, in determining the critical values of x and testing for max- 
ima and minima, any constant factor may be omitted. 

When c is negative, cf{x) is a maximum whcji f(x) is a miniynum, 
and conversely. 

(c) If c is a cofistant, f(x) and c + f(x) have ynaximum and mini- 
mum values for the same values of x. 

Hence a constant term may be omitted when finding critical values 
of X and testing. 

PROBLEMS 

1. It Ls desired to make an open top box of greatest possible volume 
from a square piece of tin whose side is a, by cutting equal squares out 
of the corners and then folding up the tin to form the sides. What should 
be the length of a side of the s(|uares cut out? 

Solution. Let z = side of small square — depth of box ; 
then a — 2 a: = side of square forming bottom of box, 

and volume is V — (a —2 

which is the function to be made a maximum by varying x. 

Applying the rule. p. oS, 

dV 

First Step. — = (o — 2 x)* — 4 x(o — 2 x) = a* — 8 ax 4* 12 xK 

Sec4ynd Step. Solving — 8 ax 4- 12 x^ = 0 gives critical values x = ^ and 

2 o 

It Is evident from the figure that x = ^ must give a minimum, for then all the 

£ 

tin would be cut away, leaving no material out of which to make a box. By the usual 
test, X = I is found to give a maximum volume • Heap the side of the square to 
be cut out is one sixth of the side of the given square^ 





VARIOUS APPLICATIONS OF THE DERIVATIVE 69 



The drawing of the graph of the function in this and the following problems is 
^left to the student. 

2. Assuming that the strength of a beam with rectangular cross sec- 
tion varies directly as the breadth and as the square of the depth, what 
are the dimensions of the strongest beam that can be sawed 
out of a round log whose diameter is d? 

Solution. If X =£ breadth and y — depth, then the beam will 
have maximum strength when the function xy- is a maximum. 

From the figure, ; hence we should test the function 

fix) = x{d- - x2). 

First Step, fix) = - 2 + d‘^ - = d" - 3 x2. 

Second Step, d^-3x- = 0, x = = critical value which gives a maximum. 

\ 3 

Therefore, if the beam is cut so that 

Depth “ \ of diameter of log, 
and Breadth = \ of diameter of log, 

the beam will have maximum strength. 

/3. What is the width of the rectangle of maximum area that can be 
inscribed in a given segment 0.4.4' of a parabola? 

Hint. U CX^ ^ k, BC^zh-x and PP=2y; there- 
fore the area of rectangle PDIXP' is 
2{h - x)y. 

But since P lies on the parabola 2 /^ = 2 px, the function to 

be tested is 

f[x) = 2{h ~ j)\’2 px. 

Ans, Width = | ft. 

4. Find the altitude of the cone of maximum volume that can be 
inscribed in a sphere of radius r. ^ 

Hint. Volume of cone ~ \ irx^y. But 

X- = BC X (d) = 7/(2 r — y); 
therefore the function to be tinted is 




fiy" ^ f/‘(2 r- y). 

Ans. Altitude of cone = i r. 

6. Find the altitude of the cylinder of maximum volunH? can 
inscribed in a given right cone. fl j? 

Hint. I^et AC = r and BC = ft. Volume of cylinder = irx-y. 

But from similar triangles ABC and DBG^ 

ri h ~ y) 

h * Pi 


r : z — h : h — y, .* 
Hence the function to be tested is 


X = ■ 


/(y) = jfi y(^ 


y)^ ^ 

Atw. Altitude = J 
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6. If three sides of a trapezoid are each 10 in. long, how long must the 

fourth side be if the area is a maximum? Ans, 20 in. 

7. It is required to inclose a rectangular field by a fence, and the^n to 

divide it into tw’o lots by a fence parallel to one of the sides. If the area of 
the field is given, find the ratio of the sides so that the total length of fence 
shall be a minimum. A 2 3. 


8. A rectangular garden is to be laid out along a neighbor’s lot and is 
to contain 432 sq. rd. If the neighbor pays for half the dividing fence, 
what should be the dimensions of the garden so that the cost to the owner 
of inclosing it may be a minimum? Ans, 18 rd, x 24 rd. 

A radio manufact urer finds hej caq sell .r instrumVits peY week 
atjf dollars each. v^Tiefe -HTp. The cost of production is 

(500 -f 15 X -f I J‘*) dollars. Show that the maximum profit is obtained 
when the production is about 30 instruments per week, y 

10. In Problem 9 suppose the relation between x andV is 

J- = 100 _ 20 

Show that the manufacturer should produce only about 25 instruments {)er 
W’eek for maximum profit. 

11. In Problem 9 suppose the relation between x and p is 

X- = 2500 - 20 p. 

How' many instruments should be produced each we(^k for maxinuim profit ? 

12. The total cost of producing x articles per w(*f^k is ‘ax- f ^x r) 
dollars and the price (p dollars) at which each can be sold is p ^ .i — a x^. 
Show' that the output for maximum profit is 

\/a^ -f 3 (idS — h) — a 

X = 1 

3 a 


13. In Problem 9 suppose a tax of t dollars per instrument is impostnl 
by the government. The manufacturer adds the tax to his cost and 
termines the output and price under the new' conditions. 

(a) Show that the price increases by a little less than half the tax. 

(b) Express the receipts from the tax in terms of ( and determine the 
jtax for maximum return. 

(c) When the tax determined in (h) is imposed, show that the price is 
increased 1)y about 33 per cent. 

The total cost of producing x articles per w’eek is (ar^ -f 5/ 4- c) 
dollars, to which is added a tax of t dollars per article im[)osed by the 
government, and the price (/) dollars) at which each can be sold is p == — ax. 
Show that the tax brings in the maximum return when / = ~ 6) and 

that the increase in price is always leas than the tax. 

Note. In applications in economics n, 6, c. a, B are positive numbers. 
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16. A steel plant is capable of producing x tons per day of a low-grade 

steel and y tons per day of a high-grade steel, where y = If the 

fixed market price of low-grade Steel is half that of high-grade steel, show 
that about tons of low-grade steel are produced per day for maximum 
receipts. 

16. A telephone company finds there is a net profit of $15 per instru- 
ment if an exchange has 1000 subscribers or less. If there are over 1000 
subscribers, the profits per instrument decrease 1 6 for each subscriber 
above that number. How many subscribers would give the maximum net 
profit? A ns. 1250. 


17. The cost of manufacturing a given article is p dollars and the num- 
ber which can he sold varies inversely as the nth power of the selling price. 
Find the selling price which will yield the greatest total net profit. 

An.. 

ri — 1 

What should be the diameter of a tin can holding 1 qt. (58 cu. in.) 
and requiring the least amount of tin (a) if the can is open at the top? 
(b) if the can has a cover? 


A ns. (a) 


3/401 

\' TT 


-5.29 in.; (b) 




^22 


= 4.20 in. 


The lateral surface of a right circular cylinder is 4 tt sq. ft. From 
the cylinder is cut a hemisphere whose diameter equals the diameter of 
the cylinder. Find the dimensions of the cylinder if the remaining volume 
is a maximum or minimum. Di'tormine whether it is a maximum or a 
minimum. Ans. Radius ■ 1 ft., altitude = 2 ft. ; maximum. 


20. Find the area of the largest rectangle with sides parallel to the 

coordinate axes which can be inscribed in the figure bounded by the two 
parabolas 8 7 / ~ 12 - x- and G ?/ — x- ~ 12. Ans. 16. 

21. Two vertices of a rectangle are on the .r-axis. The other two vertices 

are on the lines whase equations are ?/ — 2 ./* and 3 -f // — 30. For what 
value of y will the area of the rectangle be a maximum? Ans. ?/ 6. 


22. One base of an i.sosceles trapezoid is a diameter of a circle of radius 
a, and the ends of the other base lie on the circumference of the circle. 
Find the length of the other base if the area is a maximum. Ans. a. 


23. A rectangle is inscribed in a parabolic segment with one side of the 
rectangle along the base of the segment. Show that the ratio of the area 

1 

of the largest rectangle to the area of the segment is 

The strength of a rectangular beam varies as the product of the 
breadth and the square of the depth. Find the dimensions of the strong- 
est beam that can be cut from a log whose cross section is an ellipse of 
semiaxes a and 6. Ans. Breadth = 2 J depth = 2 a\/J. 
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25. The stiffness of a rectangular beam varies as the product of the 
breadth and the cube of the depth. Find the dimensions of the stiffest 
beam that can be cut from a cylindrical log whose radius is a. 

Alls, a X 0V3. 

26. The equation of the path of a ball is 1/ = mx — l l j i T , where 

the origin is taken at the point from which the ball is thrown and m is the 
slope of the curve at the origin. For what value of m will the ball strike 
(a) at the greatest distance along the same horizontal level ? (b) at the 
greatest height on a vertical wall ;U)0 ft. away? Ans, (a) 1 ; (b) 

27. A window of perimeter p ft. is in the form of a rectangle surmounted 
by an isosceles right triangle. Show that the window will admit the most 
light when the sides of the rectangle are equal to the sides of the right 
triangle. 

28. The sum of the surfaces of a sphere and a cube being given, show* 
that the sum of their volumes will be least when the diameter of the .sphere 
is equal to the edge of the cube. When will the sum of the volumes '"be 
greatest ? 

29. Find the dimensions of the largest rectangle which can be inscribed 

in the ellipse ^ -f = 1. Ans, aV2 x 6V2. 

Cl 0" ^1 

30. Find the area of the largest rectangle which can be drawn with 
its base on the jr-axis and with two vertices on the witch whose equation 

is 1/ = ~ (See ^igure in Chapter XXVI.) Ans. 4 a*, 

-f 4 

31. Find the ratio of the area of the smallest ellipse that can be cir- 

cumscribed about a rectangle to the area of the rectangle. The area of an 
ellipse is nab, where a and b are the .semiaxes. An.s, J tt* 

32. The two lower verticf^s of an isosceh^s trapezoid are the points 
(— 6, 0) and (6, 0). The two upper verticf^ lie on the curve x- 4* 4 y = 36. 
Find the area of the largest trapcv.oid which can be drawn in this way. 

Ans. 64. 

33. The distance between the centers of two sphere.^ of radii 0 and h, 
respectively, is r. Find from what point P on the line of centers .4/^ the 
greatest amount of spherical surface is visible. (The area of the curvc^l 
surface of a zone of height h is 2 nrh, where r is the radius of the sphere.) 

cJ 

Ans. -5 r units from A. 

34. Find the dimensions of the largest rectangular parallelepiped with 
a square base which can be cut from a solid sphere of radius r. 

Ans. A = § rV3. 
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36. Given a sphere of radius 6 in. Calculate the altitude of each of 
the following solids : 

(a) inscribed right circular cylinder of maximum volume ; 

(b) inscribed right circular cylinder of maximum total surface; 

(c) circumscribed right cone of minimum volume. 

Ans. (a} 4 V3 in. ; (b) 6.31 in. ; (c) 24 in. 

Prove that a conical tent of a given capacity will require the least 
amount of canvas when the height is times the radius of the base. 
Show' that w'hen the canvas is laid out flat it w'ill be a circle with a sector 
of 152^' 9' cut out. How much canvas w^ould be required for a tent 10 ft. 
high? Ans, 272 sq. ft. 

37. Given a point on the axis of the parabola y‘^ = 2 p:r at a distance a 
from the vertex ; lind the abscissa of the point on the curve nearest to it. 

Ans, X = a — p, 

38. Find the point on the curve 2 y = w'hich is nearest to the point 

(4,1). Ams. (2,2). 

39. If PQ is the longest or shortest line segment which can be drawn 

from P(a, b) to the curve y prove that PQ is perpendicular to the 

tangent to the curve at Q. 

40. A formula for the etllciencv of a screw* is E = — — — w'here 6 

h + tan e 

is the angle of friction and h is the pitch of the screw*. Find h for maximum 
ethciency. Am. h = sec 0 ~ tan 6, 

41. The distance betwetm two sources of heat A and B. w'ith intensi- 
ties a and b respectively, is /. The total intensity of heat at a point P 
between A and B is given by the formula 



where x i.s the distance of P from A. For w'hat position of P will the tem- 
perature be lowe.st'? 

X = — 

a'^ -f-6* 

42. The lower base of an isosceles trapezoid is the major axis of an 
ellipse ; the ends of the upper base are points on the ellipse. Show^ that 
the maximum trapezoid of this type has the length of its upper base 
half that of the lower. 

43. An isosceles triangle with vertex at (0, b) is to be inscribed in the 

ellipse ly^x " -f a^y'^ = Find the equation of the base if the area of 

the triangle is a maximum. Am. 2 -f 6 = 0. 

44. Find the base and altitude of the isosceles triangle of minimum area 

which circumscribes the ellipse -f ahj'^ = a-6^, and w*hose base is 
parallel to the x-axis. Am. Altitude = 3 6. base = 2 aVs. 
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45, Let P(a, b) be a point in the first quadrant of a set of rectangular 
axes. Draw a line through P cutting the positive ends of the axes at A 
and P. Calculate the intercepts of this line on OX and OY in each of the 
following cases. 

(a) when the area GAB is a minimum; 
vb) when the length AB is a minimum; 

(c) when the sum of the intercepts is a minimum ; 

(d) when the perpendicular distance from O to AB is a maximum. 

Alts, (a) 2 a, 2 b; (b) a -f h -f aUp ; 

{Oa + V^b.b+yATb-, (d) 

a b 

50. Derivative as the rate of change. In Art. 23 the functional 
relation 

( 1 ) y = x^ 

gjive as the ratio of corresponding increments 

(2) 4-- = 2j- + Ar. 

A.r 

When r = 4 and Ar = 0.5, equation (2) becomes 

(3) ^ = 8.5. 

Ax 

Then, we say, the average rate of change of // with respect to x 
equals 8.5 when x increa.ses from x = 4 to x = 4.5. 

In general, the ratio 

(^) ^ = (.n-ernfje rale of change of y irith respect to x when x changes 
from X to X f- Ax. 

ConstatU rate of change. When 

(4 ) y = ax + b, 

we have ^ = a 

Ax 

That is. the average rate of change of y with respect to x equals o, 
the slope of the .straight line (4j, and is constant. In this ca.se, and 
in this case only, the change in y (Ay), when x increases from any 
value X to X + Ax, equals the rate of change a times Ax. 

Instantaneous rate of change. If the interval from x to x + Ax 
decreases and Ax 0, then the average rate of change of y with 
respect to x in this interval becomes at the limit the instantaneous 
rate of change of y with respect to x. Hence, by Art. 24, 

(5) ^ = instantaneous rate of change of y with respect to x for a 

definite value of x. 
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For example, from (1) above, 

( 6 ) 1 = 2 .. 


When X = 4, the instantaneous rate of change of ?/ is 8 units per 
unit change in x. The word "instantaneous” is often dropped in (B). 

Geometric interpretation. Let the graph of 

(6) V=f{x) 

be drawn, as in the figure. When x in- 
creiises from OM to O.V, then ij increjises 
from MP to S’Q. Tlie average rate of 
change of y with respect to .r equals the 
slope of the secant line PQ. 'I'iie instanta- 
neous rate when x = OM equals the slope of the tangent line PT. 

Hence the i7^nntaneou!i rate of chanye 6f y at P(x, y) is equal to 
the constant rat^of chaiifje of y alonq the tangent line at P. 



When X — x,,, the instant.;ineous rate of change of y, or f{x), in (6) 
is f'{Xi\). If X now increases from Xn to Xu -f Ax, the exact change in 
y is not equal io f’{x„)Xr, unless fix) is constant, as in (4). We shall 
see later, however, that this product is equal to A//, nearly, when Ax 
is sufliciently small. 

51. Velocity in rectilinear motion. Important applications arise 
when the indeixmdent variable in a rate is the time. The rate is 
then called a time-rate. \’elocity 
in rectilinear motion affords a j— ^ 
simple example. 

('onsider the motion of ;i point 7’ on the straight line All. Let 
s be the di.slance measuivd fron .some fixed })oint, as O. to any posi- 
tion of and let t lx* t he corresponding elapsed time. To each value 
of t corresponds a jxxsition of P and therefore a distance (or space) s. 
Hence s will be a function of t. and we may write 


J'P. 


Now let t take on an increment A/; then s takes on an increment 
As, and 

(1) i 


= the arerage velocity 


of P when the point moves from P to P', during the time interval At. 
If P moves with uniform motion (constant velocity), the above ratio 
will have the same value for every interval of time and is the velocity 
at any instant. 
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For the general case of any kind of motion, uniform or not, we 
define the velocity {time-rate of change of s) at any instant as the limit 
of the average velocity as It approaches zero as a limit ; that is, 


(O 


V = 


dt' 


The velocity at any histant is the derivative of the distance (= space) 
with respect to the time, or the time-rate of change of the distance. 

When r is positive, the distance s is an increasing function of I, 
and the point P is moving in the direction .AB. When v is negative, 
s is a decreasing function of t, and P is moving in the direction BA. 
(Art. 45.) 

To show that this definition agrees with the conception we al- 
ready have of velocity, let us find the velocity of a falling body at 
the end of two seconds. 

By e.xperirnent it hcus {)een found that a body falMng freely from 
rest in a vacuum near the earth's surface follows apj^oximately the 

law 

(2) s=16.1t2, 

where s = distance of fall in feet, t = time in seconds. Apply the 
General Rule < Art, 27 j to (2). 

First Step, s + As- 16.1(/ + A/}-’ = 16.1 r- + 32.2 < • At + 16.1(A<)2. 
Second Step. As = 32.2 1 • At -f 16.1 (A/j-. 

Third Step. ^ = 32.2 1 + 16.1 At = average velocity throughout 

the lime interval At. 

Placing t = 2, 

(3) ~ = 64.4 + 16.1 At = average velocity Ihrougkmit the 

time interval At after two 
seconds of falling. 

Our notion of velocity tells at once that (3) does not give us the 
actual velocity at the end of two secotids ; for even if we take At very 
small, .say i,*,o or i^Vro of a second, (3) still gives only the average 
velocity during the corresponding small interval of time. But what 
we do mean by the velocity at the end of two seconds is the limit of 
the average velocity when At diminishes txrward zero; that is, the ve- 
locity at the end of two seconds is, from (3), 64.4 feet per second. 
Thus even the everyday notion of velocity which we get from experi- 
ence involves the idea of a limit, or, in our notation, 

» = ^im^ P®" second. 
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62. Related rates. In many problems several variables are in- 
volved each of which is a function of the time. Relations between 
the variables are established by the conditions of the problem. The 
relations between their time-rates of change are then found by 
differentiation. 

As a guide in solving rate problems use the following rule. 

P'lRST Step. Draw a figure illustrating the problem. Denote by x, 
y, z, etc. the qiiantities ivhich vary with the time. 

Second Step. Obtain a relation between the variables involved which 
will hold true at any instant. 

Third Step. Differentiate with respect to the time, 

P'OURTH Step. Make a list of the given and re(piired quantities. 

P HTH Step. Substitute the known quantities in the residt fou)id by 
differentiating (third step), and solve for the unknown. 


PROBLEMS 


1. A man is walking at the rate of 5 mi. per hour toward the foot of 
a tower fiO ft. high. At what rate is he approaching the top when he is 
80 ft. from the foot of the tower? 

Solution. Apply the above rule. 

First Step. Draw the figure. Ix^t .r = di.‘^tance of the man from the foot, and 
{/ = his distanee from the top. of the tower at any instant. 

Second Stvp’ Since we have a right triangle, 

y'^ — X- T 3600. 

Third Step. DifTerentialing, we get 


2 y 




( 1 ) 


dt 

iu 

dt 


dr 

j - ^ or 



X dx 
y dt 


This means that at any instant whatever 


(Ivak of change of y) 
Fourth Step. x -- 80, 


(y) change of x). 


dx_ 

dt 


y ■■ 


\ x'^ -1-3600 d^ . 
100. dt 


: — 5 mi. an hour 
— 5 X 5280 ft. an hour. 
? 


Fifth Sup. Substituting in (1), 


^ X 5 X 5280 ft, per hour 

at 100 

= — 4 mi. per hour. Am. 
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2, A point moves on the parabola 6 ^ = x-* in such a way that when 
X = 6 the abscissa is increiising at the rate of 2 ft. per second. At w^hat 
rate is the ordinate increasing at that instant? 

Solution. First Step, Plot the parabola. 

Second Step, ^ y ~ x-. 

Third Step, 6 ^ = 2 x or 

at at 

dt S dl 

This means that at any point on the parabola 



{Rate of change of ordinate) 
Fourth Step, x — G, 


Fifth Ste}>, Substitutinij in (2), 


: /imes {rate of change of abscissa), 

dx 


dt 

dt 


- 2 ft. per second. 


^ = I X 2 = 4 ft. per second. Ans, 

From the first rt-sult we note that at the point IRM, r> > the ordinate changes twice 
as rapidly as the abscissa, 

* If we consider the point P'l — 6, 6- instead, the rc.'sult ~ second, 

the minus sign in<iicating that the ordinate is decreasing 
as the absc'issa in('n*ikses. 

3. A circular plate of metal e.xpands by heat so 
that its radius increases at the rate of 0.01 in. per 
second. At what rate is the surface increasing 
W'hen the radius is 2 in. ? 

Solution. Let x —■ radius and y = area of plate. Then 

y “ TTX'^ 



(3) 


^ = 2irr!^- 
dl dl 


That Ls, at any instant the area of the plate Ls increasing in square inches 2 wx 
times as fast as the radius Ls increasing in linear inchf?s. 


X = 2, 

Substituting in (3), 




^ = 2 IT X 2 X 0.01 = 0.04 TT sq. in. per second. Arw. 
dt 

4. An arc light is hung 12 ft. directly above a straight horizontal 
walk on which a boy 5 ft. tall is walking. How fast is the boy's shadow 
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lengthening when he is walking away from the light at the rate of 168 ft. 
per minute? 


Solution. Let x = distance of the boy from a point directly under the light L, 
and y = length of boy's shadow. From the figure, 


Xr 


or 


Differentiating, 


1/ : 1/ + X = 5 : 12, 


V = jx. 

^ 5 ^ 

dt “"7 dt* 


that is, the shadow is lengthening ^ as fast as the 
walking, or 120 ft. per minute. 



5. A point moves along the parabola = 12 x in such a way that its 
abscissa increases uniformly at the rate of 2 in. per second. At what point 
do the abscissa and ordinate increase at the same rate? Ans. (3. 6). 

6. Find the values of x for which the rate of change of 

— 12 -f 45 X — 13 

is zero. Ans. 3 and 5. 

7. A barge whose deck is 12 ft. below the level of a dock is drawn up 
to it by means of a cable attached to a ring in the floor of the dock, the 
cable being hauled in by a windlass on deck at the rate of 8 ft. per minute. 
How fast is the barge moving towards the dock when 16 ft. away? 

Ans. 10 ft. per minute. 

8. A boat is fastened to a rope which is wound about a windlass 20 ft. 
above the level at which the rope is attached to the boat. The boat is 
drifting away at the rate of 8 ft. per second. How fast is it unwinding the 
rope when 30 ft. from the point directly under the windlass? 

Ans. 6.66 ft. per second. 

9. One end of a ladder 50 ft. long is leaning against a perpendicular 
wall standing on a horizontal plane. Suppose the foot of the ladder to be 
pulled away from the wall at the rate of 3 ft. per minute, (a) How fast is 
the top of the ladder descending when its foot is 14 ft. from the wall? 

(b) When will the top and bottom of the ladder move at the same rate? 

(c) When is the top of the ladaer descending at the rate of 4 ft. per minute? 

Arts, (a) I ft. per minute; (b) when 25 V2 ft. from the wall; 
(c) when 40 ft. from the wall. 

^ 10. One ship was sailing south at the rate of 6 mi. per hour; another 
east at the rate of 8 mi. per hour. At 4 p.m. the second crossed the track 
of the first where the first was 2 hr. before, (a) How was the distance 
between the ships changing at 3 p.m. ? (b) How at 5 p.m. ? (c) When was 
the distance between them not changing? 

Ans. (a) Decreasing 2.8 mi. per hour; (b) increasing 
8.73 mi, per hour; (c) 3.17 P.M. 
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11. The side of an equilateral triangle is a in. long, and is increasing at 
the rate of k in. per hour. How fast is the area increasing? 

Arts, i aA: V3 sq. in. per hour. 

12 . The edges of a regular tetrahedron are 10 in. long and are increasing 
at the rate of 0.1 in. per minute. Find the rate of increase of the volume. 

13. If at a certain instant the two dimensions of a rectangle are a and b 
and these dimensions are changing at the rates m, n respectively, show that 
the area is changing at the rate an 4- 6m. 

14. At a certain instant the three dimensions of a rectangular parallele- 
piped are 6 in., 8 in., 10 in., and these are increasing at the respective rates 
of 0.2 in. per second, 0.3 in. per second, 0.1 in. per second. How fast is the 
volume increasing ? 

16. The period (Psec.) of a complete oscillation of a pendulum of 
length I in. is given by the formula P ^ 0.324 V/. Find the rate of change 
of the period with respect to the length when / =: 9 in. By means of this 
result approximate the change in P due to a change in I from 9 to 9.2 in. 

An.s. 0.054 sc^c. per inch ; 0.0108 sec. 

16. The diameter and altitude of a right circular cylinder are found at a 
certain instant to be 10 in. and 20 in. respectively. If the diameter is in- 
creasing at the rate of 1 in. per minute, what change in the altitude will 
keep the volume constant? Ans, Decreasing 4 in. per minute. 

The radius of the base of a certain cone is increasing at the rate of 
3 in, per minute and the altitude is decreasing at the rate of 4 in. per 
minute. Find the rate of change of the total surface of the cone when the 
radius is 7 in. and the altitude is 24 in. 

Ans, Increasing 96 tt sq. in. per minute. 

18. A cylinder of radius r and altitude h has a hemisphere of radius r 
attached to each end. If r is increasing at the rate of J in. per minute, find 
the rate at which h must change to keep the volume of the solid fixed at 
the instant when r is 10 in. and h is 20 in. 

19. A stone is dropped down a' deep shaft and after t sec. another stone 
is dropped. Show that the distance between the stones increases at the 
rate of tg ft. per second. 

^0. A gas holder contains 1000 cu. ft. of gas at a pressure of 5 lb. per 
square inch. If the pressure is decreasing at the rate of 0.05 lb. per square 
inch per hour, find the rate of increase of the volume. (Assume Boyle’s 
Law : = c.) Ans, 10 cu. ft. per hour. 

21 . The adiabatic law for the expansion of air is pyt4 == c. If at a 
given time the volume is observed to be 10 cu. ft. and the pressure is 
60 lb. per square inch, at what rate is the pressure changing if the volume 
is decreasing 1 cu. ft. per second? 

Ans, Increasing 7 lb. per square inch per second 
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22. If 2 / = 4 X — X® and x is increasing steadily at the rate of i unit per 

secondi find how fast the slope of the graph is changing at the instant when 
X = 2. Am, Decreasing 4 units per second. 

23 . Water flows from a faucet into a hemispherical basin of diameter 
14 in. at the rate of 2 cu. in. per second. How fast is the water rising 
fa) when the water is halfway to the top? (b) just as it runs over? (The 
volume of a spherical segment is icrh? — J ttA^, where h is the altitude of 
the segment.) 

24. Gas is escaping from a spherical balloon at the rate of 1000 cu. in. 
per minute. At the instant when the radius is 10 in., (a) at what rate is the 
radius decreasing? (b) at what rate is the surface decreasing? 

Am, (b) 200 sq. in. per minute. 

25. If r denotes the radius of a sphere, S the surface, and V the volume, 

prove the relation ^ — 

at 2 (It 

26. A railroad track crosses a highway at an angle of 60®. A locomotive 
is 500 ft. from the intersection and moving away from it at the rate of 
60 mi. per hour. An automobile is 500 ft. from the intersection and moving 
toward it at the rate of ‘10 mi. per hour. What is the rate of change of the 
distance between them ? 

Am, increasing 15 mi. per hour or 15V3 mi. per hour. 

^27. A horizontal trough 10 ft. long has a vertical section in the shape of 
an isosceles right triangle. If water is poured into it at the rate of 8 cu. ft. 
per minute, at what rate is the surface of the water rising when the water 
is 2 ft. deep ? ^ ft. per minute. 

28. In Problem 27, at what rate must water be poured into the trough 
to make the level rise i ft. per minute when the water is 3 ft. deep? 

'^9. A horizontal trough 12 ft. long has a vertical cross section in the 
shape of a trapezoid, the bottom being 3 ft. wide and the sides inclined to 
the vertical at an angle whos<^ sine is 1. Water is being poured into it at 
the rate of 10 cu. ft. pe: minute. How fast is the water level rising when 
the w^ater is 2 ft. deep? 

30 . In Problem 29, at what rate is water being drawn from the trough 
if the level is falling 0.1 ft. per minute when the w^ater is 3 ft. deep? 

31 . The xdntercept of the tangent line to the positive branch of the 

hyperbola xy = 4 is increasing 3 units per second. Let the ^/-intercept be 
OB, Find the velocity of B at the end of 5 sec., the /-intercept starting at 
the origin. Am, — If unit per second. 

32. A point P moves along the parabola = x so that its abscissa in- 

creases at the constant rate of k units per s^icond. The projection of P on 
thex-axis is M. At what rate is the area of triangle OMP changing when 
P is at the point where / = a? Arts, | fcVa units per second. 
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ADDITIONAL PROBLEMS 

1. Rectangles inscribed in the area bounded by the parabola i/^ = 16 x 

and its latus rectum and such that one side always lies along the latus 
rectum serve as the bases of rectangular parallelepipeds whose altitudes 
are always the same as the side parallel to the x-axis. Find the volume of 
the largest parallelepiped. Atis. — 73.27. 

2. An ellipse symmetrical with respect to the coordinate axes passes 

through the fixed point {h, k). Find the equation of the ellipse if its area 
is a minimum. Ans. k'^x- -f h-y ' ~ 2 }rk'\ 

3. The curve — 3 -f = 0 has a loop in the first quadrant sym- 
metric with respect to the line ?/ = x. Isosceles triangles having a common 
vertex at the origin and bases along the line x A y — a are inscribed in this 
loop. Find the value of a if the area of the triangle is a maximum. 

.4 ns. i(l + VK{)=2.m 

4 . At a point P in the first quadrant on the curve y = 7 — x^ a tangent 

is drawm, meeting the coordinate axes at A and B, Find the position of 
which makes AB o, minimum. An^-. Ordinate = Y. 

The cost of erecting an office building is $50,000 for the first story, 
$52,500 for the second, $55,000 for the third, and so on. Other ex{)enses 
(lot, plans, basement, etc.) are .$350,000. The net annual income is $5000 
for each story. How many stories will give the greatest rate of interest on 
the investment ? A/is. 17. 

6. For a certain article the increase in the number of pounds consumed 
is proportional to the decrease in the tax on each pound. If the consump- 
tion is m lb. w'hen there is no tax and n lb. w^hen the tax is / dollars per 
pound, find the tax which should be imposed on each pound to bring in the 
most revenue. 

7 . A triangle ABC is formed by a chord BC of the parabola y ~ kx^ 
and the tangents AB and AC at each extremity of the chord. If BC 
mains perpendicular to the axis of the parabola and approaches the vertex 
at the rate of 2 units per second, find the rate at which the area of the 
triangle is changing when the chord BC is 4 units above the vertex. 

Js. A vertical cylindrical tank of radius 10 in. has a hole of radius 1 in. 
in its base. The velocity with w'hich the water contained runs out of the 
tank is given by the formula = 2 gh, where h is the depth of the water 
and g is the acceleration of gravity. How rapidly is the velocity changing? 

Am, Decreasing g ft. per second per second. 

Iv ^9. A light is 20 ft. from a wall and 10 ft. above the center of a path 
/ which is perpendicular to the wall. A man 6 ft. tall is walking on the path 
toward the wall at the rate of 2 ft. per second. When he is 4 ft. from the 
wall» how fast is the shadow of his head moving up the wall ? 

Ans. I ft. per second. 



CHAPTER VI 

SUCCESSIVE DIFFERENTIATION AND APPLICATIONS 

53. Definition of successive derivatives. We have seen that the 
derivative of a function of r is in general also a function of x. This 
now function may also be differentiable, in which case the derivative 
of the first derivative is called the second derivative of the original 
function. Similarly, the derivative of the second derivative is called 
the third derivative ; and so on to the lith derivative. Thus, if 


y = ^x\ 

g=12.». 


A 

dx 





f 


d 

'A(M\ 

dx 

dx^dx'} 


72 X. Etc. 


Notation. The sjTnbols for the successive derivatives are usually 
abbreviated as follows. 


A(^lll\=,^llM A (^Am\ = 'Al, 

di'dx.f dx'-’ dx\dx-^ dx'^ 


etc. 


U y = f(x), the successive derivatives are also denoted by 


In the example given above, the notation j/ = 3 y' = 12 
y" = 36 x% y'" = 72 x, = 72 is most convenient. 

54. Successive differentiation of implicit functions. To illustrate the 

process we shall find from the equation of the hyperbola 

b2y>2 _ Q2y2 ^ 

73 


( 1 ) 



74 


DIFFERENTIAL CALCULUS 


Differentiating with respect to x (Art. 41), 

2 b-x - 2 a^y = 0, 
dx 


or 


( 2 ) 


dx d~y 

Differentiating again, remembering that y is a function of x, 
dx- a*y- 

Substituting for ^ its value from (2), 

a'-b-y — a-b-x(^-^\ o o. 

d^y \<t-y' _ _ b-(h-x- — a-y-) _ 

dx- a*y- a*ir^ 

But, from the given equation, b-x- — a-y- = a-b^. 


'dx- 


aV 


PROBLEMS 


Prove each of the following dilferenliations. 


l.y = 

3 - 2 4- 6 X. 

dr- 

H 

1 

2^ = 

Va 4- bt. 

If 

3 \y^ 

8(a + bt)^ 


a bx 

— 

4 ah '^ 

o. y — 

a — bx 

dx^ 

(a - 6x)'‘' 

4, u = 

Va^ + P*. 

d^ii _ 

(a^ 4- 


ar* 


2o2 

0. 1/ — 

0 4-3: 

dx'^ 

(a + x)-' 

A n *“ 

t 

d^B _ 

- (/ + 2^ 


V2< + 1 

dV^~' 

(2 t + 1)^ 


r’ - 2 I* 


_ -li . 

T. 

l-i 


(1 - x)» 

II 

2 

x + l’ 

(i-y _ 
dx” 

, 2(- l)"[n_ 
te4- 1)"-^' 
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9. + 1/^ = r*. 

10. ^2 = 4 ax. 

11 . bV 4 * a'^y^ = 

12. ax^ + 2 hxy -f bij^ = 1, 

13. r' -f ^ = 1. 

14. a4 + 2 


dx^ 

d^y ___ _ 4 
dx^ 

dx^ ah/ * dx^ a^y^ 

dhf ___ — ah 

dx‘^ {hx + by/ 

dx‘^ 

d'^y _ 2 i/ — j^i/^ — x^ 

dx‘^ x^y^ 


In Problems 15-25 find the values of ?/' and y" for the given values of 
the variables. 

Ann. y' = 0, y" = ~ 

y' = ~s. 2/" = “ jI? 
y' = ¥. ?/" = HI- 
2 /^ = l> y" = ~ tfs' 

19. X* + 4 XJ/ + (/^ + 3 - 0 : X = 2, 1 / = - 1. i/' = 0, y" = - §. 

20. .V = (3 - ; X -= 1. 

21 . y = Vl + 2 x; x = 4. 

22. y — '^x- + 4 : X = 2. 2i. iX + 2 xy = 16 ; x = 3, j/ = 2. 

23. y — xV.'l X — 2 : X = 2. 2.’>. x’ — xy~ + ;/•'’ = 8 ; x = 2, y — 2 

d ^ ?/ 

In each of the following problems find - 

26 . y = r'-~- 29. y = xVa^’ - x^. 

30. //* - 4 X// = 16. 

27. y ~ ^2 ^ " j- 31. x* - 3 a.>-2/ + 2/* = b®. 

JJ , 

28. 2/ = V2 - 3 X. 


16 . y = Vox 4- —7= : X 7:7 a. 

Vox 

18 . y = V 25 - 3 X ; X = 3. 

17. y = X Vx* + 9 : X = 4. 

18 . X* — 4 y* = 9 ; x = 5, y — 2. 


55. Direction of bending 
of a curve. When the point 
P(x, y) traces a curve, the 
slope of the tangent line at 
P varies. When the tan- 
gent line is below the curve 
(Fig. a), the arc is concave upward ; when above the curve (Fig. 5), 
the arc is concave downward. In Fig. o the slope increases when 



r 








L_ 

0 

T 

X 


Fto. 6 
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P describes the arc AP'. Hence /'(x) is an increasing function of x. 
On the other hand, in Fig. h, when P describes the arc QB, the slope 
decreases, and fix) is a decreasing function. In the first case, there- 
fore, /"(x) is positive; in the second case, negative (Art. 45). Hence 
we have the following criterion for determining the direction of 
bending at a point. 

The graph of y — fix) is concave upward if the second derivative of 
y with respect to x is positive, and concave downward if this derivative 
is negative. 

56. Second method for testing for maximum and minimum values. 
At A in Fig. a of the prece<iing section, the arc is conciive upward, 
and the ordinate has a minimum value. That is, f'{x) — 0 and f’{x) 
is positive. At B in F^ig. b, f'{x) = 0 and f"(x) is negative. 

We may then state the sufficient conditions for maximum and 
minimum values of fix) for critical values of the variable as follows. 

fix) is a maximtun if fix) = 0 and f'ix) = a negative number. 
fix) is a minimum if fix) = 0 and f'ix) = a positive number. 

Following is the corresponding working rule for applying this test 
for maximum and minimum values. 

First Step. Find the first derivative of the function. 

Second Step. Set the first derivative equal to zero and solve the result- 
ing equation for real roots in order to find the critical values of the variable. 

Third Step. Find the second derivative. 

Fourth Step. Substitute each critical value for the variable in the 
secoTul derivative. If the result is negative, then the function is a maxi- 
mum for that critical value; if the result is positive, the function is a 
minimum. 


W^hen /"(x) = 0 or does not exist, the above process fails, al- 
though there may even then be a maximum or a minimum ; in that 
case the first methorl given in Art. 47 holds, being fundamental. 
Usually the second method does apply, and when the process of 
finding the second derivative is not too long or tedious, it is generally 
the shortest method. 


ILLUOTHATIVE EXAMPLE 1. Let US HOW apply the above rule to test analytically 


the function 


M = x» + 


found in the example worked out on page 49. 


Solution. 


m = + 


432 


/'(x)=2x 


432 


jPfraf Step, 
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Second Step. 2 x - ^ = 0, 

X = 6, critical value. 

Third Step. /"(x) = 2 + . 

x** 

Fourth Step. /''(6) = -f . 

Hence /(6) = 108, minimum value. 

Illustrative P]XAMPLE 2. Examine x"* ~ 3 ~ 9 x -f- 5 for maxima and 

minima. Use the second method. 

Solution. fix) = x^ — 3 x^ — 9 X + 5. 

Fin^t Step, /'(x) = 3 x^ — 6 x — 9. 

Second Step. Sx^ — 6x — 9- 0; 
hence the critical values are x = — 1 and 3. 

Third Step. f"M = 6 x — 6. 

Fourth Step. /"(— 1) = — 12. 

.*./(— 1) = 10 = (ordinate of A) = maximum value. 

= -l- 12. = — 22 (ordinate of B} ~ minimum value. ^ 



PROBLEMS 

Examine each of the following functions for maxima and minima. 

1. -f 3 .r- — 2. Ana. x = — 2, gives max. = 2. 


2. X''^ — 3 X -f 4. 


3. 2 x^ - 3 0x2 4. > 0) 


4. 2 -f 12 X 4- 3 x^ 


6. 3 x^ - 4 x’** -- 12 x2 4- 2. 


7. a4 - 4 x2 4- 4. 


x'-* 4- 

9. x^ 4- 9 x2 4- 27 x 4- 9. 
10 12 X 4- 9 x2 ~ 4 x'*'. 

n. x2(x-~4)2. 


X = 0, gives min. = •- 2. 

X = — 1, gives max. = 6. 

X = 1, gives min. = 2. 

X = 0, gives max. = o*'^. 

X = a, gives min. = 0. 

X = 2, gives max. = 22. 

X — 1, gives min. = — 5 

X = gives max. = f. 

X = — gives min. = — f 

X — 0, gives max. = 2. 

X = — 1, gives min. — — 3. 
X = 2, gives min. = — 30. 

X = 0, gives max. = 4. 

X = ± V2, gives min. = 0. 

X = o, gives max. = 

X = — a, givc^ min. = — 4* 

13. X* - 
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14. A rectangular box with a square base and an open top is to be made. 

Find the volume of the largest box that can be made from 1200 sq. ft, of 
material. Arts. 4000 cu. ft. 

15. A water tank is to be constructed with a square base and an open 

top, and is to hold 125 cu. yd. If the cost of the sides is $2 a square yard, 
and of the bottom $4 a square yard, what are the dimensions when the 
cost is a minimum ? An^. A cube of edge 5 yd. 

16. A rectangular flower bed is to contain 800 sq. ft. It is to be sur- 

rounded by a walk which is 3 ft. w'ide along the sides and 6 ft. wide across 
the ends. If the total area of the bed and w'alk is a minimum, what are the 
dimensions of the flower bed? Ans. 20 ft. X 40 ft. 

17. A rectangular field to contain a given area is to l>e fenced off along 
the bank of a straight river. If no fence is needed along the river, show that 
the least amount of fencing will be required if the field is twice as long as 
it is wide. 


18. A trough is to be made of a long rectangular piece of tin by bending 

up tw’o edges so as to give a rectangular cross section. If the width of the 
piece is 14 in., how deep should the trough be made in order that its carry- 
ing capacity may be a maximum? Ans, 3.5 in. 

19. A window composed of a rectangle surmounted by an equilateral 
triangle is 15 ft. in perimeter. Find its dimensions if it admits the maxi- 
mum amount of light. Ans, Rectangle is 3.51 ft. w'ide and 2.23 ft. high. 


20. A solid wooden sphere weighs w lb. What is the weight of the 
heaviest right circular cylinder which can be cut from the sphere? 

Am. -^Ib. 
■\/3 


21. The slant height of a right circular cone is a given constant a. 
Find the altitude if the volume is a maximum. 

V3 


22. An oil can consists of a cylinder surmounted by a cone with alti- 
tude = 3 diameter. Show that for a given capacity the least material is re- 
quired if the altitude of the cylinder is equal to the altitude of the cone. 


23. Given the parabola = 8 x and the point P(6, 0) on the axis, find 
the coordinates of the points on the paralx)la nearest to P. Am, (2, ± 4). 

24. A given isosceles triangle has a base of 20 ft. and an altitude of 8 ft. 

What are the dimensions of the maximum inscribed parallelogram, one side 
coinciding with the base of the triangle, if the acute angle of the parallelo- 
gram is arc tan §? Ans. 5 ft. X 10 ft. 

25. A miner wishes to dig a tunnel from a point A to a point B 200 ft. 
below and 600 ft. to the east of A, Below the level of A it is bed rock and 
above A is soft earth. If the cost of tunneling through earth is $6 and 
through rock is $13 per linear foot, find the minimum cost of a tunnel. 

Ans. $5400. 
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26. A sheet of paper for a poster is to contain 16 sq. ft. The margins 
at the top and the bottom are to be 6 in., and those on the sides 4 in. 
What are the dimensions if the printed area is to be a maximum? 

Arts. 4.90 ft. X 3.27 ft. 

27. An electric current flows through a coil of radius r and exerts a 
force F on a small magnet the axis of which is on a line drawn through 
the center of the coil and perpendicular to its plane. This force is given 

jT 

by F = T I where x is the distance to the magnet from the center 

(r* + X®)* 

of the coil. Show that f is a maximum for x = J r. 

67. Points of inflection. A point of inflection (or inflectional point) 
on a curve separates arcs having opposite directions of bending (see 
Art. 55). 

In the figure, 13 is a point of inflection. When the tracing point 
on a curve passc's through such a point, the second derivative will 
change sign, and if continuous must vanish at the point. Hence we 
must have 

(1) At points of inflection, f"{x) = 0. 

Solving the equation resulting from (1) gives the abscissas of the 
points of inflection. To determine the direction of bending in the 
vicinity of a point of inflection, test fix) for val- 
ues of X fii*st a trifle less and then a trifle greater 
than the abscissa at that point. 

If f'ix) changes sign, we have a point of in- 
flection, and the signs obtained detonnine if the 
curve is concave upward or concave downward in the neighborhood. 

The student should observe that near a point where the curve is 
concave upward (as at A) the curv'e lies above the tangent, and at 
a point where the curv'e is concave downward (as at C) the curve 
lies below the tangent. At a point of inflection (as at B) the tangent 
evidently crosses the curve. 

Following is a rule for finding points of inflection of the curve whose 
equation is y = fix). This rule includes also directions for examining 
the direction of bending. 

First Step. Find fix). 

Second Step. Set f'ix) = 0, and solve the resulting equation for real 
roots. 

Third Step. Test fix) for values of x first a trifle less and then a 
trifle greater than each root found in the second step. If fix) changes 
sign, we have a point of inflection. 




80 


DIFFERENTIAL CALCULUS 


When f'{x) = the curve ie concave upward 

Wheii f\x) = the curie is concave downward 

Before the Third Step it is sometimes convenient to factor /"(ir). 
It is assumed that f{x) and f'{x) are continuous. The solution 
of Problem 2, below, shows how to discuss a case where f\x) and 
f\x) are both infinite. 

PROBLEMS 


Examine the following curves for points of inflection and dirf^ction of 
bending. 


1. 1/ = 3 X* ~ 

4 + 1. 

Solution. 

/(X' = 3 X* - 4 1-'' + ly 

First Step. 

='3c-r»<:irrx? 

Second Step, 

36 x^ - 24 X = 0. 


X = 3 and X 0 are the roots. 

Third Step, 

S"(i) — 36 x(x — 1). 



When X < 0, f"(x) = -f. 

W'hen I > X > 0, f"{x) = 

Therefore the curve is concave upward to the left and concave dow'nw^ard to 
the right of x = 0 (A in figure). 

When 0 < X < I, . 

When X > 3 , /"(x) = -f. 


Therefore the cur\'e Ls concave dow'nward to the left and concave upward to 
the right of X = ] (H in figure). 

Hence the points A'^O, 1) and .t}) are points of inflection. 

The eurv’O is evidently concave upward ever^'where to the left of A, concave 
downward Initw'een A O, 1) and B*. .J}), and concave upward ever>'W'h(‘re to 

the right of B, 


2. {y ~ 2)‘* = (X - 4). 


Solution. 
FirM Step, 


y ~2 -f <'x — 4)1. 

S = 5 


(ix'-» 


|rx-4r^ 



Second Step, 
Third Step, 


When X : 


• 4, both first and second derivj 
When X < 4, ^ 




•f. 


7 


lives become infinite. 


Whenx>4,g = -. J 


• This may easily be remembered if we say that a vessel 8har>ed like the curve where 
ft la concave upward will hold (*f) water, and where it ia concave downward will spill 
(— ) water. 
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We may therefore conclude that the tangent at (4, 2) is perpendicular to the 
x-axis, that to the left of (4, 2) the curve is concave upward, and to the right of 
(4, 2) it is concave downward. Therefore (4, 2 j is a point of inflection. 


3. 2 / = Am, Concave upward everywhere. 

4. 2/ = 5 — 2 X — Concave downward everywhere. 

6. 2 / = Concave downward to the left and 

concave upward to the right of 

( 0 , 0 ). 


6. 2/ = x^. 

7. 2 / 36X + 25. 

8. 2/ = 24 x^ ~ x*. 9. ij 


Concave upward everywhere. 

Concave downw^ard to the left and 
concave upward to the right of 

X + -- l0.y = x^ + -‘ 

X X 


58. Curve-tracing. The elementary method of tracing (or plotting) 
a curve whose eciuation is given in rectangular coiirdinates, and one 
with which the student is already familiar, is to solve its ecjuation for 
y (or r ), tussume arbitrary values of x (or y), calculate the correspond- 
ing values of y (or x), plot the re.spective points, and draw a smooth 
curve through them, the result being an approximation to the re- 
(piiivd (.-urve. This {iroeess is laborious at best, and in case the equa- 
tion of the curve is of a degree higher than the second, it may not be 
possible to solve 1 he eciuation for y or x. The general form of a curve 
is usually all that is desired, and the calculus furnishes us with 
powerful methods for determining the shape of a curve with very 
little computation. 

'I'he lirst derivative gives us the slope of the curve at any point; 
the s(vond derivative determines the intervals within w'hich the curve 
is concave upward or concave downward, and the points of inflection 
sepiu-ate these intervals ; the maximum points are the high points, 
and the minimum points jirt’ the low points on the cun-e. As a guide 
in his work the student may follow the 

Rule for tracing curves, using rectangular coordinates 

First Stkp. Find the first derivative; place it equal to zero; solve 
to find the abscissas of the maximum and minimum points. Test these 
values. 

Skcond Step. Find the second derivative; place it equal to zero; 
solve to firui tlui abscissas of the {mints of inflection. Test these values. 

Third Step. Calculate the corresponding ordinates of the points 
whose abscissas were found in the first two ste{>s. Calculate as many 
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more points as may be necessary to give a good idea of the shape of the 
curve. Make a table such as is shoum in the problem worked out below. 

Fourth Step. Plot the points determined and sketch in the acrve to 
correspond with the results shown in the table. 

If the calculated values of the ordinates are large, it is best to 
reduce the scale on the 2 /-axis so that the general shape of the curve 
will be shown within the limits of the paper use<l. Coordinate plot- 
ting paper should be employed. Results should be tabulated as in 
the problems solved. In this table the values of x should follow one 
another, increasing algebraically. 


PROBLEMS 

Trace the following cur\"es, making use of the above rule. Also find 
the equations of the tangent and normal at each 
point of inflection. 

1. 2/ = - 9 + 24 X - 7. 

Solution. Use the above rule. 

First Step, V' = 3 - 18 x 4- 24, 

3 x» ~ 18 X + 24 = 0, 

x = 2. 4. 

Second Step. = 6 x — 18, 

6x- 18 = 0. 

Third Step. x = 3. 


Fourth Step, Plotting the points and sketching in the curve, we get the figure 
shown. 

To find the equations of the tangent and normal to the curve at the point of 
inflection Pif3, 11), use formulas (1 ), f2), Art. 43. Thw gives 3 x -f y = 20 for the 
tangent and 3 y ~ x = 30 for the normal. 

2. 3 3 x2 - 9 X -h 11. 

Ans. Max. (- 1, V); min. (.3, - point of inflection, (1, 0) ; 
tangent, 4x + y-4 = 0; normal, x~4y-l=0. 

3. 9v = 12-24a:-15x»-2r'. 

Am. Max. (- 1, V) i min. (- 4, - j) ; point of inflection, 

(- f. U). 
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i. y = X* — S x^. 

Am. Max. (0, 0) ; min. (± 2, — 16) ; points of inflection, 
(±§V3,-^V*). 

8. 1/ = 5 X — X*. 

Ans. Max. (1, 4) ; min. (— 1, — 4) ; point of inflection, (0, 0). 


6. y = 


6 X 

x'^ + 3‘ 


An«. Max. (V3, V3) ; min. (— V3, — Vs) ; points of inflection, 
(- 3, - i), (0, 0), (3, i). 


7. j/ = X* + 6 X*. 

8. 1/ = 4 + 3 X - X'"’. 

9. 3 |y = 4 x’ - 18 x- + 15 ;r. 

10. 1 / = (x — a)-’ + b. 

11. 12 = (x - 1)^ - 24(x - 1)2. 

12. y = x2(9 - x2). 
n. y -2 r'-b x-. 

14. y = 3 x-' — 5 x'’. 

15. y = — 5 X*. 

16. y = x(x2 - 4)2. 

17. 0!/ = x2 + 


IQ 2^20-^ 

18. ay = ^ 

X 

19. ahj = -f 


20. -f 

x^ 


8 a 




22. y = 7 — 

(X + 0)2 

23. xhj = (x2 + 1)2. 

24. x^y -f 16 ?/ — = 0. 


69. Acceleration in rectilinear motion. In Art. 51 velocity in rec- 
tilinear motion was defined as the time-rate of change of the distance. 
Wo now define acceleration as the time-rate of change of the velocity. 
That is, 

du 

(A) Acceleration = a = — • 

ds 

From (C), Art. 51, we obtain also, since v = -^» 


(B) 


a 


(Ps 

dP 


Referring to Arts. 45, 47, and 56, we have the following criteria 
which apply to a definite instant < = <o : 

If o > 0, i? is increasing (algebraically). 

If o < 0, V is decreasing (algebraically). 

If o > 0 and » = 0, .s has a minimum value. 

If o < 0 and v = 0, s has a maximum value. 

If o = 0 and changes sign from + to — (from — to +) when ( 
passes through fo» then v has a maximum (a minimum) value when 
t-to. 
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In uniformly accelerated rectilinear motion, a is constant. Thus 
in the case of a body falling freely under the action of gravity only, 
a = 32.2 ft. per second per second. Namely, from (2), Art, 51, 

8=16.1f2, v = ^ = 32.2t, a = 32.2. 

at at 


PROBLEMS 


1 . By experiment it has been found that a body falling freely from ref>t 
in a vacuum near the earth’s surface follows approximately the law 
8 = IG.l r*, where = space (height) in feet, i = time in seconds. Find 
the velocity and acceleration (a) at any instant; (b) at end of the first 
second ; (c) at end of the fifth second. 


Solution. 

(a) Differentiating, 
or, from (C), Art. 51, 
Differentiating again, 
or, from (A) above, 


(1) 5=16.1/2. 

1 = 32.2,. 

(2) c = 32.2 / ft. i>er second. 
dv 


dt 


= 32.2, 


a ~ 32.2 ft. per 


which tell.s us that the acceleration of a falling body is constant : in other words, the 
velocity increases 32.2 ft. per second every .second it kef*ps on falling. 

(b) To find V and a at the end of the first second, .substitute / = 1 in (2) and f'3). 

Then r = 32.2 ft. per second, a = 32.2 ft. f>er sec. *. 

(c) To find rand a at the end of the fifth second, substitute t -- 5 in (2 ; and (3). 

Then r = 161 ft. per second, a — 32.2 ft. {>er ^sec. 


Given the following equations of rectilinear motion ; find the position, 
velocity, and acceleration at the instant indicated. 


2. .s^4/"-6/; / = 2. 

3 . 120 /- 16 / 2 ; / -4 

4. jr = 32 / - 8 /2 ; / = 2. 

6. 2/ == 6 -2P; / == 1. 


7. r = 16 /2 - 20 / d 4 ; / = 2. 

8 . |/= 100 - 4 /- 8 / 2 ; /=: 3 . 


9. « = Vsl + ; 1 = 5. 

V5t 


10. V:U + 2; 1 = 2. 


x ---■ t, r 10, a --- 8. 

.s -r 224, r “ — 8, a ~ — 32. 
J' ™ 32, V 0, a ™ IG. 
y "Z 1, r - : 6, (I 0. 

8 = L r = 4, « = - 
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In the following problems find the acceleration at the instant indicated. 

11. t’ = 80 - 32 <; < = 0. Am. -52. 2 

13 * V ^ 

12. i = 2, 6. ^+1' 


Given the following equations of rectilinear motion; find the position 
and acceleration when the particle first comes to rest. 


14. N = 16 ~ 64 ^ + 64. 

15. s^VZOt- 16 

16. « ~ 3 cH - VK 


Arts, s = 0, a = 32. 


17. s = 5 f -f 


20 

f + l' 


18. A ball thrown directly upward moves according to the law 

« = 80 / - 16 /2. 

Find (a) its position and velocity after 2 sec. and after 3 sec. ; (b) how 
high it will rise ; (c) how far it will move in the fourth second 

19. If the equation of a rectilinear motion is 8 = Vf -f 1, show that the 
acceleration is negative and proportional to the cube of the velocity. 

20. The hcnght (sft.) reached in / sec. by a body projected vertically 
upward with a velocity of ri ft. per second is given by the formula 
,s = ri/ — I {//". Find a formula for the greatest height reached by the body. 

21. In the preceding problem suppose ri = 160, g = 32. Find (a) the 
velocity at the end of 4 sec, and at the end of 6 sec. ; (b) the distance 
moved during the fourth second and during the sixth second. 

22. A car makes a trip in 10 min. and moves according to the law 
8 = 250 /- — t \ where / is measured in minutes and 8 in feet, (a) How far 
does th*" car go? (b) What is its maximum speed? (c) How far has the 
car move»d when its maximum speed is reached? 

Ans, (a) 12,500 ft.; (b) 1924 ft. per minute; (c) 6944 ft. 


ADDITIONAL PROBLEMS 


1. Trace the curve (4-2x4- x^)y = 2 x — x^, and find the equations 
of the tangent and normal at each point of inflection. 

Ans. Max. (1, J). Point of inflection (0, 0); tangent, x-2!/ = 0; 
normal, 2 x 4- 1/ = 0. Point of inflection (2, 0) : tangent, x4-2i/~2 = 0; 
normal, 2 x — y — 4 = 0. 


2. A certain curve (the tractrix) is such that the length of every tangent 
from its point of contact P(x, y) to its intersection A with the x-axis is 
the constant c ( A P = c). Show that 


dx Vr* - y* ’ 


(b) 


^ £!2 

dx^ (c» - 


3. Determine x so that the normals at the points of inflection of the 
curve y = fc(x* — 3)* will pass through the origin. ^ _ 1 

4V2' 



CHAPTER VII 


DIFFERENTIATION OF TRANSCENDENTAL FUNCTIONS. 

APPLICATIONS 


We consider now functions such as 

sin 2 X, 3^ log (1 + x~), 

called transcendental functions, as distinguished from the algebraic 
functions hitherto discussed. 

60. Formulas for derivatives; second list. The following formulas, 
grouped here for convenience of reference, will be derived in this 
chapter, and, with the formuhis of Art. 29, comprise all formulas for 
derivatives used in this book. 


X 

Xa 

XI 
XIa 

xn 

xm 

XIV 

XV 

XVI 

xvn 


d ,, ^ dx I dv 
~ (In t;) = — ~-T' 
dx V vdx 

d ^ \ogedv 

dx V dx 

d , . , dv 

— (a") — 0 *' In a — • 

dx dx 

dx dx 


(In i; = log, v) 


dx dx 

d , . . dv 

— (sm i;) = cos v — • 
dx dx 

d , . . dv 

dx dx 

d - V a dy 

— (tan y) = sec* v — • 

dx dx 


d / ^ X 2 dv 

— (ctn y) = — CSC* y — — 

dx dx 

d / X * dy 

— (sec y) = sec y tan y — . 

dx dx 


L. In u • u" 

dx 
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xvra 

XIX 

XX 

XXI 

xxn 

xxra 

XXIV 

XXV 

XXVI 


^ (esc v) 


= — CSC V ctn V 


dv 

dx 


dx 


(vers y) = sin V 


dv 

dx' 


dx 

jrf 

dx 

£ 

dx 


(arc sin y) : 

(arc cos y) = 

(arc tan y) 


— 

dx 


Vl — y2 

dv 

dx 


^ (arc ctn y) : 


vr: 

dv 

dx 

1 + y2‘ 

dv 

dx 


dx 

£ 

dx 

d 


(arc sec v) = 


1 + ya 
dx 


(arc CSC v) = 


^ y|V y* — 1 

dv 
dx 


dx 


(arc vers u) = 


|i^ y® 

dv 

dx 

V2 y — 


61. Th^ number e. Natural logarithms. One of the most important 
limits in the calculus is ^ 

(1) lim (1 -4- xY = 2.71828 • • •. 

X -• 0 

This limit is denoted by e. To prove rigorously that such a limit e 
exists is beyond the scope of this book. For the present we shall 
content ourselves with plotting the locus of the equation 

1 

(2) y=(l + x)* ^ 

and showing graphically that as x 0 the function (1 + *)* (= v) 
takes on values in the near neighborhood of 2.71 8 • • • and therefore 
e = 2.718 • • • aoproximately. 
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As X — ♦ 0 from the left, y decreases and approaches e as a limit. 
As X — » 0 from the right, y increases and also approaches e as a limit. 


Bi 


IBIII 

y 













1 

2.0000 



.5 

2,2500 

- ,5 

4.0000 

.1 

2.5937 

-.1 

2.8680 

.01 

2.7048 

- .01 

2.7320 

.001 

2.7169 

- .001 

2.7195 



The fact expressed in (1) is used in Art. 63. 

As x— ► + 00 , y approaches 1 as a limit ; and as x— > — 1 from the right, 
y increases without limit. The lines y — I and x = — 1 are asymptotes. 

In Chapter XX we shall show how to calculate the v'alue of e to any 
number of decimal places. 

Natural, or Soapier ian, logarithms are those which have the number 
e for base These logarithms play a very important role in mathe- 
matics. To distinguish between natural logarithms and common 
logarithms when the base is not explicitly stated, the following no- 
tation will be used. 

Natural logarithm of r (base e) = In r. 

Common logarithm of r (base 10) = log r. 

By definition, the natural logarithm of a number .V is the exix)nent 
X in the equation 

(3) e* = .V ; that is, x = In .V. 

If X = 0, N = 1, and In 1 = 0. If x = 1, .V = e, and In e — 1. 

If X — 00 , then .V —» 0, and we write In 0 = — co. 

The student is familiar with the ase of tables of common loga- 
rithms, where the base is 10. The common logarithm of a number N 
is the exponent y in the equation 

(4) 10*' = N, or y = log N. 

Let us find the relation between In N and log N. 

In (3), take logarithms of both members to the base 10. Then we 
have, from (2), p. 1, 

(5) X log e = log N. 

Solving for x, which equals In iV, by (3), we get the desired relation 

^ 4 \ . .. N 
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That is, tce obtain the natural logarithm of any number by dividing 
its common logarithm by log e. 

Equation (i4) may be written 

(6) log N = log € • In N. 

Hence the common logarithm of a number is obtained by multiplying 
its natural logarithm by log e. This multiplier is called the modulus 
(= M) of common logarithms. 

Bv tables, log e = 0.4343, and r-^ = 2.303. 

log c 

Equation (il) may now be written 

(7) In .V = 2.303 log N. 

Tables of natural logarithms should be at hand. 

62. Exponential and logarithmic ftmctions. The function of x de- 
fined by 

(1) y = (e = 2.718 •••) 

is called an exponential function. Its graph is shown in the figure. 
The function is an increasing function for all values of x, as we shall 
see later, and it is ever>"where continuous. 

From (1), we have, by definition, 

(2) X -- In y. 

The functions e^ and In y are inverse functions 
(Art. 39). Interchanging / and y in (.2), we have 

(3) y = ]nx, 

in which y is now a logarithmic function of x. The graph is shown in 
the figure. 'Fhe function is not defined for negative values of x, nor 
for X =-- 0. It is an increa.-'ing function for all 
values of X > 0, and is everjwvhere continuous. 

That is (Art. 17). for any value a of x greater 
than zero 

(4) lim In X = In a. 

X *a 

When X -> 0, then y as remarked above. The y-Sixis is an 

asymptote in the graph. 

The functions o* and log„ x (o > 0) have the same properties as 
e^ and In x and graphs similar to the above. 
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63. Differentiation of a logarithm. 

Let y = lnv. (v> 0) 

Differentiating by the General Rule (Art. 27), considering v as the 
independent variable, we have 

First Step. y + Ay = In (r + Ar). 

Second Step. Ay = In (p + Ar) - In » 


= I" (“) = '■ 

Third Step. 4^ = In (l + ■ 

Ap Ap \ p / 


In (1 + 


By (2), p. I 


We cannot evaluate the limit of the right-hand member as it 
stands by Art. 16, since the denominator Ap approaches zero as a 
limit. But we can rewrite the equation as follows : 


= 1. J_ln(l +: 
V Ap \ 

j^MuItiplying by t-j 




By (2), p. 1 


The expres.sion following In is in the form of the right-hand mem- 
ber of (2), Art. 61, with x = — • 


Fourth Step, 


dy 1 1 

-r = - In e 

UP p 


r When Ar — ♦ 0, — — ♦ 0. Hence lim ^1 + = by"! 

L(l), Art. 61. Using (4), Art. 62, we have the result. J 

Since p is a function of x and it is required to differentiate In p 
with respect to x, we must use formula (A), Art. 38, for differentiating 
a function of a function, namely, 

dx dv dx 


Substituting the value of ^ from the result of the Fourth Step, 
we get ^ 

dv 


X 
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The derivative of the natural logarithm of a function is equal to the 
derivative of the function divided by the function {or the reciprocal of the 
function times its derivative). 


Since log v = log e In v, we have at once (IV, Art. 29) 


Xo 


dx 


(log v) 


log e ^ 
V dx 


64. Differentiation of the exponential function 

Let y = a*’. (a > 0) 


or 


Taking the logarithm of both sides to the base e, we get 
In ^ = t) In a, 

_ In y _ 1 


In a In o 


In y. 


Differentiating with ro.';i>ect to y by formula X, 

dr _ 1 1 

dij Ina y 

From (C), Art. 39, relating to inverse fumtions, we get 


dv 


\na-y. 


or 


( 1 ) 


~ = In a 
dv 


Since r is a fund ion of x and it is required to differentiate a' with 
respect to x, we use formula (^). Art. 38. Thus we get 


dy 

dx 


In o • o" • ~ 


dv 

dx 


XI 


dx 


In o • a" 


dv 

Tx 


When o = «, In o = In c = 1, and XI becomes 


XIa 


dx 


(e^) 


— 

dx 


The derivative of a constant with a variable exponent is equal to the 
product of the natural logarithm of the comtard, the constant with the 
variable exponent, and the derivative of the exponeru. 
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66. Differentiation of ffie general exponential function. Proof of the 
Power Rule 

Let y = u*'. (m > 0) 

Taking the logarithm of both sides to the base e, 

In {/ = p In w, 


By (3), Art. 61 


Differentiating by formula XI a, 


^ = e'ln" ^ (p In u) 
dx dx 


v du , , dr 

- ^ + ]nu — 
u dx dx 


by V and X 


*’ dll 
~ “ (m dx 


+ In u 


Xn .•. (u®) = vu‘’~^ ^ + In u • u® 

dx dx dx 

The dericatire of a fmtction with a variable exponent is equal to the 
sum of the two results obtained b)f first differentialiiip by VI, regarding 
the exponent as constant, and again differentiating by XI, regarding the 
function os constant. 

Let r = n, any constant ; then XII reduces to 

-r (u") = nw” ' -T-* 
dx dx 

Thus we have shown that the Power Rule VI holds true for any 
value of the constant n. 

Illustrative Example 1. Differentiate y = \n (z» + a). 

d 


Solution. 


dy _dt 

dx 


(x» + a) 


If-z^ +a.] 

= Ann. 

+ a 

2 X 

Illustrative Example 2. Differentiate y = log ; • 

I -f X* 

SolutiotL By (2), p. 1, we may write thia 

y = log 2 X - log (1 -f X*). 

dx 2x dx l+x»dx'‘ ^ ’ 


by III and X a 




(I 4- x2) 


Then 



TRANSCENDENTAL FUNCTIONS 


93 


Illustrative P:xampi.e 3. Differentiate y = 

Solution. ^ = In a • 4^ (3 x^) 

dx dx^ ' 

= 6 X In a • a"***. Ans. 

Illustrative Example 4. Differentiate y = be^*^**. 

Solution. ^ ~ b — + A 

dx dz 

= (c2 + x2) 

dx 

~ 2 Ans. 


Illustrative Example 5. Differentiate y ~ r"*. 
Solution. ^ ^ ^ (x) -f x'"" In x (e^) 


- c^x 
~ e^x 


^ ^ -h x'^ In X ’ 

4- In x^ Ans. 


by XI 


by IV 
by XI a 


by XII 


66. Logarithmic differentiation. Instead of applying X and X cr at 
once in differentiating logarithmic functions, we may sometimes 
simplify the work by first making use of one of the formulas of (2j 
on i)age 1. It is important that these formulas should be used when- 
ever tliis is possible. 


Illustrative Example 1. Differentiate w = In Vl — x^. 

Solution. By using (2), p. 1, we may write this in a form free from radicals, as 
follows : 

y i In (I - x2). 


Then 


dx ■ 


1 dx 


(1 - x’) 


1 - X' 


by X 


1 -2x 

2 * 1 - x^ 



Ans. 


/ I -f xa 

V 1 - x^* 


Illustrative Example 2. I ifferentiate y = In 
Solution. Simplif>dPK by mean.s of (2), p. 1, 

y = i [In (I -f xP - In (1 ~ x3)]. 


Then 


ik-l 

dx 2 


f (1 + X^) 

££ 

1 4- 


1 -x3 


X 

1 4- X -* 


-f 


X 

I ~-X2 


2 X 

1 -X** 


Ans. 


by m and X 


In differentiating an exponential function, especially a variable 
with a variable exponent, the best plan is first to take the natural 
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logarithm of the function and then to differentiate. Thus Illustrative 
Example 5, Art. 65, is solved more elegantly as follows : 


Illustrative Exampi.b 3. Differentiate y — x''. 
Solution. Taking the natural logarithm of both sides, 

\n y ~ e * \n X . 

Now differentiate both sides with respect to x. 


dx 


= r* (In x) + In X {(f) 
y dx dx 

= e' • ~ -f In X • e*, 


= e'x"^ (i -hln x)* Aris. 


By (2), p. 1 


by X and V 
by X and XI a 


Illustrative Example 4. Differentiate y = (4 x- — 7)^ ' *, 

Solution. Taking the natural logarithm of lK>th sides, 

In y = (2 4- Vx* - 5) In (4 x^ - 7). 


Differentiating both sides with respect to x, 

1 (2 + v^HTs) , + In (4 - 7) • 

ydx 4 x** - 4 Vx- - 6 


^=z(4x* -7)»-' 
dx 


8(2 4- Vj2 - 5 ) 'n ('< 


4 - 7 


Vx- 


Am. 


In the case of a function consisting of a number of factors it is 
sometimes convenient to take the natural logarithm and sim])lify 
by (2), p. 1, before differentiating. Thus, 


Illustrative Example 6. Diflfercntiat* 


/ (I - Dlx"^ 

V (x-.3)(x-4)' 


Solution. Taking the natural logarithm of both sides, 

In V = ipn (x — 1) + In (x - 2) — In (x — 3) — In (x — 4)]. 


Differentiating both sides with respect to x, 


i^=Lr_i- + _j i i_i 

ydx 2lx-l x-2 x-3 x-4j 

2x»-l0x4-ll 

(x-l)(x-2)(x-3>(x-4)’ 

2x» - 10x + 11 

^ (x-l)*(x-2)i(x-3)*(x-4)I 


Ans. 


or 
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PROBLEMS 


Differentiate each of the following functions. 

1. 2 / = In (ox -f b). Ans. 

2. 2 / = In (ax2 -f 5). 

3. 2 / = In {ax + by, 

4. 2/ = In ox”. 


^ a 


dx 

OX 4" 5 

4 m — 

2 ax 

dx 

ax^ 4- 5 

d^^ 

2 a 


dx ax + 6 
dx X 


6 . 2 / = In x^. 

6. 2/ = In** (In x)-'*]. 

7. 2 / = In (2 x--* - 3 x2 -f 4). 

‘) 

8. j/ = log =• 


10. !/ = In V9 - 2 

11. 2 / = In (<tj"Va + x). 

12. /(x) = X In X. 

13. /(x) = In (x + Vl + xO- 

, ^ t jii ■¥ M 

15. /(x) ^ X- In x'**. 

16. y = 

17. y = 10^. 

18. y - e^\ 


^ _ 3. 

dx X 
^ __ 3 In^ X 
(ix X 
^ __ 6 x(x — 1) 

dx 2 x^ — 3 x^ -h 4 
d]i_ _ log e 
dx X 


dy ^ 2 

dx x(l 4“ x^) 

^ __ — 2 X 

dx ■“ 9 - 2 x^’ 
^ _ 2 g -f 3 X 
dx 2 x(a -h x) 
/'(x) = 1 -f In X. 


1 


/'(x)= 

Vl + 

ih _ ah 
dt ~ a2 - 62^=*’ 

/'(x) =2x(l +21n x). 


dx 


= nc" 


d|/ 

dx 

dx 


= ri 10”^ In 10. 


= 2 xe^*. 


20 . « = fA 

21 . * = 


dx e* 

2Vif 

^ = 2 b** In b. 
dy 
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22 . 

u = 

se*. 

A dw 

Ans. - 7 - = 
as 

= €*(s 4 - 1 ). 

23, 

V = 

u 

(1 

_ f^(H — 1 ) 

24. 

?/ = 

In X 

X 

dx“ 

1 — In X 

x^ 

25. 

1/ = 

In (xV). 

d ?/ _ 

dx 

0 

= -4-1. 

X 

26. 

y = 

< - 1 

4- r 

djy _ 
dx 

2 

■ 4- 1)-' 

27. 

1 / ^ 


11 

= (• \2 X - 

28. 



ihf^ 


y = 


dx 


oo 

y = 

^>-f — r 

(Jjl _ 

4 


r' 4- f 

dx 

" U’^ 4- e’ -4 

30, 


In r- 

ds ^ 

_ 2 — 4 In / 

s - 


(d “ 

r 

, 

ft r \ 

1 .-^. 


*> 

' i . 

; vX ; 

V.r^+1+r 

J \x I - 

' +1 


Hint. First rationalize the denominator. 


32. y = 

33. y = x'". 


34. 



35. V 

36. y 

37. y 


_ X \- 3 j + c 
' y/2x + b 

_ vT+7^ 


xV 4 — 

: x”(a -f hx 


Arii^, i/ ~ x'(l 4- In x). 

'1 Vx 



d}[ __ 1 ^ 1 _ 

(ix X 3 X i a 2 X -f b 




— :! ^ 

4 -f X- X 4 - x^ 

n mb 1 
X a 4- 6x 


In Problems 38 47 find the value of ^ for the ^iven value of x. 

38. 1 / = In (x^ 4- 2) ; x = 4. Am, y' = 


39. = log (4 X — 3) ; x = 2. 

40. = X In VjTTI ; x = 6- 

41. 2 / = xe~^; x = J. 

42. y = ; X = 4. 


y' = 0.3474. 
2/'= 1.4319. 
?/' = 0 . 


X 


y' = - 0.0483. 
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43 .,= ^;. = !. 

44. y = log V25 — Ax; x = 5. 

46. y = 10''^: x = i. 

Find for each of the following 

48. y — In rx. 

49. y = t'"-'. 

50. y = X In x. 

51. u ^ 


46. 



x = 3. 


47. y = 


x’Vx* + 9 . 
V20 - 3 X 


= 4. 


functions. 


52. y = ln 


X — a 
X + a 


53. y = ^-- 
x^ 


Differentiate each of the 


54. In 


V«- - 


55. 


In Vfl- — x'^ 


following functions. 

58. In Vx. 

59. 10' log t. 

60 (ac)"'. 


56. 



X - 4- g'^ 
X -f a 


67. In — 

\/2 t + 3 


61. 2- 82. 



67. The function sin x. The graph of 
(1) l/ = sinx 

is shown in the figure. Any value of x is assumed to be the measure 
of an angle in radians (.\rt. 2). 



Thus for T = 1, y = sin (1 radian) = sin 57° 18' = 0.841. The 
function sin x is delink and is continuous for all values of x. It is 
important to note that sin x is a periodic function with the period 
2 IT. For sin (x + 2 tt) = sin X. 

That is, when the value of x is increased by a period, the value 
of y is repeated. 
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The property of periodicity has the following interpretation in the 
graph on page 97 : The portion of the curve for values of x from Oto2 ir 
(arc OQBRC in the figure) may be displaced parallel to OX either to 
the right or left a distance equal to any multiple of the period 2 tt, and 
it mil be part of the locus in its new position. 

68. Theorem. Before differentiating sin x (Art. 69) it is necessary 
to prove that 

( 5 ) •• 


lim 


= 1 . 


This limit cannot be found by Art. 16. 
proceed by geometry and trigonometry. 

Let 0 be the center of a circle whose radius 
is unity. Let x = angle AOM measured in radians, 
is unity, arc AM = x, also. 

Lay off arc AM' = arc .4,1/ and draw .1/7’ and 
the circle at M and M' respectively. F’rom geometry, 

MM' < arc MAM' < MT + M'T. 

Or, by trigonometry, 

2 sin X < 2 X < 2 tan x. 

Dividing through by 2 sin x, we get 

X ^ I 



Since the radius 

-s 

M'T tangent to 


1 < 


< 


sin X cos X 

Replacing each term by its reciprocal and reversing the inequality 


signs, we have 


/ 


, ^ sin X ^ 

1 > > cos X. 


Therefore when x is small, the value of jjgj; between 1 and cos x. 


But when x — > 0, lim cos x = cos 0=1, since cos x is continuous for 
X = 0 (see Art. 17). Thus we have proved (B). 

It is interesting to note the behavior of this function from its 
graph, the locus of equation 


V = 


sin X 



The function is not defined for x = 0. Let us, however, assign 
the value 1 to it for x = 0. Then the function is defined and is 
continuoiis for all values of x (see Art. 17). 
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69. Differentiation of sin v 

Let y = sin v. 

By the General Rule, Art. 27, considering v as the independent 
variable, we have 


First Step. j/ + Ay = sin {v + Ar). 

Second Step. Ay = sin (» + A») - sin v. 

The right-hand member must be transformed in order to evaluate 
the limit in the Fourth Step. To this end, use the formula from 
(6), p. 3, 

sin A — sin B 2 cos \ (A B) sin \ (A — B), 
setting A = y -t- Ar, B = v. 

Then l(A + B) — v + I Ai>,' I (A — B) = § 

Substituting, 

sin (y + At ) — .sin y = 2 cos (y -|- ^ Ay) sin | Ay. 


Hence 


Third Stop. 

Fourth Step. 


Ay = 2 CAS ^y -|- y) sin y* 




.2 




Since lim , 

Ar ‘Oy A 


- t, by Art. 68 , and lim cos + =C08t 

V / Ar ♦ 0 ^ ^ ' 


Substituting this value of ^ in (A), Art. 38, we get 


xni 


dy dv 

— cos y -7- ’ 

(/r dx 

d , . . dv 

.•.-(s,nv) = cos^ — 


The statement of the corresponding rules will now be left to the 
student. 

70. The other trigonometric functions. The function cos x is de- 
fined and is continuous for any value of x. It is periodic, with the 
period 2 tt. The graph of ^ = cos x 

is obtained from the graph of Art. 67 of sin x by taking the line 
(B SB ^ TT as the y-axis. 
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The graph of y = tan x 

(see figure) shows that the function tan x is discontinuous for an 
infinite number of values of the independent variable x; namely, 
when X = (n + 5)7r, where n denotes any positive or negative integer. 

In fact, when x — > ^ ir, tan x be- 
comes infinite. But from the rela- 
tion tan (tt -1- x) = tan x, we see that 
the function has the period tt, and 
the values x = (« + i)7r differ from 
^ TT by a multiple of the period. 

The function ctn x has the period 
TT. It is defined and is continuous 
for all values of x e.xcept x ~ nir, n being any integer lis before. 
For these values ctn x becomes infinite. Finally, secx and esc x 
are periodic, each with the period 2 tt. The former is discontinuous 
only when x = (n + i the latter only when x = nir. The values 
of X for which these functions become infinite determine vertical 
asjTnptotes in the graphs. 

71. Differentiation of cos v 

Let V — cos V. 

By (3), p. 2, this may be written 



Differentiating by formula Xin, 



dv 

= — sin r V" 
dx 

Jsince ~ <'>'> », by(3), p. 2.^ 

XTV (cos y) = — sin v 

dx dx 

72. Proofs of formulas XV-XIX. These formulas are readily de- 
rived by expressing the function concerned in terms of other functions 
whose derivatives have been found, and differentiating. 

Proof of XV. Let y = tan v. 

By (2), p. 2, this may be written 

aan p _ 

" COBp’ 
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Differentiating by formula VII, 


diL 

dx 


cos V (sin v) 


sin V ^ (cos v) 


cos- V 

n dv , . , dv 
cos^ T“ + sin^ V — 
dx dx 


dv 

dx 


COS^ V 


dv 

:7- == SeC^ V -T- * 

cos- V dx 


Using (2), p. 2 


XV ^ (tan v) = sec^ v 

dx dx 


To prove XVI-XIX, differentiate the form as given for each of 
the functions below. 


XVI. ctn V 


1 


tan V 


XVII. sec V 


1 


cos V 


xvm. CSC r = 


sin V 


XIX. versine r - vers r = 1 — cos v. 


Tlie details are left ;is exercises. 

73. Comments. In the derivation of formulas I-XIX it was neces- 
sary to ajjply the (leneral Rule, Art. 27, only for the following. 


HI 

V 


VII 


vni 

IX 


X 

XIII 


dx 


(// d- r ■ 


. du , dv dw 


dx 


(«0 


dv , du 
u —-i- r 
dx 




dx 

du dv 

v-r - 

dx dx 


dx 


dx 

d 


^ <1]L , 
dx dv 

dx dx 

dy 

d]l 

dj^ 

V 


dx 


(In v) - 


dv 




Algebraic sum. 
Product. 

(Quotient. 

Function of a function. 
Inverse functions. 

Logarithm. 

Sine. 


Not only do all the other formulas deduced depend on these, but 
all we shall deduce hereafter depend on them as weU. Hence we see 



102 


DIFFERENTIAL CALCULUS 


that the derivation of the fundamental formulas for differentiation 
involves the calculation of only two limits of any difficulty, namely, 

lim5^® = l 

r-0 V 

1 

and lim (1 + vY = e. 

»-* 0 

PROBLEMS 

Differentiate the following functions. 

1. y = sin ax^. 

Solution. ^ = cos ax^ (ax’) 

ox ax 

[r = (ix2.] 

= 2 OX cos ox-. A ns. 

2. y = tan Vl — x. 

Solution. ^ = sec- \ 1 — x ~ (1 — x)4 

dx dx 

[r= % 1 - Jr.j 

= sec’ v'l ~X‘ §(l -x)"'i(~ 1) 

Am. 

2 V 1 - X 

8. = cos^ X. 

Solution. This may also be written 
y = (cosx)’. 

^ = 3(cos x)’ ^ (cos x) by VI 

ox ax 

[c = C08X and n — 3,] 

= 3 cos’ x(— sinx) by XIV 

= — 3 sin X cos’ X. Ans. 

4 . y = sin nx sin” x. 

Soltttioflu ^ = sin nx ~ (sin x)" + sin” x ^ (sin nx) by V 

dx dx dx 

[tt = sin nx and v = sin" x.] 

= sin nx • n (sin x)”~' ^ (sin x) 

-f sin” X cos nx -- (nx) 
ax 

ss n sin nx * sin”~* x cos x -f n sin” x cos nx 
s= n sin” xfsin nx cos x + coe nx sin x) 

= n sin” X sin (n + 1 )x. Am, 


by Art. 68 
By Art. 61 

by xin 

by XV 


by VI and xm 
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b. y = sin ax. 

6. ^ = 3 C08 2 X. 

7. 8 = tan 3 t. 


Ans. = a coa ax. 

I/' r= - 6 sin 2 X, 
s' = 3 sec^ 3 t. 


8. = 2 ctn -• 

9. 2 / = sec 4 X. 
10. p = a CSC bd. 


du _ ^ 

dv 2 

2 /' = 4 sec 4 X tan 4 x. 
p' = — a6 CSC 60 ctn 60. 


11. 2/ = i sin^ X. 

12. 8 = Vcos 2 ^ 


13. p = V tan 3 0. 


14. 

16. 


y ==— i_. 
Vsec X 

2/ = X cos X. 


16. /(0) = tan 0 — 0. 

sin 0 

17. P = -J- 

18. 2 / = sin 2 X cos x. 


y* = sin X cos x. 

^ _ sec^ 3 6 _ 

(tan 3 6)^ 
dy __ — 2 tan x ^ 
Vsec X 

2 / = cos X — X sin X. 


/'(0) = tan^ 0. 

^ ^ c *08 0 — sin 0 

dd ~ 02 

2 / = 2 cos 2 X cos X — sin 2 X sin x. 


19. 2 / = In sin ox. 

20. y = In Vcos 2 X. 

21. 2 / = e"' sin 6x. 

22. 8 = c ^ ^ cos 2 L 


23. 2 / = In tan ; 


1 / = In yj^ 


+ sin X 


24i . 

sin X 

26. fid) = sin (0 -f a) cos (0 — a). 


y' = (1 ctn ox. 

y' = - tan 2 X. 

t/' = r«'(a sin 6x + 6 cos 6x). 

i?' = — € '^('2 sin 2 f + cos 2 0* 

j/' = J ctn 5 sec^ I* 

y' = sec X. 

/'((?) = cos 2 0 . 


26. /(x) = sin* (tt — x). /'(x) = — 2 sin (ir — x) cos (v — x). 

27. p = J tan» - tan 0 + fl. p' = tan^ 0. 

28. v = x*'"*. ^ = x'^“ + cos X In x^ 

29. y = (cos x)*. y' = y(ln cos x - x tan x). 
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Find the second derivative of each of the following functions. 

30. 1 / = sin fcx. 


31. p = 4 cos 2 6. 

32. u = tan r. 

ZZ. y = X cos X, 

oA sin X 
34. y = 

X 

36. s = cos L 

36. ij = t' ‘ sin 2 /. 

37, y = r*' sin 


Ans. ^ = — A'- sin kx. 
(ix* 


= — cos 2 0. 
dd^ 

d-u 


dv^ 


2 sec- r tan r. 


dx‘^ 

d 'y __ 2 sin X — 2 x cos x — x- sin x 
dx- 
d's 
dt^ 

d't^ 


— — 2 sin X — X cos X. 


2 e' sin /. 


'(2 sin 2 / -f 4 cos 2 


! 1 ( 1 * — />*') sin hx -f 2 n/i cos hx]. 

</x- 


Find ^ from each of the following equations. 
dx 

dy sin (./* - 


38. 1 / = cos ~ y). 




y) 


dx 


sin \x 


in 


39. e'^' = sin (x + y). 


dij _ cos 1 / f //) 

dx — cos ix t ?/) 


40. cos 1 / = In fx -f y). 


^iy ^ ~ J 

dx I -i- \x -i y ■ sin y 


In Problems 41-50 find the value of 
radians). 


for the given value of x (in 
dx 


41. 2 / = X — cos X ; x = 1. 

42. 7/ = X sin ~ ; x ~ 2. 

^ 2 

43. = In cos X ; X = 0.5. 


Am. y' l.vSn. 

!/ 1.281. 
y' rr- ~ 0.540 


44. 2/ = ~ ; X = ~ 0.5. 

45. ]/ = sin X cos 2 x ; x = 1, 

46. y = ]n Vtan x ; x = J tt. 

47. 1 / = e* sin X ; x = 2. 

48. 2 / = 10 c * cos TTx; x = 1. 


2/' - 2.629. 

2/' 1.754. 

2 /'-l. 

2/' - 3.642. 
y' 2.679. 


~ TTX 

49. ^ = 5 sin ^ ; x = 2. 

60. i> = 10 e sin 3 X ; x = 1. 


V' = ~ 21.35. 
y' = - 27.00. 
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74. Inverse trigonometric functions. From the equation 

(1) y = sin z, 

we may read "x is the measure of an angle in radians whose sine 
e(iuals y.” For a central angle in a circle with radius unity, x equals 
also the intercepted arc (see Art. 2). The statement in quotation 
marks is then abbreviated tlius 

(2) a: = arc sin j/, 

read ” x ecjuals an arc whose sine is y." Interchanging x and y in (2), 
we obtain 

(3) y = arc sin x, 

and arc sin j is called the inrtxsr sine Junction of x. It is defined 
for any value of x numerically less than or equal to 1. From (1) 
and (2 1 , it apiK'ars that sin x and arc sin y are inverse functions 
(Art. 3!,)). 

F.quation ‘"i i is often \\ritten y = sin- > x, read "the inverse sine of r.” 
This notation is inconveni(-nt, for the reason that sin-‘ x, as thus written, 
might he read as sin x with the exi)onent — 1. 


Consider the value of y determined by x = ?, in (Si, that is, by 
(•1) I/ — arc sin I. 


One value of y .s;disfying (4) hy — I tt, .since sin J ir = sin 30° = 

A second value is y — tt. since sin tt — sin 150’ = I. To each of 
these* solutions any multiple of 2 x may be added or subtracted. 
Hence the nuinher of ealius of y f-utis/yiny (df fs without limit. The 


function arc sin x is then s;dd to be "multiple-valued.” 

The gniph of arc sin x (.set* figured shows this property 
well. When / = O.U, //--.V/*,, MP-, MI\i, • • •, MQi, 
MQj. • • •. 

For most. ])urp/ 0 .ses in the calculus it is allowable 
and advi.siible to .select one of the many values of //. We 
select, then, the value between — ^ tt and ^ that is, 
the smallest numerical ralue. Thus, for example, 

(5) arc .sin 2 = J sin 0 = 0, arc sin (— 1) = — | ir. 
The function Jiro sin x is now sinyk-valiicd, and if 

(6) y = arcsinx, then — ^TrSysjT. 



In the graph we confine ourselves to the arc QOP. 
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In the same manner each of the other inverse trigonometric func- 
tions may be made single-valued. Thus, for arc cos x, if 

(7) y = arc cos x, then 0 = y S tt. 

As examples, 

arccos| = |ir, arc cos (— |) = | tt, arc cos (— 1) = r. 

From (6) and (7) we now have the identical relation 

(8) arc sin X -h arc cos x = I ir. 

In the graph of arc cos x (see figure), we confine our- 
selves to the arc QPiP. 

Definitions establishing a single value for each of 
the other inverse trigonometric functions are given 
below, 

75. Differentiatioa of arc sin v 

Let y = arc sin p ; (- | ir § y ^ ^ v) 

then p = sin y. 

Differentiating with respect to y by XIII, 

*=cos!,; 

By (C), Art. 39 

Since p is a function of x, this may be substituted in {A), Art. 38, 



giving 


dy 1 do _ 1 dv 

dx ~ cos y dx Vl — p^ dx 


co« y = v' I ~ sin^y = V 1 — the poaitive gijcn of the radical being 

TT TT 

taken, aince cos y ia positive for all values of y between — j and ~ inclusive. 


(arc sin v) = 


'l-v» 


The graph is the 


If y = arc sin x, y' = ^ = The graph is the 

ax V 1 — X* 

arc QP of the figure. The slope becomes infinite at Q and 
P, and equals 1 at 0. The function increases (y' > 0) 
throughout the interval x = — 1 tox = l. 

76. Differentiation of arc cos v 
Let y = arccosp; (O^y^ir) 

then V = COB y. 
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therefore 


By (C), Art. 39 


Differentiating with respect to y by XIV, 

dv 

therefore ^ — By (C), Art. 39 

dv siny ^ 

But since r is a function of x, this may be substituted in (A), 
Art. 38. giving 

dx sin y dx Vl — dx 

[ sin 1/ = Vl - cos'-' y = \ 1 - v-, the plus sien of the radical being taken,! 
since sin y is positive for all values of y between 0 and T inclusive. J 

dv 


(arc cos v'\ 


dx 

' l - 1;2 

• When X increases from 


If y = arccosx, then y' = . When x increases from 

vl — X- 

— 1 to 4- 1 (arc PQ of the finst figure on page j- 

106), y decreases from tt to 0 {y' < 0). 

77. Differentiation of arc tan v. Let r-rtTjr A 

(1) y = arc tan r ; then ,i ^ 

(2) V — tan y. 

The function (1) becomes single-valued if 
we choose the least nunuricol ralue of y, that 
is, a value between — \ tt and 2 ^ corresponding to arc AB of 
the figure. Also, when r — ‘ — 00, ~ i tt ; when r — > -f oc, j/ — » § » 

Or, symbolically, 

(3) arc tan (-f 00) = J ir, arc tan (— 00) = — 5 tt. 
Differentiating (2) with respect to y by XV, 

dv 

— - sec- 2/ 
dy 

and ^ = -V* By (O, Art. 39 

dv sec - y 

Since r is a function of x, this may be substituted in (A), Art. 38, 
giving dy _ 1 dv _ 1 dv 

dx sec- y dx 1 -f t - dx 

[sec’ V = 1 + tan’ !/ = 1 + r’.] 

— 


sec- y ; 


xxn 
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If jy = arc tan X, then ly' == 
function for all values of x. 


and the function is an increasing 


The function arc tan - furnishes a good 

X 

example of a discontinuous function. Con- 
fining ourselves to one branch of the graph of 

, 1 
y = arc tan - » 

X 



we see that as x approaches zero from the left, y approaclies — ] r as a 
limit, and as x approaches zero from the right, y approaches \ ir as 
a limit. Hence the function is discontinuous when x — 0 (^Art. IT). Its 
value for X = 0 can be assigned at pleasure. 

78. Differentiation of arc ctn v. Following 
the method of the last article, we get 

dt; 

XXm 4 - (arc ctn v) = - 

ax 1 + i"' 

The function is siniik-valued if, 
when y ~ arc ctn r, (» < y < tt, 
corresponding to the are AB of the figure. 

Also, if r — + + i/ — ^ d ; if t a - ' z . That is, symbolically. 



arc ctn (+ x i o ; arc ctn — tt. 


79. Dififerentiation of arc sec v and arc esc v. l^ct 


(1) y = arc sec r. 

This function is defined for all values of r except tho.se lying be- 
tween — 1 and + 1. To make the function single-valuerl isei" figure), 

when r is positive, choose y between 0 and \ w fare .1 H) ; 
when V is negative choose y between - tt and - I z (arc CD). 
Also, if P -^ + X, y tt ; 
if V — cc, y ^ IT. 

Solving (1), v = 8ecy. 

Differentiating with respect to y by XVII, 

dv . 

^ = sec 2 / tan 2 / ; 

therefore . Bv((7) Art 30 

dv sec tan 
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Since » is a function of x, this may be substituted in (A), Art. 38, 
giving 

^ 1 ^ 1 ^ 

dx sec y tan y dx — 1 dx 


sec y = P, and tan y = \' see* p — 1 = Vr* — 1, the plus sign of the radical being taken,' 

TT TT 

sinev tun y is positive for all values of y between 0 and — and betwectn — TT and — — • 


XXIV 


dv 


. d 
•‘dx 


(arc sec v) = 



Dffferentiation of arc esc r. 



y — arc esc v ; 

then r = esc y. 

Different iatinj? with res[>ectto y by XVIII 
anci following the method of the last section, 
we get 

— 

xxw ^(arccsct;) = — 

dx y - 1 



The function y = arc esc r is definetl for all values of v except those 
lying Ix'tween — 1 and + 1, and is many-valued. To make the func- 
tion single-valuetl (see figure above), 


when )■ is positive, choose y between 0 and ^ tt (arc AB) : 
when r is negative, choose y between — tt and — I ir (arc CD). 


80. Differentiation of arc vers v 


IxT y = arc vers r ; * 

then V — vers y. 

Differentiating with respect to y by XIX, 


41 

dy 


sin y; 



therefore 


By(C),Art.3£ 

dv sin y 


♦ Dofined only for valUM of r bet worn 0 and 2 inclusive, and many-valued. To make 
the function valued, y is taken as the smallest positive arc whixse versed sine is r; 

Uiat ia, y lies between 0 and tt inclusive. Hence we confine ounHilvta to arc OP of the graplv 
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Since p is a function of x, this may be substituted in (A), Art. 88, 

giving ^ ^ ^ _ 1 

cfj sin 1 / dx \/2 v — v- 

fan y = - cos- y = V^l - U - vers y)-' ~ v'2 e - r>. the plus sign of the radicall 

ibeing taken, since sin y is positive tor all values of y between 0 and » inclusive-J 


Lbeing 

XXVI 


— 

*. ^ (arc vers v) = — =£i=* 
dx V2v- v» 


PROBLEMS 

Differentiate the following functions. 

1. !/ = arc tan ax^. 

. f («>) 

di/ _ dx 


Solution. 

2. !/ = arc sin (3 x — 4 x^). 

Solution. 


by XXU 


[I- = <1x^3 
o , 


^ ■■■-r-gjL,, Arw. 
1 -f 


-f (3 X - 4 i'') 
di/ _ dx 


\ 1 - (,;3x~4x-^;^ 
[r =: 3 X - 4 xM 


by XX 


3 - 12 x^ 


3. 2 / = arc sec —7 


Solution. 


4. 1 / = arc cos 

a 

6 . 1 / = arc aec 5. 

a 





VI 

- 9 X-' + 24 x* - 16 z» 


•f 

1 



X* 

— 

1 






d 





dx 

^x^ - 1) 

dx 


x^ 

-f 1 

1 



x-* 

- 1 ^ 

S/\x» - 1/ 




r 





[ 

- 1 1 



i£ 

» - 1 )2 X ~ fx" -f 1 )2 X 









x" 

-f 1 2 X 




x* 

- 1 x» - 1 

5. 




An«. ^ — 


Am, 


by XXIV 


x ^ -f 1 


An«. 


rfx 

^ 

dx xVa:* — o* 


Va» - 1* 
a 
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6. y = arc ctn - • 
a 


7. 1 / = arc sec 


8. ^ = arc CSC 2 x. 


9. y = arc sin Vx. 

10. 0 = arc vers p*.] 

11. 1 / = X arc sin 2 x. 


(/x -f x^ 

i 

Vl - x* 

% - - 1 
dx 2rV4 x2 - 1 

^ ....^ 

dx 2Vx — X* 
dg_ 2 
tip V2 - p2 

dy ■ n , 2 X 

-r^ = arc sin 2 X H 7 -.---=r: ... r=r . 

dx Vl - 4 x^ 


12. 2 / = x^ arc cos x. 


13. /(u) = u\a^ — -f arc sin 


= 2 X arc cos x 


Vl -x^ 

/'(h) = 2Vu^ — u^. 


14. /(x) = Wa^ — x^ 4- a arc sin ~* 

15. t? = arc sin ^ — w Va- — ir. 

a 


16. t = 


. w 
arc sin — 
a 


, V(i- — 

17. V = arc sin - H 

a M 


18. r = a arc cos ( 1 — ~ | -f V 2 au - 


19. </> = arc tan 


1 - ar 


20. X = r arc vers ^ - VTry - y^. 

r 

21. 1 / = J x^ arc tan x -f i In (x ’ -f 1) - J x^. 


(a 2 - u 2 )’ 


Vq 2 ~ 
u'^ 

/ 9. nil — 3/v* 


dr __ v2 qz< — 
di/ w 

^ _ 1 

dr “ 1 + r2 * 

^ — U 

^11 \^2ry-y^' 

^ = x2 arc tan x. 


In Problems 22 27 find the value of ^ for the given value of x. 


22. y = X arc sin x ; x = J. 

23. 1 / = X arc cos x ; x = — J. 

. arc tan x _ . 


24. ^ 


x = 1. 


86. y = Vx arc ctn | ; x = 4. 


26. y = 


arc sec 2 X 


; x = l. 


Ans. y' = 1.101. 
y'= 2.671. 

y' = - 0.285. 


V' = 0.053. 


97. y = X* arc CSC Vx ; x = 2. 


y' = 2.142. 
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Differentiate each of the following functions, 

28. arc sin Vjt. 

2 

29. arc tan 

X 

30. .r arc cos ~ • 

31 arc ctn 2 x 

X 

32. arc vers (1 — x). 


33. arc sec Vx. 

34. e' arc cos x. 

35. In arc tan x. 

36. Varc sin 2 x. 
arc cos VJ 

"■“"Vi 


PROBLEMS 

Sketch the following curves, and find the slope at each point w^here 
the curve crosses the axes of coordinates. 

1. [4 = In X. Ans. At (1, 0), m ~ 1. 

2. ij ~ log X. At (1, 0), in = 0.434. 

3. y = In (4 ~ x). At (3, 0), ni = - 1 ; 

at X = 0, m = — L 

4. ^ = In V4 — X*. 

5. Show that if y J a(f'' -f e then i/" = 

Find the angles of intersection of each of the following pairs of curves. 

6. y = In fx -h 1 ), y = In (7 — 2 x). A^^s. 127 ’ 53'. 

7. y In (x 4- 3), y ~ In (5 — x^). 

8. y = sin x, y = cos x. 109'’ 28'. 

9. y = tan x, y = ctn x. 53^ 8'. 

10. y = cos X, y = sin 2 x. 


Find the maximum, minimum, and inflectional points on the following 
curves and draw their graphs. 

11. y = xlnx, Ans. Min. 


12 . V = 


X 

In X 


Min. (c, 6) ; 

inflectional point, (c^, i 


13. y = In f8 X — x^). 


Max. (4, In 16). 


14. y = xe^. 


Min. (-1,-1); 
inflectional point, 2, “ 


15. y = xH-*. 
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16. A submarine telegraph cable consists of a core of copper wires 
with a covering made of nonconducting material. If x denotes the ratio 
of the radius of the core to the thickness of the covering, it is known that 

the speed of signaling varies as In Show that the greatest speed 

1 ^ 
is attained when x = —p* 

Ve 

17. What is the minimum value of y = Ans, 2V^. 

18. Find the maximum point and the points of inflection of the graph 

of 7/ = c and draw the curve. ^ 

Arts. Max. (0, 1); points of inflection, — )• 

\ V2 Vc/ 

19. Show that the maximum rectangle with one side on the x-axis 
which can be inscribed under the curve in Problem IS has two of its 
vertices at the points of inflection. 

Find the maximum, minimum, and inflectional points for the range 
indicated, and sketch the following curves. 

20. ?/ = J x — sin X ; (0 to 2 tt). 

A?ns. Min. i \ tt, - 0.3424); max. (§ tt, 3.4840); 
inflectional points, (0, 0 ), (tt, 2 tt;, (2 tt, tt). 

21. 2/ = 2 X — tan x ; (0 to tt). 

Afis, Max. (\ TT, 0.571); min. (‘J tt, 5.712); 
inflectional points, (0, 0), (tt, 2 tt). 

22. ?j = tan x — 4 x; (0 to tt), 

Min. 71, - 2.457^; max. (J tt, - 10.11); 
infle‘ctional points, (0, 0), (tt, — 4 tt). 

23. y = 3 sin x — 4 cos x ; (0 to 2 tt). 

Afis, Max. \2.498, 5); min. (5.640, — 5); 

inflectional points, (0.927, 0), (4.069, 0), 

24. 7 / — X -f cos 2 X ; (0 to t). 

25. y ™ sin ttx — cos ttx ; y > to 2). 

26. 7 / ™ J X -f sin 2 X ; (0 to tt). 

27. 7/ X — 2 COS 2 X ’, (0 tO TT). 

28. 2 / ~ i TTX sin ttx ; (0 to 2). 

29. Show that the maximum value of r/ = a sin x + 5 cos x is Va ’ -f 5^. 

30. The turning effect of a ship’s rudder is shown theoretically to be 
k cos ^sin^ 0, where 6 is the angle the rudder makes with the keel, and 
it is a constant. For what value of fl is the rudder most effective? 

Atis. About 55®. 
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31. Into a full conical wineglass of depth a and generating angle a 
there is carefully dropped a sphere of such size as to cause the greatest 
overflow. Show that the radius of the sphere is 

a sin a 

sin a -h cos 2 a 

32. Find the dimensions of the cylinder of maximum volume which 
can be inscribed in a sphere of radius 6 in. (Use the angle 6 subtended 
by the radius of the base of the inscribed cylinder as a parameter. Then 
r = 6 sin h = 12 cos 0,) 

33. Solve Problem 32 if the convex surface of the cylinder is to be a 
maximum, using the same parameter. 

34. A body of weight W is dragged along a horizontal plane by means 
of a force P whose line of action makes an angle x with the plane. The 
magnitude of the force is given by the equation 

— 

m sin j- -f cos j* 

w’here rn denotes the coefficient of friction. Show that the pull is least 
W’hen tan x = m. 

35. If a projectile is fired from O so as to strike an inclined plane w'hich 
makes a constant angle a with the horizontal at 0, the range is given 

by the formula „ _ 2 r* cos 0 sin (0 - a) 

n — > 

g cos- a 

where v and g are constants and 0 is the angle of elevation. Calculate the 
value of 0 giving the maximum range up the plane. A 71 S. 0 J tt -f i a. 

36. For a square-headed screw' with pitch 0 and angle of friction <f> the 
efficiency is given by the formula 

£ — tan 0 

tan {0 -f / 

where / is a constant. Find the value of 0 for maximum efficiency when 
0 is a known constant angle. 


ADDITIONAL PROBLEMS 

1. The curves y ==x\nx and y~x]n (I — x) intersect at the origin and 
at another point A. Find the angle of intersection at A, Am. IDS'" 30'. 

2. Sketch the following curves on the same axes and find their angle 
of intersection. 

2 / = In 

3. The line A P is tangent to the curve whose equation is y = e* 4* 1 

at A and crowjes the j-axis at P. Find the coordinates of A if the length 
of AB is a minimum. Ans. (0, 2). 


1 ^, y = ln^3z- Anti. 


32“ 28' 



CHAPTER VIII 


APPLICATIONS TO PARAMETRIC EQUATIONS, POLAR 
EQUATIONS, AND ROOTS 

81. Parametric equations of a curve. Slope. The coordinates x and 
of a point on a curve are often expressed as functions of a third 
variable, or parameter, t, in the form 

'^=K0, 

y=<j){t). 

Each value of t gives a value of x and a value of y and determines a 
point on the curve. Equations (1) are called parametric equatiom 
of the curve. If we eliminate t from equations (1), we obtain the 
rectangular equation of the curve. For example, 


( 1 ) 


( 2 ) 


f X = r cos /, 


Y 


G 

^ j ^ 


i, i/ = r sin t 

are parametric e^iuations of the circle in the 
figure, t being the parameter. For if we elim- 
inate t by squaring and adding the results, we 

hav e '.i ’> o/ ■>.( o 

X- + y- = r-(co.s- 1 -f sm- 1) — r~, 

the rectangular eejuation of the circle. It is evident that if t varies 
from 0 to 2 TT, the point rfx, y) will describe a complete circumference. 

Since, from (1), y is a function of t, and i is a function (inverse) 
of X, we have ^ ^ 

dl dx 

dji _ 1 . 
dt ' dx’ 
dt 


ill 

dx 


by (A), .Art. S8 
by (C), Art. 39 


that is, 

(A) 


dt 


By this formula we may find the slope of a curve whose parametric 
equations are given. 
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Illustrative Example 1, Find the equations of the tangent and normal^ 
and the lengths of the subtangent and subnormal to the ellipse* 


(3) 

at the point where (t> — 45°. 


r X = a cos (f>, 
\ y = 6 sin <#> 


Solution. The parameter being ^ — a sin 0, ^ = 6 cos <i>. 

d<p a<p 

Substituting in M), ^ =r — ^ - ctn <p = slope at any point ~ rn, 

dx a sin 4> a 

Substituting 0 = 45’ in the given equations (3), we get Xi = J a\ ‘J, yi^\b\Z 
as the point of contact, and the slope m becomes 

rrn = ctn 4 d 

a a 

Substituting in ,1) and (2), Art. 43, and reducing, we get 

bx -h ay = \ 2 ab =eciuation of the tangent, 

\ 2iux — by' = u- — 6- = equation of the normal. 

Substituting in (3i and /4>, Art. 43, 

\ 2 i a\ 2 = length of subtangent, 

I b\ 2^— = — -7;^ = length of subnormal. 

Illustrative Exa.mple 2, Given the equations of the cycloid f in parametric 
form, 

r X = a(0 — sin 0), 

' ‘ 1 y = oQ cos 0), 

0 being the variable parameter; find the lengths of the subtangent, subnormal, 
and normal at the jioint ‘X\, yi ; where 0 


* As in the fii'ure, draw the* major and minor auxiliary rirclw of tho fllipno. Through 

two pomTi< a and (' on th»* same radius draw HA parallel to 01' and DP parallel to O.V. 

Th» s#' lines will inters^'ct in a point P i, y\ on the ellipms 

because « /^r, 

’X = 0/1 = On oos <^ = a rt>a 


and 

or 


y^AP — OD = 0<^ mn -b sin 


- = cos 4> and ^ = sin <^. 
a 0 


Now sriuaring and adding, we get 





the riMrtanguIar equation of the ellipse. 4> is 8om»- 
lirneK railed the eccentric angle of the point P of the 
ellipse*. 

t The path df^scrihed by a point on the circumference of a circle which rolls without 
sliding on a fixt-d straight line is called a cycloid. Let the radius of the rolling circle bo a, P 
the tracing point, and M the point of contact with the fixed line O A', which is called the 
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Solution. Differentiating, = a(l - cos ^ = a sin^. 

(lu au 

Substituting in (i4), Art. 81, 

du inn 6 , ^ 


: 0(1 - cos 0i), m = w, = ... 

1 “ cos 01 


When 0-01, ~ i/i 

Following Art. 43, we find (sen? figure at foot of thLs page) 

a 1 — cos 01 ) 


~ subtangent ^ 


sin 01 


iVM = subnormal = a sinoi. 


A/P = length of normal — a \ 2il — cos0i) = 2 a sin | 0i. By (5), p. 3. 

In t)K‘ figure, PA -■= a sin 0i - if 0 — 0i ) =: the subnormal NM as above. Hence 
tln^ (“onstruction for the normal PM and tangent PB is as indicated. 


IlDrizontal and vniical tangents. From (A), and referring to Art. 42, 
\v(^ scH* the \’alues of the ])arameter / for the points of contact of 
these tangent lines are determined thus: 

Horizontal tangents : solve ^ — 0 for t. 

(it 

\erlica! tangents: solve ~ == 0 for L 

at 

Ii.ij sTiuTiVK Kx-YMCLK 3. Find the points of 
contact of tlie horizontal and vertical tangents to 
the cardioui stM‘ figure! 

'■ X ■- a cos 0 — a cos 2 0 — j d, 
i U <z sin 0 - \ (I sin 2 0. 

Solution, -f. - (i\ - sin 0 r .‘^in 2 0;; -j- = ai^cos 0 — cos 2 0). 
d(l dU 

}Inri:or!(i! Then cos 0~ cos 2 0 ~ 0. Substituting (using (5), p. 3) 

co'^ 2 n - 2 ct.s- n 1. and solving, we get 0 - 0, 120 , 240 . 

V(r(ii-n! Then -sin 0 t sin 2 0 = 0. Substituting {using (5), p. 3) 

sin 2 0 ■ • 2 sin 0 cos 0. and so]\ing, 0 0, 180 ', 300°. 



hast'. If arc PM «'<iua]s OM in lengtii. then /* will touch at 0 if the circle is rolled to the left 
We iiave. df'Hoting the angle I'i'M by 


.r r- OX — OM ~ X ~ aO — a sin 0 — a(0 — sin fh, 
y ™ A7* = 4/r ~ AF — a — a cos 0 = a(l — cos 0), 


the parametric etjuations of the cy- 
cloid, the angle 0 thnnigh which 
the radius of t he roiling circle t urns 
being th(f* parameter. <'>l)--2^a 
is called (h«‘ base of one arch of the 
cycloid, and the point V is called 
the vertex. Kliminating 0, wo get 
th<‘ rectangular etpiation 



X =s a arc co« ~ V 2 ay — y^. 
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The common root ^ = 0 should be rejected. For both numerator and de- 
nominator in (A) become zero, and the slope is indeterminate (see Art. 12). From 
(5), X = y = 0 when d = 0. The point 0 is called a cusp. 

Substituting the other values in (5), the results are as follows : 

Horizontal tangents; points of contact (— J n, ± J aV3). 

Vertical tangents : points of contact (i a, ± 1 aVS ), (-2a, 0). 

Two vertical tangents coincide, forming a double tangent’* line. 

These results agree with the figure. 

PROBLEMS 

Find the equations of the tangent and normal, and the lengths of the 
subtangent and subnormal, to each of the following curves at the point 
indicated. 

Tangent Kormal Subt. Subn. 

1. x = t^,y — 2t + l; t=l. Ans. x-y + 2 = 0, x + y-i = 0, 3, 3. 

2. I = /*, y = 3 C < = — 1. x—y — 2 = 0, r + i/ + 4=0, -3,-3. 

Z. x = 2t, y = j: t = 2. r + Sy — 12 = 0, 6x-y-35 = 0, -6, — 

4. a: = «', y = 3 e" ' ; < = 0. 3j: + y — 6 = 0, x — 3yH-8 = 0, —1, —9. 

6. X = cos 2 0, y = sin 0 ; 0 = J x. 

6. X = (*, y = 2 — < ; < = 1. 11. x = tan d,y = ctn 6; 0 = i x. 

7. 3x = /», 2y = /5: / = 2. 12. x = - 3 c ', y = 2 «' ; / = 0. 

8. X = 6 < — y = 2 < + 3 : t = 0. 13. x = 3 cos a, y = 5 sin « ; a = J x. 

9. x = y = <^ + 3 <; < = 1. 14. x = sin 2 0, y = cos 0; 0 = J x. 

10. x = j.y = 2t; l = -l. 16. x = ln(< - 2), 3 y = /, 1 = 2. 

In each of the following problems plot the curves and find the points 
of contact of the horizontal and vertical tangents. 

16. x = 3 f — y = f -f 1. Am, Horizontal tangents, none; vertical 

tangents, (2, 2), (— 2, 0). 

17. X == 3 — 4 sin y = 4 -f 3 cos 0, 

Am, Horizontal tangents, (3, 1), (3, 7); 
vertical tangents, (7, 4), (~ 1, 4), 

18. X = — 2 f, y = — 12 f, 20. X = sin 2 f, y = sin L 

19. X = A + r cos $,y^k -hr sin 0. 21. x = cos* y = sin* 0, 

In the following curves (figures in Chapter XXVI) find lengths of 
(a) subtangent, (b) subnormal, (c) tangent, (d) normal, at any point. 

I X = a(co8 f *f f sin t), 

I V = a(sin f - f cos (). 

Ans, (a) y ctn t, (b) y tan t, (c) (d) 

Bin t COB I 


22. The curve 
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23 . The hypocycloid (aatroid) { * _ f !’ (Figure, p. 533) 

^ 4 d Sin 

Ans. W-v ctn t, (b) - y tan t, (c) ^ . (d) • 

Sin i coat 


24. The circle 
26. The cardioid 

26. The folium 

27. The hyperbolic spiral 


a; = 

r cos t, 


y = 

r sin t. 


X = 

a{2 cos t — 

coa 2 1), 

y = 

a(2 sin i — 

sin 2 1). 


3f 


X = 

H-f"’ 



3<* 


y = 

l+f3 


x = 

jCOSt, 



a . , 


V- 

- sin 1. 

t 



p. 117) 
(Figure, p. 533) 

(Figure, p. 534) 


82. Parametric equations. Second derivative. Using y' as symbol 
for the first derivative of y with respect to x, then (A), Art. 81, will 
giv'e y' as a function of t, 

(1) y' = h{i). 

To find the aet'ond derivative y”, use this formula (A) again, re- 
placing y by y'. Then we have 


{B) 


* dx dx fit) 


dt 


if X — fit), as in (1), Art. 81. 

Ili.u.strative E.xample. Find y" for the cycloid (see Illustrative Example 2, 
Art. 81) 

f X = aid — sin 0), 

\y = a(l — cos 6). 

Solution. We found y' = D-^— and ^ = o(l — cos 0). 

1 — cos 0 dO 

Also, differentiating, 

(1 ~ coa 6?^ cos B — sin^ B _ coa <? — 1 1 

d$ ^ (1 — C08 ’~(1 — COS^)* (1 — C08 d) 


Substituting in (B), 




1 


;• Ana, 


a(l - cosd)a 

Note that y" is negative, and the curve therefore is concave downward, as in the 
figure for the cycloid, p. 117. 
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PROBLEMS 


1. In each of the following examples find and ^ in terms of t. 


(a) x = <- 1, = + 1. 

(b) x = ^. {/ = 1 - t. 
(Ox: 




(d) T = - > 2/ 
o 


9 * 


A,,.. = 


(e) X : 


dr 
dj _ 
dr ■ 
(1 cos t, !/ 


(I.r^ 

1 ii->i _ 1 
’ t' dx- F 
h sin I. 


(f) X = 2(1— sin /). ,'/ - 4 cos t. 

(g) X = sin /, 1 / ~ sin 2 t. 

(h) X = cos 2 t. If — sin /. 


2. Show that the curve x = sec 0, y = tan 0 has no point of inflection. 

3. In each of the following exam})les plot the curve and find the nia\i- 
mum, minimum, and inflectional points : 


(a) X = 2 a ctn 0, y — 2 a sin* 0. ^ 

Atis. Max. 2 (! ; points of inflection, ( t ~ • 

V 3 

(b) X = tan t, y = sin ( cos t. 

An.s. Max. (1, ^ ■ ; min. (— 1, — \ ) ; 

points of inflection, Vd, — (•>. I'h | V:i, 




83. Curvilinear motion. Velocity. When the iKinitnefer / in the* 
parametric e< 2 uation.s tl). Art. M. is the lime, and the fitnciioti.s 
and are continuous, if t varhts contiiuiously the point I'lx. y , will 
trace the curve or path. We then htive :i cuniHiHur niotior, and 

( 1 ) ii^<t>{l} 

are called the equations of motion. 

The velocity r of the moving point l‘\x, y at any inst.ant is fie- 
temnined by its horizontal and vertical comjtortents. 

The horizontal component r, i.s equal to the velotdty along <)X 
of the projection M of and is therefort? the time rate <if chtui.ge of x. 
Hence, from (C), Art. 51, when s is replaceti by x, we get 


(O 




dx 

dl’ 


In the same way the vertical component p,, 
or time rate of change of y, is 


iD) 


Vy 


di 



Lay off the vectors p* and p„ from P as in the figure, complete the 
rectangle, and draw the diagonal from P. This is the retiuired vector 
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velocity v. From the figure, its magnitude and direction are given 
by the formulas ^ 

(E) = Vx^ + tan r = — = 

Vx 

dt 


ConifKiring with (A), Art. 81, we see that tan r equals the slope 
of the {>ath at 1\ Therefore the dire^Tion of r lies along the tangent 
line at I\ The magnitude of the ve<‘tor velocity is called the speed. 

84. Curvilinear motion. Component accelerations. In treatises on 
mechanics it is shown that in curvilinear motion the vector accelera- 
tion a is not, like the vector vel(x:ity, directed along the Uxngent, but 
toward the concave side of the path of motion. It may be resolved 
into a tangential component, a,, and a normal component, a„, where 

_dv 


(Ik is the radius of curvature. Sw Art. 105.) 

Thi* acceleration may also be resolved into components parallel to 
the axes of c()(')rdinate.s. Following the same plan used in Art. 83 
for compon(*nl vi'locities, we define the comjxjiient accelerations paral- 
lel to iJX and OY, 

(f) ax = — , ay 


dt 


Also, if a rtx-Uingle is con.structed with vertex P and sides and 
ay, then a is the diagonal from P, Hence 

(G) a == T 

which gi\'es the magnitude (always positive) of the vector accelera- 
tion at any instant. 

In Problem 1 below we make use of the eciuations of motion of a 
projtviile, wliich illustrate very well this and the preceding article. 


PROBLEMS 

1. Neglecting the resistance of the air, the equations of motion for a 
projectile are 

X = ci cos 0 • /, y ^ V\ sin 0 • / — 16.1 P ; 

where ri == initial velocity, 0 = angle of projection with 
horizon, anti i time of flight in seconds, x and y being t>j 
measured in feet. Find the component velocities, com- 
ponent accelerations, velocity, and acceleration (a) at any instant; (b) at 
the end of the first second, having given V\ = 100 ft. per second. 0 = 30®. 
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Find (c) the direction of motion at the end of the first second ; (d) the 
rectangidar equation of the path* 

Solution. From (C) and (D), 

(a) f, = ri cos = ri sin ^ — 32.2 L 

Also, from (Jg)» 9 = «. (j 4 4 sin + 1036.8 1*. 

Prom (F) and (G), cr, = 0 ; a, = — 32.2 ; a = 32.2, direction downward. 

(b) Substituting < = 1, n = 100, 4> = 30® in these results, we get 

Vs = 86.6 ft. per sec. a, = 0. 

1 ^ = 17.8 ft. per sec. = — 32.2 ft. per (sec.)*. 

9 (speed) = 88.4 ft, per sec, a = 32.2 ft. per (sec.)*. 

PL IT 8 

(c) r = arc tan = arc tan = H** 37' = angle of direction of motion with 
the horizontal. 

(d) When Vi = 100, ^ = 30®, the equations of motion become 

x = 50fV3, y-SOt- 16.1P. 

Eliminating f, the result b y = x*, a parabola. 

V3 


2. Show that the rectangular equation of the path of the projectile 
in Problem 1 is 

y = X tan <f> ^ (1 + tan^ 0)x*. 

rr 

3. If a projectile be given an initial velocity of 160 ft. per second in a 
direction inclined 45'' with the horizontal, find (a) the component velocities 
at the end of the second and fourth seconds; (b) the velocity and direc- 
tion of motion at the same instants. 

Ans. (a) When f = 2, r, = 113.1 ft. per sec., Vy = 48.7 ft. per sec., 

when f = 4, r, = 113.1 ft. per sec., r,^ = — 15.7 ft. per sec. ; 

(b) when f r= 2, r = 123.1 ft. per sec., r = 23® 18', 

when f = 4, r = 114.2 ft. per sec., r = 172® 6'. 

4 . With the data as in Problem 3 find the greatest height reached by 
the projectile. If the projectile strikes the ground at the same horizontal 
level from which it started, find the time of flight and the angle of impact. 

6. A projectile with an initial velocity of 160 ft. per second is hurled 
at a vertical wall 480 ft. away. Show that the highest point on this wall 
that can be hit is at a height above the x-axis of 253 ft. What is 0 for 
this height? Ans. 0 = 69®. 

6. If a point referred to rectangular coordinates moves so that 
X = a cos f + 6 and y = a sin / + c, 
dkow that its velocity has a constant magnitude. 
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7. If the path of a moving point is the sine curve 

I X = o/, 

1 1 / = 6 sin a/, 

show (a) that the x-component of the velocity is constant ; (b) that the 
acceleration of the point at any instant is proportional to its distance from 
the x-axis. 

8. Given the equations of motion x = y = (f — 1 ) 2 . (a) Find the 

equation of the path in rectangular coordinates, (b) Draw the path with 
the velocity and acceleration vectors for f = / = 1, f = 2. (c) For what 

values of the time is the speed a minimum? (d) Where is the point when 
its speed is 10 ft. per second? 

Ans, (a) Parabola, -f 2 /^ = 1 ; (c) f i ; (d) (16, 9). 

9. In uniform motion (speed constant) in a circle, show that the ac- 
celeration at any point P is constant in magnitude and directed along 
the radius from P toward the center of the circle. 

10. The equations of a curvilinear motion are x = 2 cos 2 t, y = S cos L 
(a) Show that the moving point oscillates on an arc of the parabola 
4 1/2 — 9 X — 18 = 0. Draw the path, (b) Draw^ the acceleration vectors 
at the points where r = 0. (c) Draw the velocity vector at the point 
where the speed is a maximum. 

Given the following equations of curvilinear motion, find at the 
given instant r,, Vy, r ; ay, a ; position of point (coordinates) ; direction 
of motion. Also find the equation of the path in rectangular coordinates, 

11. x = r^ j/=:2f; ( = 2 , 

12. x = 2/, i/ = P; f = 1. 

13. x = <\ = 

14. X = 3 /, ?/ = ^2 _ 3. 

15. x = 2--/, i/ = 14-f2; / = 0. 

16. X = a cos f, j/ = a sin f ; f = J tt. 

17. X = 4 sin f, y = 2 cos t; f = J tt. 

18. X = sin 2 f, j/ = 2 cos t; f = ^ tt. 

19. X = 2 sin f ; y = cos 2 t; f = § tt. 

20. X = tan t; y = ctnt; f = J tt. 

86. Polar codrdinates. Angle between the radius vector and the tan^* 
gent Une. Let the equation of a curve in polar coordinates p, 6 , be 

(1) p=/(d). 
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We proceed tx) prove the 

Theorem. If yj/ is the angle between the radius vector OP and the 
tangent line at P, then 


tan ^ = 


_ P 


a 


(fl) 

where p' 

Proof. Through P and a point 


dd 



0.^9 


0 

^/r s 


P draw the secant line AB. Draw PH 
perpendicular to OQ. 

Then (see figure) OQ = p + Ap, angle POQ ~ AO, I'H - p sin AO, 
and OR = p cos Ad. Also, 


PR 


( 2 ) = 


p sin AO 


p cos AO 

Denote by ^ the angle between the radius vector OP and th<^ 
tangent line PT. If we now let AO approach zero sis a limit, then 

(a) the point Q will approach P ; 

(b) the secant .4B will turn about P and approach the tangent 
line PT as a limiting position ; and 

(c) the angle PQR will approach ^ a.s a limit. 

Hence 


(3) 


tan ^ = lim 


p sin Ad 


■ 0 p + Ap — p cos AO 


To get this fraction in a form so that the theorems of .Art. Ifi will 
apply* we transform it as shown in the following ec|uations: 


p sin Ad 


p .sin Ad 


p(l - cos Ad) + Ap . A 

Z p sm* -y + Ap 

^Stnce from (6), p. 3, o - p eoe = p(l - cos as ) = 2 p sin’ ^ j 

sin AO 
Ad 


pan 


. AO 
Ad 2 


2 


Ad 


IDiridiiig both nuiMrator and denominatw by A® and factoring.] 
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When A0 — > 0, then, by Art. 68, 


si — 

and lim-rr^=l. 


Ad 


2 


Also, 


2 


limsin^^ = 0, = ^ = 


Hence the limits of numerator and denominator are, respectively, 
p and p'. Thus {H) is proved. 

To find the sIojkj (tan t in the figure), proceed as follows. Take 
rectangular axes OA', OY, as usual. Then for P{x, y) vfe have 
(4 1 j — p cos 6, y — p sin 0. 

Using (1), these equations become parametric equations of the curve, 
0 being the jiarameter. The slope is found by (A). Thus, from (4), 


(0 


~ — p' cos 0 — p sin 0, 
(10 


4v 

dd 


= p' sin 0 + p cos 0, 


Slope of tangent = tan t = 


p' sin 0 P cos 0 
p' cos 0 — p sin 0 


Fiirnnila (/) is <*asily verifHHi for the on page 124. For, from the triangle 

OPT. r + Then tan r = tan (0 + 4-1 = - • Substituting 

sin 0 1 - tan 0 tan i/' 

Ian 6 -• , tan 4^ ~ and miucinK, we have (/)• 

CtLS ii> 


iLi.rSTiUTivK Kxami’I.K 1. Find tan ^ and the 
for the earditdd p - tnj ~ ois 6 ). 

^P. 


Solution. 


and (/), 


dO 


p' a sin 0. Sulhstituting in (If) 


^ , n of l ~ cos 0) 

tan 4 — , — 

p (1 sin 6 

tan i 0. 


2 a sin^ \ B 


tan r 


2 a sin J 0 cos J 6 
((6), P. 3) 

n sin^ 0 f f?(l — cos cos $ 

a sin 0 cos d - a(l — cos 6) sin 0 
cos 0 — cos 2 0 


»in 2 0 ~~ sin 0 


ta:. 3^. ((6),(6),p.3) 



At P in the figure, ^ -= angle OPT = J 0 = J angle XOP. If the tangent 
line PT is produt'ed to cross the axis OX, forming with it the angle r, we have 
angle XOP = 180" - angle OPT 4- r. 

Therefore r = 3 ^ - 180", and tan r = tan § as above ((3), p. 3). 


Noth. Formula (H) has been derived for the figure on page 124. In each prob- 
lem, the relations between the angles r, and 0 should be determined by examin- 
ing the signs of their trigonometric functions and drawing a figure. 
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To find the angle of intersection (f> of two curves C and C whose 
equations are given in polar coordinates, we may proceed as follows * 

Angle TPT = angle OPT — angle OPT, 
or Hence 

yrv. ^ tan^'-tan^ 

(J) tasii—z ^ — rz i* 

1 + tan ^ tan ^ 

where tan and tan ^ are calculated by 
(Hj from the equations of the curves and 
evaluated for the point of intersection. 

lLLUsm\Tiv'E Example 2. Find the angle of 
intersection of the curves p = a sin 2 p = a cos 2 

Solution. Solving the two equations simultaneously, we get, at the point of 
intersection, 

tan2d = l, 2^ = 46", ^ = 22j". 

From the first curve, using (//), 

tan \p' = I tan 2 0 = J, for $ = 22 J®. 

From the second curve, 

tan ^ ^ cot 2 0 = ~ J, for d = 22 J®. 

Substituting in (7), 

tan <t> = ^ = J- = arc tan J. Ana. 

1 ~ i ' 

The curves are shown in Chapter XXVI. 

86. Lengths of polar subtangent and polar subnormal. Draw a line NT 
through the origin perpendicular to the radius vector of the point P 
on the curve. If PT is the tangent and PN the normal 
to the curve at P, then 

OT = length of polar subtangent, 
and ON = length of polar subnormal, 

of the curv^e at P. 

In the triangle OPT, tan^ = — • Therefore 

P 
/fA 

(1) OT — p tan^ z= pP — = length of polar subtangent.* 

In the triangle OPN, tan ^ Therefore 

ON 

(2) ON = ~ ^ ~ length of polar subnonnat. 

* When $ increases with p, ~ is positive and ^ is an acute angle, as in the above figure. 

np 

Then the subtangeot OT is positive and is measured to the right of an observer placed at O 

and looking along OP. When ^ is negative, the subtangent la negative and is measured 

ap 

to the left the observer 
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The length of the polar tangent (= PT) and the length of the polat 
normal (= PN) may be found from the figure, each being the hypotenuse 
of a right triangle. 

Illustrative Example. Find the lengths of the polar subtangent and polar 
subnormal to the lemniscate p® = a* cos 2 d (figure in Chapter XXVI). 

Solution. Differentiating the equation of the curve, regarding p as an implidt 
function of 0, 

dp 0 9 - 0/5 dp a^ Bin 2 6 

2p'^ = — 2a^8m2^, or 35 = — • 

do au p 

Substituting in (1) and (2), we get 

Length of polar subtangent = — , 

a-' sin 2d 

Length of polar subnormal = — — - ” ^ ^ . 

P 

If we wish to express the results in terms of 6, find p in te rms of 0 from the given 
equation and substitute?. Thus, in the abov e, p ~ ±aV cob 2 0 ; therefore the 
length of the polar sub tangent = i a ctn 2 d>/cos2 d. 


PROBLEMS 

1. In the circle p = a sin 6, find ^ and r in terms of 6, 

Arts. ^ = d, T = 2 0. 

2. In the parabola p = a sec^ -» show that t + ^ = rr. 

3. Show that \p Is constant in the logarithmic spiral p = e^. Since the 
tangent makes a constant angle with the radius vector, this curve is also 
called the equiangular spiral. (Figure, p. 534) 

4. Show that tan = d in the spiral of Archimeiles, p = ad. Find 
values of ^ when d = 2 tt and 4 tt. (Figure, p. 534) 

= 80° 57' and 85° 27'. 


Find the slopes of the following curves at the points designated. 


8. p = a(l — cos ® 

Am, — 1. 

6. p = a sec* $; p — 2a. 

3. 

T, p = a sin 4 0 ; origin. 

0, 1, 00 , — 1. 

8. p* = o* sin 4 0 ; origin. 

p 

8 

1 

9. p = a sin 3 0 ; origin. 

0, V3, - \^ 

10. p = a cos 3 9 ; origin. 


11. p = a cos 2 9 ; origin. 

14. p = a0; 0 = f. 

18. p = a sin 2 9 ; = ?• 

At 


15. pO ^ a\ ® 

IS. psasinS 0; 

** 

IS. p = «*; 0 = 0. 
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Find the angle of intersection between the following pairs of curves. 

17. p cos = 2 a, p = 5 a sin 0. Ans. arc tan }. 

18. p = a sin 0, p = a sin 2 6. 

Anj!. At origin, 0“; at two other points, arc tan sVs. 

0 

19. p sin 0 = 2 a, p = a aec^ 

20. p = 4 cos p = 4(1 ~ cos 0). 

21. p = 6 cos 0, p = 2(1 -f cos 0). 

22. p = sin p = cos 2 d. 

23. p‘ sin 2d = A, p^ = 16 sin 2 0. 

24. p = a(l -f cos 0), p = 6(1 — cos 0), 

25. p = sin 2 0, p = cos 2 0 -f 1. 

26. p2 sin 2 ^ = 8, p = 2 sec 6, 

Show that the following pairs of curves intersect at right angles. 

27. p = 2 sin 0, p = 2 cos 0. 

28. p = ad, p0 = a. 

29. p = a(l 4- cos 0), p = afl — cos 0). 

30. p^ ain 2 0 = a-, p“ cos 20 = 6^. 

31. p = a sec- -y p — b esc- "• 

32. Find the lengths of the polar subtangent, subnormal, tangent, and 
normal of the spiral of Archimedes, p = a0. 

Ans. Subtangent = ^ » tangent = ^ y/a^ 4- p^, 

subnormal = a, normal = Va- 4- p^ 

The student should note the fact that the .subnormal is constant. 

33. Find the lengths of the polar subtangent, .subnormal, tangent, and 

normal in the logarithmic spiral p = a’. 

An.s. Subtangent = tangent = pyj I 4- 

subnormal = p In a, normal = pVl 4- In^ a. 

34. Show that the reciprocal spiral p0 = a has a constant polar sub- 
tangent. 

87. Real roots of equations. Graphical methods. A value of i which 
satisfies the equation 

( 1 ) /(X) = 0 

is called a rool of the equation (or a root of f(x)). A root of (1) may 
be a real number or an imaginary (complex) number. Methods of 
determining real roots approximately will now be developed. 


Ans. 45^ 

60". 

30". 


0 " and arc tan 
60". 


3V3 
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Location and number of the roots. 

First Method. If the graph of fix), that is, the locus of 
(2) y=fix) 

is constructed, following Art. 58, the intercepts on the x-axis are the 
roots. From the figure, therefore, we know at once the number of 

roots and their approximate values. 

' “ \ / Illustrative Example. Locate all real roots of 

(3) - 9 + 24 * - 7 = 0. I 1 

/ ! X fix) 

I ' i I Solution. The graph has been con- 

/ I I \| structe<i in Art. 58, Problem 1. It ^ ~ J 

/ > 1 \ cro5«ic^ the axis of x between 0 and 1. ^ ^ 

/ 1 1 l\ Hence there is one real root between 

I 1 1 1 j these values, and there are no other real roots, 

ill! 1 The table gives the values of /(O; and /(I), show- 

I 1 1 1 I ing a change of sign. 

I 1 1 1 I The table of values of x and y used in 

III' i plotting the graph may locate a root exactly, 

' o | ~ 3 i X njunelv, if // = 0 for some value 

I of/. If not, the values of 1 / for ^ 

I two successive values x = a, „ « 

1 x — fj may have opiwsite signs. ^ ,,, s 

The corresponding points 

P(a,f(a)), Q{b,f(b}) are, thertdore, on opposite .sides of the /-axis, and 
the graph of (2) joining thc-se points will cross this axis. That is, a root 
Xo will lie lietween a and b. 

An exact statement of the principle involved here is as follows. 

// 0 co7itini(i)u.s finu'tion fix) changes sign in an interral a < x < b 

and if its deriradre does not change sign, then the equation f{x) = 0 has 

one root, ami only one, hetu'een a and b. 

Ijocation of a root by trial dei>ends upon this principle. If a and 6 
are not far apart, a further approximation can be found by interpo- 
lation. This amounts to determining the intercept on the x-axis of the 
chord PQ. That is, the portion of the graph joining P and Q is re- 
place<l, as an approximation, by the chord. ^ 

Illustrative Example {continued). The root — — 

between 0 and 1 may be located by calculation more 1—24 

closely between 0.3 and 0.4. See table. Let 0.3 + 3 0.3 + s(root) 0 

be this root. Then, by interpolation (proportion), ~ 

* .583 . _ rtoo Diff. 0.1 1.807 

Renee x = 0,332 is a second approximation. This is the intercept on the jr-axis 
of the line that joins the points Q(0.4, 1.224) and P (0,8, — 0.583), which lie 


X 2/ 

o f(a) 

Xo f(xo) = 0 

b m 


0.4 1.224 

0.3 + 5(root) 0 
0.3 - 0.583 


Diff. 0.1 
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on the trraph of (3). In the figure, 'MP = - 0.583, 

NQ = 1.224, drawn to scale. The abscissas of M and 
N are 0.3 and 0.4 respectively. Also, MC = z, and the 
homologous sides of the similar triangles MPC and 
PQR gi%'e the above proportion. 

For an algebraic equation, of which (3) is 
an example, Homer’s method is best adapted 
to calculating a numerical root to any desired 
degree of accuracy, as explained in textbooks on algebra. 

88. Second method for locating real roots. The method of Art. 58 is 
well adapted to constructing quickly the graph of /(/). By this graph 
the roots are located and their number determined. In many ex- 
amples, however, the same result is attained more quickly by drawing 
certain intersecting curves. The following example shows how this 
is done. 




IiiU8T!UTi\’E Example. Determine the num- 
bCT of real roots (x in radians) of the ecjuation 

(1) ctn X — X = 0, 
and locate the smallest r(iot. 

Solution. Transp<jse and write (t ) thus : 

(2) ctn T X. 

If we draw the curves 

(3) y = ctn X and k = * 

on the same axes, the ahseume o/ the points of in- 
tersection will be roots of (1). For, obviously, 
eliminating y from LI) gives equation (1), from 
which the values of x of the p^te of interseo* 
tkm are to be obtained. 


y zx tin X 

X (d«fr«et) 

X (rsdiAiui) 

V 

0 

0 

to 

10 

.175 

5.67 

20 

.349 

2.75 

30 

.621 

1.73 

40 

.698 

1.19 

45 

.785 

1.000 

50 1 

.873 ! 

.839 

60 

1.047 ! 

.577 

70 

1.222 i 

.364 

80 

1.896 

.176 

90 

1.571 

.0 
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In plotting it is well to lay off carefully both scales (degrees and radians) on OX, 
Number of soltUiom, The curve i/ = ctnx consists of an in finite number of branches 
congruent to AQB of the figure (see 
Art. 70), The line y = x will obviously 
cross each branch. Hence the equation 
(1) has an infinite number of solutions. 

Using tables of natural cotangents 
and radian equivalents of degrees, we 
may locate the smallest root more closely 
as shown in the table. By interpolation 
we find X = 0.860. Aiis, 

The Second Method may be described as follows. 

Transpose certain selected terms o//(jr) = 0 so that it becomes 

(4) /lW=/2(j)- 
Plot ike curves 

(5) V = h{^). 

on tfie same axes, choosing suitable scales (not necessarily the same on 
both axes). 

The number of poi)ils of intersection of these curves equals the num- 
ber of real roots of f(x) = 0, and the abscissas of these points are the roots. 

The terms selected in (4) can often be chosen so that one or both 
of the curves in (5) are standard curves. 

For example, to locate the real roots of 

X* + 4 X — 5 = 0, 

write the equation x* = 5 — 4 x. 

The curves in (5) are now the standard curves 
1/ = x», j/ = 5 - 4 X, 

a cubical parabola and a straight line. 

As a second example, consider 

2 sin 2 X + 1 — X* = 0. 

Write this in the form sin 2 x = ^(x* - 1). 

Then the curves in (5) are the standard curve 

^ = sin 2 x 

and the parabola V = ^(x* — 1). 

89. Newton’s method. Having located a root, Newton’s method 
affords a procedure to calculate its approximate value. 

The figtire shows two points 

P(a./(o)). Q(6./(6)) 


X 

(degrees) 

X 

(radians) 

ctn X 

ctn X — X 

50 j 0.873 

1 root 

0.839 

-0.034 

•10 

o.85r, 

0.869 

+ 0.014 

DilT. 

0.018 

1 

- 0.048 
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on the graph of /(x) on opposite sides of the x-axis. Let PT be 
the tangent line at P (Fig. a). The intercept o' of this line on the 




x-axis is, obviously, an approximate value of the intercept of the 
graph and hence of the corresponding root of J{x) — 0. Newton's 
method determines the x-intercept of PT. 

We find this intercept o' as follows. 'Fhe coiirdinates of P are 
Xi = a, yi = /(a). The slope of PT is nii = /'(a). Hence the e(jualion 
of PT is td), Art. 43; 

(1) 1 / -/(«)=/' (a) (x-o). 


Putting 2 / = 0 and solving for x(= o') gives Newton’s jurmuhi for 
approximation 


(K) 


— a 


m 

/'(a)‘ 


Having found o' by (K), we may substitute a' for a in the right- 


hand member, obtaining 


■ /(o') 

/'(«') 


as a second approximation. The prwess might be continued, giving 
a sequence of values , „ 


approaching the exa<d root. 

Or the tangent may be drawn at Q (Fig. b). Then replacing o 
in (K) by b, we obtain h', and from V we obtain 6" etc., giving values 

b’, b", 6'", . . . 

approaching the exact root. 


lu.usTRATivE EXAMPLE. Find the smallest root (rf 

ctn * — * = 0 ■ 

by Newton's method. 

Solutioo. Here /(x) = ctn x — 

/'(X) = - CSC* * - 1 = - 2 - ctn* *. 
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By the illustrative example of Art. 88, we take a = 0.855. Then, by the table in 

/(a) = 0.014. 

Also, /'(o) = - 2 - (0.869)* = - 2.76. 

Hence, by (JC), o' = 0.855 + = 0.860. Ana. 

If we used h = 0.873 in (K), then 

6' = 0.873 - = 0.861. 

2.704 

By interpolation we found x = 0.860. The above results are valid to three 
places of decimals. 

From the figures on page 132 we observe that the graph crosses 
the x-axis between the tangent PT and the chord PQ. Hence the exact 
root lies between the value jound by Newton’s method and that found by 
interpolction. This statement is, however, subject to the reservation 
that /''(x) = 0 has no root between o and b, that is, that there is no 
point of inflection on the arc t‘Q. 


PROBLEMS 

Determine graphically the number and approximate location of the real 
roots of each of the following equations. Calculate each root to two decimals. 


1. x3 + 2x-8 = 0. 

2. j-* - 4 X -f 2 = 0. 

3. - 8 X - 5 = 0. 


4. x^ - 3 X - 1 = 0. 

6. X* - 3 X* + 3 = 0. 

6. X-’ + 3 x» - 10 = 0. 

7. x-’ - 3 X* - 4 X + 7 = 0. 

8. X* + 2 X* - 5 X - 8 = 0. 

9. 2 x® — 14 X* + 2 X + 5 = 0. 

10. X* + 8 X - 12 = 0. 

11. x^ - 4 x» - 6 X* + 20 X + 9 = 0. 

12. X* + 4 x3 - 6 X* - 20 X - 23 = 0. 


Ans. 1.67. 

- 2.21, 0.54, 1.67. 

- 2.44, - 0.66, 3.10. 

- 1.63, - 0.35, 1.88. 

- 0.88, 1.35, 2.53. 

1.49. 

- 1.71, 1.14, 3.57. 

- 2.76, - 1.36, 2.12. 

- 0.51, 0.71, 6.80. 

- 2.36, 1.22. 

- 2.16, - 0.41, 2.41, 4.16. 

- 4.60, 2.60. 


Determine graphically the number of real roots of each of the following 
equations. Calculate the smallest root (different from zero), using both 
interpolation and Newton’s formula. 

13. co8i + x = 0. Ans. One root; * = — 0.739. 

14. tan X — X = 0. Infinite number of roots. 

18. cos 2 X — X = 0. One root ; x = 0.616. 
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16. 3 sin X — X = 0. 

17. 2 sin X — — 0. 

18. cos X - 2 = 0. 

19. ctn X 4“ x^ = 0. 

20. 2 sin 2 X — X = 0. 

21. sin X 4- X — 1 = 0. 

22. cos X 4* X — 1 = 0. 

23. e~* — cos X = 0. 

24. tan x — log x = 0. 

26. e' + X - 3 = 0. 

26. sin 3 X — cos 2 x = 0. 

27. 2 sin J X - cos 2 X = 0. 

28. tan x ~ 2 = 0. 


Am. Three roots ; x = 2.279. 

Two roots; x = 1.404, 

Two roots ; x = 0,635. 

Infinite number of roots ; x = 3.032, 
Three roots ; x = 1.237. 

One root ; x = 0.511. 

One root ; x = 0. 

Infinite number of roots ; x = 1.29. 
Infinite number of roots ; x = 3.65. 
One root ; x = 0.792. 
Infinitenumber of roots; x = 0.314. 
Infinite number of roots; x = 0.517. 
Infinite number of roots ; x = 1.44. 


29. The inner radius (r) and outer radius (R) in inches of the hollow 
steel driving shaft of a steamer transmitting // horse power at a speed 

of N revolutions per minute satisfy the relation ~ r* = If 


of N revolutions per minute satisfy the relation ~ r* = — - » If 
H = 2500, .V = 160, r = 6, find R. ^ 

30. A cylindrical shell with a hemispherical end has a diameter d in., 
and contains V cu. in. The length of the cylindrical part is h in. Show 


that <P + 2 hd^ = 


Given h = 20, V = 800, find d. Ans. d = 6.77. 


31. The quantity of water Q cu. ft. per second flowing over a weir of 
width B ft. is given by F rancis’s formula 

Q = .3.3 (B - 0.2 H)hK 

where H is the height of the water (the head) above the crest of the weir. 
Given Q = 12.5, B = 3, find II. (Solve the formula for the factor II ’ and 
then plot.) A ns. II = 1.23. 

32. If V cu. ft. is the volume of 1 lb. of superheated steam at a tem- 
perature T° F. and pressure P lb. per square inch, 

V = 0.6490 1 

P pi 

Given V = 2.8, T = 420’, find P. u 

33. The chord c of an arc * in a circle of radius r is / \ 

given approximately by the formula I j 

V ' J 

If r = 4 ft., c = 6.60 ft., find s. Aim. • = 6.23 ft. 
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34. The area u of a circular segment whose arc « subtends the central 

angle x (in radians) is w = J r*(x — sin x). Find the value of x if r = 8 in. 
and M = 64 sq. in. A ns, x = 2.554 radians. 

35. The volume V of a spherical segment 
of one base of height CD = h is 

V = TTirh^ - i /l3). 

Find A if r = 4 ft., V = 150 cu. ft. 

Ans, h — 4.32 ft. 

36. The volume F of a spherical shell of 
radius R and thickness t is 

r = 4 Trt{R^- Rt-¥ J 

Derive this result. If R = i ft. and V is one 
half the volume of a solid sphere of equal 
radius, find i. Am. t = 0.827 ft. 

37. A solid wooden sphere of specific gravity S and diameter d sinks 

in water to a depth h. I^t x = ^ and show that 2 ~ 3 -h S = 0. 

d 

(See Problem 35.) Find x for a maple ball for which S = 0.786. 

Am. 0.702. 

38. Find the smallest p) 08 itive value of 6 for which the curves p = cos d 
and p = c • intersect. Find the angle of intersection at this point. 

Ans. 6 = 1.29 radians; 29^ 


ADDITIONAL PROBLEMS 

1 . Find the angle of intersection of the curves p = 2 cos 9 and p = e* 
at the point of intersection farthest from the origin. 

Am. Point of intersection is 0 = 0.54 radian; 75"" 66', 

2. Show that the curve p = a sin^ \ 9 cuts itself at right angles. 

3. Any radius vector of the cardioid p — a(\ -f cos 9) is OP. From the 
center C of the circle p = a cos 9 a radius of the circle CQ is dra\v7i parallel 
to OP and in the same direction. Prove that PQ is normal to the cardioid, 

4. A square, one of whose diagonals lies along the polar axis, is cir- 
cumscribed about the cardioid p = a(l — cos 9). Show that its area is 
fj(2 -I- V3)a*. 

5. The path of a particle is the ellipse p = - — ^ The particle 

1 — C COB 0 

moves so that the radius vector p describes area at a constant time rate. 
Find the ratio of the velocities of the particle at the ends of the major axis. 

1 -e 

l + e* 



Ana. 
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90. Introduction. Thus far we have represented the derivative of 
s= /(x) by the notation 


dx 


= f(x). 


We have taken special pains to impress on the student that the 
symbol 

dx 


was to be considered not as an ordinary' fraction 
and dx as denominator, but as a single symbol 
the quotient 


Ax 


with dy as numerator 
denoting the limit of 


as Ax approaches zero as a limit. 

Problems occur where it is important to give meanings to dx 
and dy separately, and this is especially useful in applications of the 
integral calculus. How this may be done is explained in what follows. 

91. Definitions. If fix) is the derivative of /(x) for a particular 
value of X, and Ax is an arbitrarily chosen increment of x, then the 
differential of fix), denoted by the symbol d/(x), is defined by the 
equation 

(A) dfix)=nx)Lx = ^Lx. 

dx 

If now fix) = X, then fix) = 1, and (A) reduces to 

dx = Ax. 

Thus, when x is the independent variable, the differential of x(= dx) 
is identical with Ax. Hence, if y— fix), (A) may in general be written 
in the form 

(ff) dy=nx)dx*=^dx. 


*011 Meount of the pcuftion which the d«Hv«tive f*{x) hor« oecupiiw, H h$ tometimes 
c»21«d the difforialitl co«iSd#8t 

1S6 
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The differential of a function equals its derivative multiplied by the 
differential of the independent variable. 

I^et us illustrate what this means geomet- 
rically. 

Draw the curve y—f(x). 

Let fix) be the value of the derivative at P. 

Take dx = PQ, then 

dy = f{x)dx = tan T • PQ = ^ • PQ = QT. 

Therefore dy, or df{x), is the increment (= QT) of the ordinate of the 
tangent corresponding to dx. 

This gives the following interpretation of the derivative as a 
fraction. 

If an arbitrarily chosen increment of the independent variable x for 

point P (x, y) on the curve y = f{x) be denoted by dx, then in the 
derivative 

^ = /'W = tan T, 

dy denotes the corresponding increment of the ordinate of the tangent 
line, at P. 

The student should note especially that the differential (= dy) 
and the increment (= Ay) of the function corresponding to the same 
value of dxi— Ax) are not in general equal. For, in the figure, 
dy = QT, but Ay = QP'. 

92. Approximation of increments by means of differentials. From 
Art. 91 it is clear that Ayi— QP' in the figure) and dy{= QT) are 
approximately equal when dxi— h'Q) is small. When only an ap- 
proximate value of the increment of a function is desired, it is usually 
easier to calculate the value of the corresponding differential and use 
this value. 

Ii.LUSTRATi\x Example 1. Find the volume approximately of a spherical shel! 
of outside diameter 10 in. and thickness in. 

Solution. The volume V of a sphere of diameter x is 

(1) V=iirx>. 

Obviously, the exact volume of the shell is the difference AV between the 
volumes of two solid spheres with diameters 10 in. and 9{ in. respectively. Since 
only an approximate value of AV is required, we find dV. From (1) and (A),. 

<IV=§Jrx*dx, since ^*“i**** 
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Substituting » = 10, dx = — J, we obtain dV = 19.63 cu. in., approximately, 
neglecting the sign, which merely means that decreases as x decreases. The 
exact value is 19.4 ou. in. Note that the approximation is close, for dx is 

relatively small, that is, small as compared with x (= 10). The method would be 
worthless otherwise. 

Illustrative Example 2. Cal^ate tan 46^ approximately, using differen- 
tials, given tan 45® = 1, sec 45® = v^. 1® = 0.01745 radians. 

Solution. Let y = tan x. Then, by (B), 

(1) (iy = sec^xdx. 

When X changes to x 4- dx. y will change to y f dy, approximately. In (1), 
substitute X = 4 ir (45 ), dx ^ 0.0175. Then dy = 0.0350. Since y = tan 45® = 1, 
y ^dy ^ 1.0350 = tan 46 , approximately. Ans, 

(Four-place tables give tan 46 = 1.0355.) 

93. Small errors. A second application of differentials is afforded 
when small errors in ciUculation are to be determined. 

/ Illustrative Example I. The diameter of a circle is found by measurement 
to be 5.2 in., with a ma.ximum error of 0.05 in. Find the approximate maximum 
error in the area when calculated by the formula 

(1) A = J Tx^. (x = diameter) 

Solution. Obviously, the exact maximum error in A will be the change (AA) 
in its value found by ( I ‘ when x changes from 5.2 in. to 5.25 in. The approximate 
error is the corresponding value of dA. Hence 

d.4 =: J Txdx = J T X 5.2 X 0.05 = 0.41 sq. in. Arw. 

Relalive and percentage errors. If du is the error in u, then the ratio 

(2) — = the relative error ; 

(3) 100 — = the percentage error, 

w 

The relative error may be found directly by logarithmic differen- 
tiation (Art. 66). 

Illustrativ'e Example 2. Find the relative and percentage errors in the 
preceding example. 

SoIuttoxL Taking natural logarithms in (1). 

log A = log i T 4- 2 log X. 

Differentiating, T ^ ~ ^ ^ 

A dx X Ax 

Substituting x := 5.2, dx = 0.05, we ffnd 

Relative error in A = 0.0192 ; percentage error = 1 Ana, 

The errors in calculation considered here are due to small errors 
in the data upon which the calculation is based. The latter may 
arise from lack of prf»cirion in the measurements or from other causes. 
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PROBLEMS 

!• If A is the area of a square of side x, find dA, Draw a figure show- 
ing the square, dA, and AA. Arts. dA = 2 x dx. 

2. Find an approximate formula for the area of a circular ring of 
radius r and width dr. What is the exact formula ? 

Ans. dA = 2 wrdr; A A = 7r(2 r -f Ar)Ar. 

3. What is the approximate error in the volume and surface of a cube 
of edge 6 in. if an error of 0.02 in. is made in measuring the edge? 

Ans. Volume, db 2.16 cu. in. ; surface, ± 1.44 sq. in. 

4. The formulas for the surface and volume of a sphere are 5 = 4 xr* 
and V = ^ xr^. If the radius is found to be 3 in. by measuring, (a) what 
is the approximate maximum error in S and V’ if measurements are accu- 
rate to 0.01 in.? (b) what is the maximum percentage error in each case? 

Ans. (a) 5, 0.24 x sq. in. ; V, 0.36 x cu. in.; 
(b)S. 1%: V, 1%. 

6. Show by means of differentials that 

— (approximately). 

X + dx X X‘‘ 

6. Find an approximate formula for the volume of a thin cylindrical 
shell with open ends if the radius is r, the length h, and the thickness L 

Ans. 2 TrrhL 

7. A box is to ho constructed in the form of a cube to hold 1000 cu. ft. 

How accurately must the inner edge be made so that the volume will 
be correct to within 3 cu. ft.? Atis. Error ^ 0.01 ft. 

8. If y = and the possiljle error in measuring x is 0.9 when x = 27, 

what is the possible error in the value of ?;? Use this result to obtain ap- 
proximate values of (27.9)*' and (26.1)''. Am. 0.2; 9.2; 8.8. 

Use differentials to find an approximate value of each of the following 


expressions. 




9. V^. 

11. v'rio. 

13. 

15. 

10. V98. 

12. v^ioio. 

V5l- 

16. -Ms. 


17. If In 10 = 2.303, approximate In 10.2 by means of differentials. 

Ana. 2.323. 


18. If e* — 7.39, approximate by means of differentials. Ans. 8.13. 

19. Given sin 60° = 0.86603, cos 60° = 0.5, and 1° = 0.01745 radians, 
use differentials to corhpute the values of each of the following functions 
to four decimals: (a) sin 62°; fb) cos 61°; (c) sin 69°; (d) cos 58°. 

Atw. (a) 0.8836; (b) 0,4849; (c) 0.8573; (d) 0.6802. 
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20. The time of one vibration of a pendulum is given by the formula 

21 

(i = — , where i is measured in seconds, g = 32.2, and /, the length of the 
Q 

pendulum, is measured in feet. Find (a) the length of a pendulum vibrat- 
ing once a second ; (b) the change in i if the pendulum in (a) is lengthened 
0.01 ft. ; (c) how much a clock with this error would lose or gain in a day. 

Am, (a) 3.26 ft. ; (b) 0.00153 sec. ; (c) — 2 min. 12 sec. 

21. How exactly must the diameter of a circle be measured in order 
that the area shall be correct to within 1 per cent? Am, Error ^ J . 

22. Show that the relative error in the volume of a sphere, due to an error 
in measuring the diameter, is three times the relative error in the radius. 

23. Show that the relative error in the nth power of a number is 

n times the relative error in the number. ^ 

24. Show that the relative error in the nth root of a number Ls - times 
the relative error in the number. 

25. When a cubical block of metal is heated, each edge increases 
^ per cent per degree increase in temperature. Show that the surface 
increases ^ per cent per degree, and that the volume increases per cent 
per degree. 

94. Formulas for finding* the differentials of functions. Since the 
differential of a function is its derivative multiplied by the differen- 
tial of the independent variable, it follows at once that the formulas 
for finding differentials are the same as those for finding derivatives 
given in Arts. 29 and 60, if we multiply each one by dx. 

This gives 


I 

d{c) = 0. 

II 

<f(x) = dx. 

III 

d(u V — w) = du + dv — die. 

IV 

d(cv) — cdv. 

V 

d{uv) =udv + vdu. 

VI 

d(p“) = nr"~'dr. 

VI o 

d(x") = nx"~’ dx. 

VII 

j/«\ vdu — udt 


Vp/ 

VII o 



\cl c 

X 

d(\n v) = — • 

V 

XI 

d(a’) = a* In 0 dv. 

XI o 

"ts 

II 

s 

XII 

= wi’”' du + In 

XIII 

d(iBn v) = cos vdv. 
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XIV d(co8 ®) = — sin vdv. 

XV d(tan v) = sec^ vdv. Etc. 

XX d(arc sin v) — —j^L==- Etc. 

V 1 — v^ 

The term ''differentiation” also includes the operation of finding 
differentials. 

In finding differentials the easiest way is to find the derivative as 
usual, and then multiply the result by dx. 

ILIA STRATIVE EXAMPLE 1 . Find the differential of 

_ 14-3 
x^+ 3 ' 

Solution. dy =: d(^) = ^ 

^ U- -f :i/ IX* + 3 )'' 

_ i x‘ f 3 )(/x - (r + 3 j 2 X Jx (3 — 6 X — x^xix 

” (xM- 3 r' *” (x^-f 3 ;'‘ 


Solution. 


>• Ans, 


IiJA STRATiVK Kxamplk 2 . Find dy from 
b'^x^ — a*y^ = a^b^. 

Solution. 2 h'^x dx — 2 a-y dy = 0 . 

dy = ~ dx. Atw. 
a^y 

Illi strative Example 3 . Find dp from 

p-» — cos 2 6 . 

Solution. 2 p dp = — sin 2 ^ • 2 d^. 


dp = - 


dO, Ans, 


I LU STRATI VE EXAMPLE 4. Find d[arc sin (3 t — 4 P)]. 

Solution. d[arc sin (3 / — 4 P)J = — — — 5 =^==:. Ans. 

\ 1 ~ (3 / - 4 V 1 ~ ^2 


PROBLEMS 


Find each of the following differentials. 


1 . y = — 3 X. 

o s . a 

2. ^ = “ H — 

ax 

3. u = Vox “h 6. 


4. y = X Va** — x^ 


Atis, dy = 3(x^ — l)dx. 

a dx 

*' ^ ~ 2Vax + b' 

(a^ - 2 x^)dx 
dy = — 7 ===^. 

Va-^ - x^ 

(is = ab<’^* dt. 
j dr 


dp- a cos a$ d$n 


5. s — 

6. w In cr. 

7. p =: sin aft 
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8. 1 / = In sin x. 

9. p = 0 cos 

10. S = cos Tft, 


Am. dy = ctn x dx. 

dp = (cos 0 — Oain 0)d0. 
ds = 6* (cos — TT sin Trt)dL 

Find the differential of each of the following functions. 


12. u = Ve" + 1. 

13. j/ = 


Va-’ - X* 


1. o • ® 

15. p = 2 sm -• 

16. s = e «n 6/. 

17. p = Vein 0. 


14. 




4* X 


18. 

X dx 

y 


. 2 / = In 


6x~5 
3x‘ 


19. If 4* 1/^ = show that dt/ — 

Find di/ in terms of jt, ?/, and dx from each of the following equations. 

20. 2 x2 4 3 Ji/ 4 4 i/2 = 20. 


21. 4 6 xy- 4 2 i/* = 10. 

22. X 4- 4 Vxy 4 2 !/ = a. 

23. Vx + Vi/ = Va. 


^ j (4x43 v)dx 

Amj?. d{/ = - ■!-- — — 

3 X + 8 V 

24. x^ + = a}. 

25. X - y = 

26. sin (x — y) = cos (x + y). 

27. The legs of a right triangle are found by measurement to be 
14.5 ft. and 21.4 ft. respectively. The maximum error in each measure- 
ment is ±0.1 ft. Find the maximum error in degrees in calculating the 
angle opposite the smaller side by using the formula for the tangent of 
that angle. 

95. Differential of the arc in rectangular coordinates. IjCI s be 
the length of the arc AP measured from a fixed point A on the 
curve. Denote the increment of s (= arc PQ) by As. The following 
proof depends on the assumption that, as Q ap- 
proaches P, 

PQ 


,. /chord 

liml - 

\ arc PQ 


From the figure, 

(1) (Chord PQ)2 


X 





1 

0 



(Aa:)2 -f (Ay)*. 

Multiplying and dividing by (As)* in the left-hand member and 
dividing both members by (Ax)*, we get 


( 2 ) 


^ Chord PQ J^ 


Ax) ' 
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Now let Q approach P as a limiting position ; then Ax —» 0 and 
we have 



Multiplying both members by dx^, we get the result 
(O ds* = dJt* + dy2. 

Or, if we extract the square root in (3) and multiply both members 
by dx, I 

(D) = 

FYom (Q, we may readily show also that 



All these fonns are useful. 

From (D), since 

1 + 1 + tan-r = sec^r. 


we obtain ds = sec r dx, assuming the angle r to be acute. Hence 
we may easily prove 


if) 


dx dy 

— = cos r, — = sm r. 
ds ds 

l‘lU — . ’l£ — Ian pog r= sin t. 

I a* (tJ ds 


For later reference, we add the formulas, setting V' — 


(G) 


cos T = 


1 


Sin 


(1 + y’*)’ 


y' 

’■ = — ^ — r* 
d+y'*)' 


If the angle t is obtuse (y' < 0), a negative sign mu.st be placed before 
the denominators in (G) and before cos t in (f ). 

In the accompanying figure, PQ = Ax = dx, 

PT is tangent at P, and t is acute. Angle 
PQT is a right angle. 

Therefore QT — tan t dx = dy. By Art. 91 
Then PT = Vdx^ + dy^ = ds. By (C) 



The figure will help in memorizing the relations above. 

The assumption made at the beginning of this article is proved 
in Art. 99. 
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96. Differential of the arc in polar coordinates. From the relations 

(1) X = p cos d, y = p sin 0 

between the rectangular and polar coordinates of a point, we obtain, 
by V, XIII, XIV, of Art. 94, 

(2) dx = cc^ 6 dp — p sin Odd, dy = sin 6 dp + p cos Odd. 


Substituting in (C), Art. 95, reducing, and extracting the square 
root, we obtain the result 

(H) ds = Vdp* + 


This may be written 
(/) ds = 



The figure is drawn so that the angle ^ 
between the radius vector OP and the tan- 
gent line PT is acute (Art. 85L .Mso p, A0, 
and Ap (= 01*' — OP) are positive. Take 
p for the independent variable. Then 
Ap = dp. In the right triangle PQT, take 
PQ = dp. Then QT = tan dp. 



But 

Therefore 

hence 


* , dd 

tan — p ZT' 
dp 

QT = p~dp = pdO; 
dp 

PT = V(/p- + p- = ds. 


By (H), Art. 8.') 
by (B) 
By (//) 


Illustrative E.xample 1. Find the differential of the arc of the circle 
= r». 


Solution. Differentiating, 


dji _ 

dx y 


To find dx in terms of x we substitute in (/)), giving 


To find ds in terms of y we substitute in (£), giving 




+ 




Illustrative Example 2. Find the differential of the arc of the cycloid 
X = ai$ - sin d), y = a(l — coe 6), in terms of 0 and dd. (See Illustrative Eat- 
ample 2, Art. 81.) 

Solution. Differentiating, 

dx ss a(l - coe 0)d$, dy^atdnddd. 
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Substituting in (C), 

ds^ = a*(l ~ cos eydd^ -I- a> 6 dO^ = 2 a*(l - cos e)deK 
From (6), Art. 2, 1 — cos ^ = 2 sin’ \ 0 , Hence ds = 2 asm I 6 dO. Ans. 

Illustrative Example 3. Find the differential of the arc of the cardioid 
p = a(l — cos 0 ) in terms of 0 , 

Solution, Differentiating, ^ = a sin 0 , 

du 

Substituting in (f) gives 

ds = [a-(l — cos 6 )^ “ha^sin-^ 0 ]^dd~a (2 — 2 c<ysO)^dO = a^A sin’^j^d^ = 2 a sin 


PROBLEMS 

For each of the following curves find ds in terms of x and dx. 

1. 


?/ 


=: X-. 

2 pj. 


2. 2/= 

3. -h a*f/" 

4. f) xy = X * -f 3. 

5. y — 1 n sec x 

6. a~// ™ 

7. ay- '■=: r \ 

8. V.r -f V// 


a‘6’. 


VTi. 


Ans. ds = Vl -f X* dx. 
ds 


j la^ — (a- — j 

ds == X / :: — 7^ — dx. 

\ — X-) 


ds 


(x* -f 1 )dx 


2 x2 

ds = sec X fix. 
9. 2 y = e' c”^. 

10. y = sin x. 

11. 7/ = cos’ X 


For each of the following curves find ds in terms of y and dy, 

12. y^ = 2 ;)x. 


P 


13. air - x-^, 

14. x^ -f 1/^ ~ a^. 
16 . a’// = X*. 


ds = 


n/o 4- 4 a^ dy 


3 y^ 



16. 2 X - 3 ?/ = 0. 17. 2 xy2 - t/’ ~ 4 = 0. 


For each of the following curves find ds, sin r, and cos r in terms of 
< and d(, 

18. x = 2fF3, 

19. X = 3 t\ 17 = 2 i\ 


20. X = a sin f, t/ = a cos /. 

21. X = 4 cos /, 27 = 3 sin t. 
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For each of the following 

22. p = a cos 6 . 

23. p = 5 cos 0 4* 12 sin 0. 

24. p = 1 — sin 0. 

25. p = 3 sin 0 - 4 cos $. 

26. p = 1 -f cos 0, 

27. p = sec- 1* 

28. p 2 “■ cos 0. 


curves find ds in terms of 0 and d9. 

Am. ds = a dd. 

ds = 13 d0, 

ds = V2 2 sin ^ d0. 

30. p — a oas n0. 

31. p = 4 sin^ 

(i 


82. p 


33. p ^ : 


1 -h CO S ^ 
4 


3 — cos 0 


29. p = 2 -f 3 sin 0. 


34. p = 


4 

1—3 cos 0 


97. Velocity as the time-rate of change of arc. In the discHission of 
curvilinear motion in Art. 8.3, the velocity, or, more correctly, the 
speed V was given by (£), 

( 1 ) 

By (C) and (D) in Art. 83, 

Substituting in (1), using differentials and (C), Art. 95, the result is 

dt- dt‘ 

Extracting the square rfM:)t, taking the fK>.sitive sign, we have 



Hence, m curnlinear motion the speed of the moving point is the 
time-rate of change of the length of are of the path. 

This statement should l)e compared with the definition of velocity 
in rectilinear motion as the time-nit«! of change of distance (Art. 51). 

98. Differentials as infinitesimals. In applied mathematics differ- 
entials are often treated as infinitesimals (Art. 20), that is, as vari- 
ables approaching zero as a limit. Conversely, relations between 
infinitesimals are frequently e.stablished in which these are replaced 
by differentials. The ’’principle of replacement” involved here is 
very useful. 


i-,2. 

dx du 

^ dt dt 
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If X is the independent variable, we have seen that Ax = dx, and 
thxis Ax '}nay be replaced by dx in any equxUion. If Ax ~ ^ 0, so will 
also dx — ♦ 0. On the other hand, H^y and dy are not in general equal. 
But, when x has a fixed value and Ax (- dx) is an infinite.simal, so 
also is Ay, and, from (B), Art. 91, dy as well. Furthermore it is easy 
to prove the relation 

(1) lim ~ = 1. 

.ooy 

Proof. Since lim ~ 

.ix ^ 0 Ax 

we may write -- = J'(x) + i, if lim i = 0. 

Ax Ax .0 

Clearing of fractions, and using (B), 

Ay = dy + > Ax. 

Dividing both members by Ay, and tran.six)sing, the result is 

= 1 - / ^ 

Ay Ay 

Hence lim ~ 1, or also lim = 1. Q.E.D. 

Ax . 0 Ay Ax 0 dy 

We now state, without i)rcK>f, the 

Replacement Theorem. In profdem^ inrolviny only the ratios of in- 
finitesimals which simultaiieiiHsly approach zero, an infinitesimal may 
he replaced by a second iyiftnilesimal so related to it that the limit of their 
ratio is unity. 

PVom the above thwrem, Ay may be replaced by dy, and, in 
general, any increment by the corresjwnding differential. 

In an equation which is homogeneous in inlinite.simals the above 
theorem is .simple in application. 

lu.esTRATiVH Exampi-K 1. By (5), p. 3, if X = { i, 1 - cos i = 2 sin’ i f. Let 
t be an infinitesimal. Then, by (B), ,\rt. 6S, sin i may Ik* replaced by f, sin’ J i 
by I i’, and therefore 1 — cos i by J i’. Atso tan i (= cos t .sin «) may be replaced 
by i. 

Illustrative Example 2. In (\), .^rt.S.'i. all quantities are infinitesimals 
ultimately, since Ax -•0. The equation is homogeneous, each term being of the 
second degree. By the theorem, we may replace the infinitesimals as follows: 

Chord PQ by arc PQ = As, and As by da ; Ay by dy : and Ax by dx. 

Then (1) becomes da’ = dx’ + dy’, that is, (C). 
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99. Order of infinitesimals. Differentials of higher order. Let i and 
y be infinitesimals which simultaneously approach zero, and let 

lim i = L. 

t 

If L is not zero, i and j are said to be of the sante order. 

If L — 0, y is said to be of higher order them i. 

If L becomes infinite, j is said to be of lower order than i. 

Let L = 1. Then j — i is of higher order than i. 


fum ( 


^ = Urn i - 1 -r: 0.1 

L V 

t J \> 

/ 1 1 


The converse also is true. In this case (/. — 1), y is sjiid to differ 
from i by aw infinitesimal of higher order. 


For example, dy and A-r are of the same order if neither vanishes nor 
becomes inthiite. Then Sy and Ax are of the sam(* order, hut Ai/ - dy is of hiRher 
order than Ax. For this rea.son dy is called the ’’principal part of Sy/* Obv'iously 
powers of an infinitesimal i are of higher order than i. 


Illustrative Example. Prove the assumption of Art. 95, 


\ arc PQ / 

Solution. In the figure we have, by geometry. 

chord PQ < arc PQ < PT 4- TQ. 

Therefore, by di\iHion, 

ar ^Pg.. ^ 

chord PQ chord PQ chord PQ 



Now 

and hence 


chord PQ -■ 
PT 


■ sec (t> Ax, PT — sec r Ax, TQ 
sec r 


chord PQ 
PT 


sec (p 


TQ ^ A|/ -- 


Ay - dy, 

- dy 


Then ( - — — — 'l = 1 ( —IM — \ ~ o 

^ . 0 ! chord t’Q) ' Ar -oUhord I’Q}^ 




Ax -oVchord 


1 . 


Differentials of higher order. IxCt y = fir). The equation 
d'^V Ax-’ = y" Ax" 

defines the second differential of y. If y” neither vanishes nor Im-omes 
infinite, d'-y is of the same order as Ax" and therefore of higher order 
than dy. In a similar manner <f*y, • • •, d^y may be defined. 


PROBLEM 

In triangle A BC the sides a, b, c are infinitesimals which simultaneously 

approach zero, and c is of higher order than b. Prove lim - = 1. 

h 



CHAPTER X 

CURVATURE. RADroS AND CIRCLE OF CURVATURE 


100. Curvature. In Art. 55 the direction of bending of a curve 
wa.s discussed. The shape of a curve at a point (its flatness or sharp- 
ness) depends upon the rate of change of direction. This rate is called 
the curvature at the point and is denoted by K. Let us find the 
mathematical expression for K. 

In the figure, V is a second point on 
a curve near P. When the point of con- 
tact of the tangent line describes the 
arc PP'{=- As), the tangent line turns 
through the angle At. That is. At is 
the change in the inclination of the tan- 
gent line. We now set down the follow- 
ing definitions. 

= average curvature of the arc PP'. 

The curvature at P (~ K) is the limiting mine of the average curvature 
U'hen P' a!>proarhes P as a limiti)ig position, that is 

At c/t 

(A) K = lim •— = •—= curvature at P. 

.Vs • 0 As as 

In formal term.s the curvature is the rate of change of the inclination 
u ith respect to the arc (compjire Art. 50). 

Since the angle At is measured in radians and the length of arc As 
in units of length, it follows that the unit of curvature at a point is one 
radian per unit of length. 

101. Curvature of a circle 

Theorem. The curvature of a circle at any point eqttals the reciprocal 
of the nuiins, and is therefore the same at 
all points. 

Proof. In the figure the angle At be- 
tween the tangent lines at P and P' equals 
the central angle PCP' between the radii 
CP and CP'. Hence ^ 

^ angle PCP' ¥ 1 

As ~ As Aa R 

14 » 
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since the angle PCP" is measured in radians. That is, the average 
curvature of the arc PP' is equal to a constant. Letting As — ♦ 0, we 
have the result stated in the theorem. 

From the standpoint of curvature, the circle is the simplest curve, 
since a circle bends at a uniform rate. Obviously, the curvature of a 
straight line is everywhere zero. 

lOS. Formulas for curvature ; rectangular coordinates 

Theorem. When the equation of a curve is given in rectangular co- 
ordinates, then 

u" 

(B) A = — it s, 

( 1 +!/'*)■« 

tchere y' and y" are, respectively, the first and second derivatives of y 


toith respect to x. 


Proof. Since r = arc tan \fi , 


differentiating, we have 


(1) = tL 

^ ^ di 1 + y'^ 

By XXII, Art. 60 

But 


(2) + 

By (3), Art. 95 

Dividing (1) by (2) gives (5). 

Q.E.D. 


EIxjbrcise. If y is the independent variable, show that 
(o K= 

(1 + 

where x' and x" are, respectively, the first and second derivatives 
of X with respect to y. 

Formula (C) can be used as an alternative formula in ('.ases where 
differentiation with respect to y is simpler. Also, (B) fails when y' l)e- 
comes infinite, that is, when the tangent at P is vertical. Then in (C) 

x' = 0 and K = - z” . 

Sign of K. Choosing the positive sign in the denominator of (B), 
we see that K and y" have like signs. That is, K is positive or nega- 
tive according as the cun^e is concave upward or concave downwfml. 

IixusntATiVB Example 1. Find the curvature of the parabola v’ — 4x 
(a) at the point (I, 2) ; (b) at the vertex. 

Solutioiu = = 

y dxXyl v’ 

(a) Wh^ and then = ~ Substituting in (B), 

JE ss — J =s — 0,177, Hence at (1, 2) the curve ia concave downward and the 
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inclination of the tangent is changing at the rate 0.177 radian per unit arc. Since 
0.177 radian = 10® 7\ the angle between the tangent lines at P(l, 2) and at a point 
Q such that arc PQ = 1 unit is approximately 10®. 

(b) At the vertex (0, 0), y' becomes infinite. Hence use (C). 




2 dy 2* 


A = — -• Ans. 


Illustrative Example 2. Find K for the cycloid (see Art. 81) 
X = a(6 — sin 0), y = a(l — cos 6). 

Solution. In Illustrative Example 2, Art. 81, we found 

y' ^ . . 

1 — COS d 

Hence 1 4 - = -j — ? — - . 

1 " cos ^ 


Also, in the Illustrative Example, Art. 82, it was shown that 


Substituting in (B), 


y - 


1 


an — cos 6 )'^ 

1 1 


2 a \ 2 — 2 r 08 0 4 a sin J 


Ans, 


103. Special formula for parametric equations. From equation (A), 
Art. bl, we have, by clifTerentiation, 


(1) 


dj^d^y _ dyd‘‘X 
dy' _ dtdt- dtdt‘ 



Whence, using (B), Art. 82, and substituting in (B), Art. 102, and 
reducing, we obtiiin 

xY’ - u'x" 

(D) K = L. 

where the accent^i indicate derivatives with respect to t ; that is, 
dr n d-r dy _d-y 


dt 


„ 

'X , 

dt^ 


y 


dt 


y 


dC- 


P’ormula (D) is convenient, but it is often better to proceed as in 
Illustrative Example 2, Art. 102, finding y' as in Art, 81, y" as in 
Art. 82, and substituting directly in (B). 

104. Formula for curvature; polar coordinates 

Theorem. When Oie eqtiatim of a curve is given in polar codrdinaies. 


(£) 


K 


fi» + 2p'*-pp" 
QP + p^l 
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where p' and p” are, respectively, the first and second derivatives of p 
with respect to d. 

Proof. By (/), Art. 85, r = 6 
Hence 

(1) ^ = 1 + #. 

de ^ de 


Also, by (H), Art. 85, ^ = arc tan 

P 


Hence 

Then, by (1). 

( 2 ) 

From (7), Art. 96, 

( 3 ) 


d}k = p ':-pp" . 

dd p'^ + p- 


P^ + p'* 
(p* -f p'-)^- 


Di\'idinK (2) by (3) gives (£). 


O.E.D. 


Illcstrativk Example. Find the curvature of the ioKarithmio spiral p -- p"* 
at any point. 


Solution. 


p' = = ap ; ^ = p" = = a-p. 

aU^ 


Substituting in (E), 


K = ==:• Arti?. 

p\ 1 -f <2^ 


105. Radius of curvature. The radius of curv ature R at a point 
on a curv'e equals the recriprcx^al of the curv'ature at that |>oint. Uenire, 
from (B), 

(P) = 


Illcstrativk Kxamplk. Find the* radius of curvature at any point of the 


catenary y 


Solution 


y - |(^i 4. g a] [figure in Chapter XXVI i. 
ion. y' — e ‘*) ; «)=-^. 

1 4 .y'= = 1 -e a) Z) yl ... 


/J — IL. . Arw. 

a 


106. Railroad or transition curves. In laying out the curves on a 
railroad it will not do, on account of the high speed of trains, to pass 
abruptly from a straight stretch of track to a circular curx'o. In 
order to make the change of curvature gradual, engineers make use 
of transition curves to connect the str^ght part of a track with a 
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circular track. This curve should have zero curvature at its point 
of junction with the straight track and the curvature of the circular 
track where it joins the latter. Arcs of cubical parabolas are generally 
employed as transition curves. 

I 1 . 1 .CSTKATIVK Kxami’I.K. The transition curve on a railway track has the shape 
of an arc of the cubical parabola 1 / = J z*. At what rate is a car on this track 
chaiiKint; its direction (1 mi. = unit of ienffth^ when it is passing through (a) the 
point (.i, 9)? (b; the point (2, J )? (c; the point (1, J)? 

Solution. ^ 2 X. 

dx dx^ 

Substituting in (B), K — — 

(1 + 

(a) At (3, 9), K = — - — radian per mile — 28' per mile. Ans, 

{82j^ 

(b) At ^2, K -- — i-- radian per mile = 3® 16' per mile. Am, 

( 17)2 

fci At (I, ]), K = radian per mile = 40" 30' per mile. Am, 

(2?3 ^ 2 

107. Circle of curvature. Consider any point P on the cur/e C. 
The tangent line drawn to the curve at P has the stime slope a-s the 
curve itst'lf at P (.Art. 42). In an analogous 
manner we may eon.striict for each {toint of the 
curve a tangent circle whose curx’ature is the / 
siime ;us the curvature of tlie curve itself at that \ 
point. 'J'o do this, jiroewd as follows. Draw ' 

the nontial to the curve at P on the concave 
si<le of t he curx'e. Diy off on this normal the dis- 
tance Pc ~ radius of cuiwature (-= K) at P. With c as a center draw 
the circle passing througli P. The curxature of this circle is then 



which also equals the curwature of the curv^e itself at P. The circle 
so constructed is called the circle of currature for the point P on 
the curve. 

In general, the circle of curvature of a cun-e at a ix)int will cross 
the cur\'e at that point. This is illustrated in the above figure. 
((Amipare with the tangent line at a point of inflection (Art. 57).) 

Just as the tangent at P shows the direction of the cur\"e at P, so 
the circle of curvature at P aids us very materially in forming a geo- 
metric concept of the curvature of the curve at P, the rate of changes 
of direction of the curve and of the circle being the same at P. 
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In a subsequent section (Art. 114) the circle of curvature will 
be defined as the limiting position of a secant circle, a definition 
analogous to that of the tangent 
given in Art, 28. 

ItxusTRATivB EXAMPLE. Find the ra- 
dius of curvature at the point (3, 4) on the 
equilateral hyperbola xy = 12, and draw the 
corresponding circle of curs'ature. 


Solution. 


dx X 


dx^ 


For (3. 4), ^ ^ 
dx 


4 ^ _ 8 

3' dx‘ 9‘ 

li 


,.R = lim* = i25 = 5A. 

24 



The circle of curvature crosses the curve at two points. 


Illustrative Example 2. Find R at (2. 1) for the hyperbola 

4- 4 xy - 2 10. 

Solutioo. Differentiating, regarding y as an implicit funtnion of x, we get 
X ^ 2 y 2 xy' - 2 yy' -- 0. 

Differentiating again, regarding y and y' as impHcii functions t*f x, we get 
1 4- 4 y' ~ 2 y'- 4- 2(x - y)y" ^ 0. 

Substituting the given values x = 2, y = 1, we find y' — 2, y'* ~ V- 
Hence, by (F), K = § v o. A ns. 

The method of this example (namely, regar<iing y and y as implicit functions 
of x) can often be used to advantage when only the numerical values of y' and y" 
are required, and not general expressions for them in terms of x and y. 


PROBLEMS 


Find the radius of curv'alure for each of the following curvets at the 
point indicated. Draw the curve and the corresponding circle of curvature. 


L 2|/=:x2; (0, 0). 

2. (2, i). 

3. = (1, 1), 

4. y = sin x; (J tt, 1). 

6. y = (0, 1). 

6. x^-4y3:r9; (5,2). 

7. y^ = x« + 8; (1,3), 


li — I, 

li = jVn. 

« = V vIj. 

1 . 

R - 2 V 2 . 

8. y = 2 sin 2 (I jt, 2). 

9. V = tanx; tt . 1). 
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Calculate the radius of curvature at any point (xi, yi) on each of 
the following curves. 


10. y == x^. 

11 . 1/2 2 px, 

12 . 

13. 52x2 -f = a^b^. 

14. x^ -f 1/^ = clK 

16. x^ -f t/^ = a^. 

16. X ~ r arc vers ^ 

r 

17. ™ In sec x. 


i4na. « = 

6 xi 


^ + a*y\^ 
a^¥ 


ri ry y\ 


R = 3(axi|/i)*. 
R = 2^/2 ry I , 
/? = sec xi. 


18. If the point of contact of the tangent line at (2, 4) to the parabola 
2/2 = 8 X moves along the curve a distance As = 0.1, through what angle, 
approximately, will the tangent line turn? (Use differentials.) 

19. The inclination of the curve 27 y = x^ at the point A (3, 1) is 45®. 
Use differentials to find approximately the inclination of the curv^e at the 
point H on the curve such that the distance along the curve from A to B 
is As = 0.2 units. 

Calculate the radius of curvature at any point (pi, di) on each of 
the following cur\i*s. 


20. The circle p = a sin d. 


An^. R = i a. 


21. The spiral of Archimedes p = aO. (Fig., p. 534) 

22. The cardioid p = a(l — cos 0), (F'ig., p. 533) 

23. The lemniscate p^ == cos 2 0, (Fig., p. 532) 

24. The parabola p = a sec^ J 0, (Fig., p. 537) 

26. The curve p = a sim^ J 0, 

26. The trisect rix p = 2 a cas 0 — a. 

27. The equilateral hyperbola p^ cos 2 = a*. 


(p.^4-a^V 

p;2-f 2a'^ 

Ii= iv '2 opi. 


3 Pi 

R = 2 a sec^ } 0i. 

/? = I a sin^ J 01 . 

- a(5— 4 cos 
9 — 6 cos 01 


R = ^. 

a* 


28. The conic p = 

1 - *C08® 


^ _ a(l — c*)!'! - 2 f cos ^1 + e*)^ 
(l-ccostfi)® 



156 


DIFFERENTIAL CALCULUS 


Find the radius of curvature for each of the following curves at the 
point indicated. Draw the curve and the corresponding circle of curvature. 

29. j- = 2 <. y = - 1 : f = 1. 

30. a- = 3 y = t=l. 


31. X = 2 r', y 


/ = 0. 


32. X = a cos t, y = a sin t; I = ti 

33. x=^2M/ = y; f = l. 

34. X = /- + 1, y = F - 1 : / = 1. 

35. X = 4 cos 1 / ~'2sinf; ?/ = 1 . 


Ak.s. h‘ - iV'I. 

K = «. 

/v> = 2\/2. 

/{ ---■ a. 

36. X = 2 sin ^ ij cos 2t;f - tt. 

37. X “ tan t, y — ctn t ; i \ tt. 

38. X — / — sin /, ?/ - 1 ~ cos t ; t -- tt. 


39. Find the radius of curvature at any point it ti * on the hypocy- 

cloid X = a cas' t, ij ~ a sin^ (. Ana. K -- 2 a .sin ^ cos 

40. Find the radius of curvature at any point \J = /i ) on the involute 

of the circle x = a,co« / + < sin f 

y = a I sin t ~ / cos fi. Am^. U - at\. 

41. Find the point on the curve y = e' where the curvatun* is a 

maximum. x ■- - (>.247. 

42. Find the points on the curve 3 t/ = — 2 x where the curvature 

is a maximum. Ayu^. x ” -fc 

43. Show that the radius of curvature becomes infinite at a jioint of 
inflection. 


44. Given the curve y = 3 x - x^. 

(a,j Find the radius of curvature at the maximum point of the curve 
and draw the corresponding circle of curv^ature. 

H)' Prove that the maximum point of the curve is not the (loint of 
maximum curvature. 

fc; Find to the nearest hundredth of a unit the ah.scissa of the point 
of maximum curvature. An.-^. x 1.01. 

45. Find the radius of curvature at each maximum and minimum 
point on the curve i/ ™ x‘ — 2 x*. Draw' the curve and the circlf^ of cur- 
vature. Find the points on the curve w’here the radius of curvature i.s a 
minimum. 

46. Show that at a point of minimum radius of curvature on the 
curve y = f{x) we have 



47. Show that the curvature of the cubical parabola 3 a^y = x^ in- 
creasf>s from zero to a maximum value when x increases from zero to 

4 ^ 

ia\ 125. f'ind the minimum value of the radius of curvature. 

An9^ 0.983 a. 
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108. Center of curvature. The tangent line at P(x, y) has the 
prop<jrty that z, y, and y' have the same values at P for the tangent 
line and the curve. The circle of curvature at P has a similar prop- 
erty; namely, z, y, y', and y" have the same values at P for the 
circle of curvature and tlie curve. 


Dffinition. The center of curvature {a, (i) for a point P(x, y) on 
a curie /s the center of the circle of curvature. 

Theorem. The coordinates (a, ji) of the center of curvature for 
]‘(x, y) are 


(G) 




. p = y + 


(1 + y'^) 


Proof. The eiiuation of the circle of curvature is 


(li (x-cx)--f- (y- = 

where A' is given by (F). Differentiating (1), 




v' 


X — a 

V- 


R- 

i.y - ti)'^ 


From the s(‘cond of the.s(^ equations, after substituting the value 
of R from (f ), we obtain 


FI' 




y 


From the first of e(iuations (2b we get, u.sing (,:U, 


(‘F 


„ - - - li) 


Solving in (lU for 3, in (4) for or, we 
have(G). Q.E.D. 

Kxkkci.sk 1. Work out (G) di- 
nn-tly from th(' accompanying figure, 
using (G), Art. %. (o- — x — R sin t, 
3 ~ y b R <‘os T, etc.’! 

Fxkrc'Isi: 2. If x' and x” are, re- 
sp<‘ctively, the first an<l si'cond deriv- 
atives of / w'ith resiKK-t to y, derive 
(G) in the form 

1 -f- 

(H) a = x + 0 = y 



xTl -t- x^) 
x" 


Fonnuhus (H) may l>e u.sed when y' becomes infinite, or if dif 
ferentiation with resjK'ct to y is simpler. 
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Illustrative Example. Find the coordinates of the center of curvature of 
the parabola y^-ipx corresponding (a) to any point on the curve ; (b) to the 


vertex. 

Solution. Use (H), Then x* = * x” = 

J p ^ p 

Hence a = x -f ^ = 3 x + 2 p, 

±A r!1 = ... . 

^ ^ A 4 p^ 

Therefore (a) ^3 x -f 2 p, — Is the center v>f 

curvature corresponding to any point on the curve. 

(b) (2 p, 0) is the center of curvature corresponding 
to the vertex (0, 0). 



From Art. 57 we know that at a point of inflection (as Q in the 


next figure) 


dx^ 


0 . 


Therefore, by (B), Art. 102, the curvature A' — 0 ; and from (f), 
Art. 105, and (G), Art. 108, we see that in general a, ,3, and H in- 
crease without limit as the second derivative approaches zero, unless 
the tangent line is vertical. That is, if we sup- 
pose P with its tangent to move along the cur\ o 
to P', at the point of inflection Q the curvature 
is zero, the rotation of the tangent is momen- 
tarily arrested, and as the direction of rotation 
changes, the center of curvature moves out in- 
definitely and the radius of cun-ature becomes 
infinite. 

109. Evolutes. The locus of the centers of 
curvature of a given cur\'e is called the evolute 
of that cun'e. Consider the circle of curva- 
ture at a point P on a curv'e. If P moves along the cur\'c, we may 
suppose the corresponding circle of curvature to roll along the curve 
with it, its radius varying so as to be always equal to the radius of 
curvature of the curve at the point P. The cur\'e CCr descril)ed by 
the center of the circle is the evolute of PPt. 

Formulas (G) and (if). Art. 108, give the coordinates of any point 
(a, jS) on the evolute expressed in terms of the coordinates of the 
corresponding point (x, y) of the given curve. But j/ is a function 
of X ; therefore these formulas give us at once the parametric equations 
o/ the evohUe in terms of the parameter x. 
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To find the ordinary rectangular equation of the evolute we elimi- 
nate X and y between the two expressions and the equation of the 
given cuiwe. No general process of elimination can be given that 



will apply in all cases, the method to be adopted depending on the 
form of the given etjuation. In a large number of cases, however, 
ihe student can find the rectangular equation of the evolute by taking 
the following steps. 

General directions for finding the equation of the evolute in rec- 
tangular coordinates. 

Fik.st Step, f'iiul a and d from (G) or (H). Art. 108. 

Second Step. Salre the two resulting equations for x and y in terms 
of a and fi. 

Third Step. Suhstitute these values x and y in the given equation 
and reduce. This gires a n hit ion between the variables a and which 
is the equation of the evolute. 

Iu-I STRATI\ B E.xamim.K 1. Kind tlio equation of the evolute of the parabola 



ordinate of a rectangular system of cotlrdinates, we see 

that the evolute of the parabola AOR is the scmicubical parabola DC'E, tht 
centera of curvature for 0, P, Pi, Pa being at C, C, Ct, C» reapectively. 
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Illustrative Example 2. Find the equation of the evolute of the ellipse 



ABA'B\ E, E\ ir, II are the centers of curvature corresponding? to the pointe 
A, A', B, B\ on the curve, and C, C\ C" correspond to the points I\ P\ 

Illustratu'E FLvample 3. The parametric equations of a curve art* 


( 1 ) 


P -f 1 P 

^ = — r“’ 


Find the equation of the evolute in parametric form, plot the curvi* and the 
evolute, find the radius of curvature at the point where f = 1, and draw the cor- 
responding circle of curv^ature. 



Substituting in (G) and reducing gives 

(2) « = r 


^ 4 f* A 3 f 

^=“ 1 — 


4 
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the parametric equatmns of the evolute. 
calculate x, y from (1) and a, /3 from 
(2), and tabulate the results. 

Now plot the curve and its evolute. 

The point ( J , 0) is common to the 
given curve and its evolute. The given 
curve (semicubical parabola) lies en- 
tirely to the right and the evolute 
entirely to the loft of x = J. 

The circle of curvature at A(l, i), 
where / ^ I, will have its center at 
A 'I - }j, 1) on the evolute and ra- 
dius ~ A A'. To verify our work find 
the radius of curvature at A. From 
(F), Art. 105, we get 


Thus should equal the distance* 


Assuming values of the parameter we 


t 

JL 

X 

V 


a 

a 

-3 

ij 

& 

-! 

i 

i 

i 



-2 

!i 

|t 

fi 

« 
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13 
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h 

1 
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!; 

-1 

T 
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\ 
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1 

i 

1 

\ 
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-i 

T 

U 

3 

5 

1 

u 

*» 

re 

,1 

-ii 

3 

2 


s 

4 

5 


! 

V 

3 


3 

9 

3 





\ 2 when / = 1. 


A A ' ~ (A f i } ' -f ( ^ — l)^ —■ “^'2. 


By (1), Art. 3 


Ii.i.i STRATI VE Kxample 4. Find the parametric equations of the evolute of the 
cycloiti 

f X ~ aii — .<?in t\ 
t j/ = a{ 1 — cos f). 


Solution. As in the Illu.strative E.xample of Art. 82, we get 

(l]l __ sin t (I^ 1 

di 1 - cos f’ dx*’ U' 1 — cos 0^ 


Substituting these results in formulas (G), Art. 108, we get 

f <r ait -f sin /), 

1 /Ji “ - (11 1 ~ cos f ). Ans. 

Note. If wc eliminate t betwinm equations (4), there results the rectangular 
CHiuation of the evolute roferre<i to the axes O'a and The coordinates 

of O with rc^spect t(» these axes are ( - ttu, - 2 a). Let us transform equations (4 > to 
the new' set of axt's OX and 01 . Then 

a ™ X TTd. (3 - y - 2 a, 

Also, let t-r - TT. 

Sulistituting in {4 1 and reducing, the 
equations of the evoluU' become 

a(t' — sin ('), 

(l(l - COS V). 

wSilUH* (6) and (3) are identical in 
form, we have: 

Thf evolute of a cycloid is itself a cycloid whose yeneratiHe circle equals that of the 
given cycloid. 
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110. Properties of the evolute. The evolute has two interesting 
properties. 

Theorem 1. The jwrmal at P{x, y) to the given curve is tangmt to 
the evolute at the center of curvature C{a, i5) for P. (See figures in the 
preceding article.) 

Proof. FYom the figtire, 

(1) a = x- R sin r, 
fS = u + R cos T. 

The line PC lies along the normal at 
P, and the 

(2 1 Slope of PC’ = = 1 .. I 

X - a tan r — ^ • y, v 

= slope of normal at P. ‘ 

We show now that the slofie of the evolute equals the .slojie of PC. 

Note that > j 

Slojie of evolute == r‘- . 

da 



since a and 3 are the m'tan^rular coordinates of any point on the 
evolute. 

Let us choose as independent variable the lenj^dh of arc on the 
given curve; then /, y, H, r, a, 3 are func^ons of s. Dilfennitiating 
(1} with respect to s gives 

dx u dr (IR 

(6 '-T- ™ H cos r “p — sin r - 7 - » 

as r/s ds </.s 

. 4 . d3 d^i . dr , dR 

But — cos r, ~ .sin r, from .\rt. 05 ; and 7- — 
as (Is (IS R 

Substituting in ft), and ' L, and retlucing, we obtain 

y-., da <IR (lii (IR 

(0 y- - - sm T -y - — ^ cos T - - • 

(is (Is (Is (Is 

Dividing the .second eijuation in (5; by the first gives 


- slope of PC. 


Q.E.D. 


Theorem 2. The length of an arc. of the evolute is eifunl to the dif- 
ference between the radii of curmture of the given curve which are tangent 
to this arc at its ertvemities, 'provided that along the arc of the given curve 
R increases or decreases. 
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■ Proof. Squaring equations (5) and adding, we get 


(MHfj-m- 


Hut if s' = length of arc of the evolute, 
ds'-’ = da- + dii'\ 

by (C), Art. 95, if s — s', x ~ a, y = jd. Hence (7) asserts that 
/.>. /ds'\- idl{\‘ ds' . dR 


/d£\“_ I — ] 
\ds/ "" ^dsl 


Confining ourselves to an arc on the given curve for which the 
right-hand member does not change sign, we may wTite 

ds' , ^ ds' , 

(9) 37;- + 1 or -r7i=-l. 


'I'hat is, the rate of change of the arc of the evolute with respect to R 
is + 1 or — 1. Hence, by Art. 50, corresponding increments of s' and 
R are numerically ccjual. That i.s, 

(lOj s' - s'o = ±iR - Ro\ 

or ijirst figure, p. 1.59) Arc CCi i (I'lCi — PC). 

Thus the theorem is |)r()ve(l. 

In Illu.stralive K.xample 4, Art. 109, we obser\'e that at O', R = 0 ; 
at /*'■, R - 4 (I. Hence arc O'QQ'’ = 4 0 . 

'I'he h ngth of one arch of the cycloid (os 00' Q') is eight times the 
length of the radius of the generating circle. 

111. Involutes and their mechanical construction. I^et a flexible 
ruler be bent in the form of the curve <’iC,„ the evolute of the curv’e 
P\P;. andsui>po.se a string of length 
R.j, with one end fa.stened at C.,, to 
be stretchwl along the ruler (or 
cuiwe). It is clcjir from the lesults 
of the bust article th.at when the 
string is unwound and kept taut, the 
free end will describt* the curve PJV 
Hence the name evolute. 

The cur\a‘ is stiid to be 

an inrolule of CiC,,. Obviously any 
point on the string will de.scribe an 
involute, so that a given curve has _ ^ 

an infinite number of involutes but ! 1 * 

only one evolute. /; zj * 
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The involutes P 1 P 9 , P 1 P 9 , Pi'Pi" are called parallel curves since 
the distance between any two of them measured along their common 
normals is constant. 

The student should observe how the parabola and the ellipse on 
pages 159, 160 may be constructed in this way from their evolutes. 


PROBLEMS 


Find the radius and center of curvature for each of the following 
curves at the given point. Check your results by proving (a) that the 
center of curvature lies on the normal to the curve at th«^ given point, 
and (b) that the distance from the given point to the center of curvature 
is equal to the radius of curvature. 


1.2py = x^; ( 0 . 0 ). 

2. x> + 4^^ = 25: (3,2). 

3. x^-lP=19; ( 3 , 2 ). 

A.xy = 6 ; (2.3). 

5. y = c* : (0, 1). 

6. V = cos X ; (0, 1). 

7. y = In x; (1, 0). 

8. y = 23in2x; (lx. 2). 

9. (x + 6)* + xy’ = 0; (- 3, 3). 

10. 2y = x*-4: (0,-2). 

11. xy = x> + 2: (2. 3). 

12. y = sin wx ; (J, 1). 

13. j/= ltan2x: (i x, i). 


Ans. (0, }>). 

(lo'ii. “ 4^)- 

t'vV. '.?)• 
(H. V)- 

(- 2 , 3). 

( 0 . 0 ). 

(3, -2). 

(1 r-, V)- 
(- 13. 8 ). 


Find the coordinates of the center of curvature at any j>oint (x, j/) 
of each of the following curves. 


14. y* = 2 px. 


Ana. a 


3 + 2 ;)» 


Hi. 


15. y® = a*x. 


16. 5*x* — a*y* = 0 * 6 *. 


17. + = o^. 


6 (Py ' 2 a‘ 


a = 


(a* + ft*)^ 


^ b* 


a = x + 3 z^y^, 
d = y + 3 x^yK 
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18. Find the radii and centers of curvature for the curve xj; = 4 at the 
points (1,4) and (2, 2). Draw the arc of the evolute between these cen- 
ters. What is its length ? 

Am. At (1, 4), «, = V-Vn, a = ^, P = 
at (2, 2), /e 2 = 2V2, a = 4, )3 = 4; 

Iti - Hi = 5.933. 

Find the parametric equations of the evolute of each of the following 
curves in terms of the parameter t. Draw the curve and its evolute, and 
draw at least one circle of curvature. 


19. 

X 3 

// = 3 / - <:*. 

rt = ^(1 + 2 /3 = — 4 

20. 

X 3 /. 

y = l^- fi. 

a = - d = 3 

21. 

,r ~ — 

?/ = 2/. 

a = 4 - 3 <2, = - 2 <». 

22. 

X rz 2 ^ 

?/ /- - 2. 

a=-2P, = 

23. 

X -J /, 

;/ = 3 + r-. 

« = - f, 11 + 3 P. 

24. 

X ™ 9 - 

2 1. 

a = 7-3/>’, fi = -2P. 

25. 

X 2 ^ 

3 

" = ^ 4C ■ '^= 6i 

26. 

X (1 COS /, // /) sin /. 

a 




o (b‘^ - a*) . , , 

p = r ^ sin^ /. 

0 


27. X — (I oos^ /. 

// *- a sin ‘ ^ 

28. X fjU'os / + / sin n. 

?/ r- a sin t — / cos /). 

29. X “ 1 ~ h\ ij - 1 t. 

30. J 2 /, // Hi - P. 

31 . y^l(\ 

32. .r 1 - cos /, y ( — sin 1. 

33. X - cos* /. y ~ sin* t, 

34. j ~ a sec y ™ b tan /. 

36. X = cos /, 1 / := t, 

36. j* 6 sin /, r/ = 3 cos /. 

37. j* - 3 CSC t, y = 4 ctn f. 

38. X = a(< *f sin /). 

?y=:a(l — cost). 

89. X = 2 cos f -h cos 2 f. 

V 2 sin f + sin 2 1 


a = a co8^ / + 3 a cos f sin^ t, 
/3 = 3 a cos-^ / sin / -f a sin^ L 

a = a cos /, /i = a sin f . 
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40. Show that in the parabola + j;- = we have the relation 
a + ii = Z(x + y). 

41. Given the equation of the equilateral hyperbola 2 xy = a®, ahow 

^ (V + /P o (,v-xP 


Prom this derive the equation of the evolute 

(a + - (« - = 2 a*. 

112. Transformation of derivatives. Some of the fornmla'j derived 
above independently can be detluoed from others by fomiulas which 
establish relations between derivatives. Two cases will be presented 
here. 


Interchange of dependent and independent ear tables. 


Notation. Let y' = ^’ = ^ = etc., 

dx dx dx- 


By IX, Art. 29, 

(/) 


Now 



dx' _ d^ 
dy “ dy-’ 


etc. 



dX 

dy 
— — . • 

xf 


Using (/), we get 


dy' x" 
dy ~ x''^ 


(-0 


Again, 
Using (/), 



XL 

yut ^XL = Ail. 

dx x' 

dy" x'x'" - .3 x"'^ 
dy x'* 


{K) 


XX 


3x 






And so on for higher derivatives. By these formulas equations in 
y'. v"f t/", etc. can be transformed into equations in x', x", x"', etc. 
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Illustrative Example, rransform (B), Art. 102, into (C) in that article. 
Solution. Using (/) and (7) above. 


(1 /, , 1 \i 




(x'» + l)i 


Ang. 


Transformation from rectangular to polar coordinates. Given the 
relations 

(1) x=pcosO, y = psmd 

between the rectangular and i)olar coordinates of a point. If the 
polar equation of a curve is p =f{0\ then equations (1) are para- 
metric equations for that curve, 6 being the parameter. 

Notation. The indet)endent variable is 0, and x', x" , y', y", p', p" 
denote successive fierivatives of the.se variables w'ith respect to 6. 
Differentiating (1), 

(2) or' = — p sin (? + p' cos 0 , y' = p cos 6 + p' sin 0; 

(3.) x" = — 2p'sin <?-f (p" - p)cos0, y" ~2 p'cos0 + (p”— p)sin 6. 

By formuliLS (1), (2), (3), equations in x, y, x', y', x", y” may be 
transformed into equations in p, 0, p', p". 

Illi;strati\'E Examit-E. Derive (E), .Art. 104. directly from (D), Art. 103. 

Solution. Taking numerator and denominator in (D) separately, substituting 
from (2), (3). and reducing, we obtain the results 


x'y" - y'x" = p» + 2 p’^ - pp" 
Putting these values in (D) gives (E). 


x'=> + y’^ == p’ + p'=. 


PROBLEMS 

In Problems 1 5 interchange the dependent and independent variables. 


, , (iy ^ 


.lx ' 




o 

il 

1 


dx dx'^ 



dj/* 

4 = 0. 
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6. Transfonn 


dx 


nHI)’ 


by assuming x = p cos 0, y = p sin 


7. Transform the equation ^ ^ -h — r = 0 by aasuming 

^ 1 — X-* ax 1 — X- 

X = cos ^ , , 

—— + ?/ 0. 

(it- 

8. Transform the equation -f 2 x ^ — V = b by assuming x -- ♦ 

dx^ dx X-' t 

Ams\ ^ + a-fj = 0. 


Am. 


y 


nFI)' 


ADDITIONAL PROBLEMS 


1. Given the curv'e x = 3 cos t + cos 3 /, y = 3 sin ^ — sin 3 t. Find the 

parametric equations of the evolute. Find the center of curvature for 
t =: 0 and show that it coincides with the corresponding point on the> given 
curve. Ans. a = 6 cos t — 2 cos 3 b /j ~ b sin f -f 2 sin 3 t. 

2. If R is the radius of curvature at any f)oint of the ellipse 

-f and D the perpendicular distance from the origin to 

the tangent drawn at this point, prove that UD^ = a-6-. 

3. Find the equations of the evolute of the parabola = 4 x, using x 
B3 a parameter. Find the points of the parabola for which the corresf>ond- 
ing centers of curvature are also points of the parabola. Hence find the 
length of the part of the evolute inside the parabola. 

Am. (2. ± 2 V 2 ): .1(V2T - 1). 


4 . (a) At every point (x, f/) of a certain curve, its slojw^ is equal to 

and the curve passes through the point (2, 0). Verify that the 

Vs — x^ 

equation of the curve is log (1 + |/) == 1 — VS — x^. 

(b) Find the curvature of the curve at this point and draw a small 

portion of the curve near it. ^ V5. 

(c) Draw the circle of curvature at this point. (r S, /i — 


6. The slope of the tangent to a certain curve F at any point /' is 


given by 




f where s is the length of arc (measured from some fixed 


dx a 

point) and a is a constant. The center of curvature of C at P is P\ De- 
note the radius of curvature of C at F by /? and the radius of curvature of 
the evolute of C at P' by Prove 


(a) /? = 


B^ + a^ 


(b) = 


a 



CHAPTER XI 


THEOREM. OF MEAN VALUE AND ITS APPLICATIONS 

113. Rolle’ i Theorem. A theorem which lies at the foundation of 
the theoretical development of the calculus will now be explained. 

.c) be a single- 
valued fuiv ion of X, con- 
tinuous thr ughout the in- 
terval [a, , I (Art. 7) and 
vani.shing at it.s extremities 
(fun = 0 , M) =0). Sup- 
Ijose al.so that f(x) has a 
derivative /''x) at each in- 
terior poin (a < X < b) of 
the internal. The function will then be represented graphically by 
a continiou.0 curve as in the figure. Geometric intuition shows us at 
once thtt foi' «/• one ralue of x belieeen a and b the tangent is par- 
allel to t ne X- axis (as at P) ; that is, the slope is zero. This illustrates 

RoUe’s Theorem. If /(x) is continuous throughout the interval [o, 6] 
and vanishes at its extremities, and if it has a derivative f’(x) at every 
interior point of the interixil, then fix) must vanish for at least one 
value of X between a and b. 

The proof is simple. For fix) must be positive or negative in some 
parts of the interval if it does not vanish at all points. But in this 
si)ecial case the theorem is obviously true. Suppose, then, that fix) 
is po.sitive in a part of the interval. Then fix) will have a maxi- 
mum value at some point within the interval. Similarly, if fix) 
is negative, it will have a minimum value. But if f{X) is a masd- 
mum or minimum (a < X < b), then f'iX) = 0. Otherwise, fix) 
would increascJ or decrease as x passes 
through A' (Art. 51). 

The figure Ulufltratee a case in which Rolle’s 
Theorem cloes not hold ; fix) is continuous through- 
out the interval [a, 6]. /'(»), however, does not 
exist (or x s c, but becomea infinite. At no point 
of the graph is the tangent parallel to the a>«xis. 
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We give first two applications of Rolle's Th eorem to geometry. 
114. Osculating circle. If a circle be 
drawn through three neighboring points 
Po, Pi, P 3 on a curve, and if Pi and 
P 3 be made to approach Po along the 
curv'e as a limiting position, then this 
drcle will in general approach in mag- 
nitude and position a limiting circle 
called the oscutating circle of the curve 
al the point Po. 

Theorem. The osculating circle is identical uith the cirni if cu rvature. 

0 

Proof. Let the equation of the curve be >, 

(1) i/=/W; 

and let aro, Xi, xa be the abscissas of the points Po, Pi, Pa resi>ectively, 
(a', 0 '} the coordinates of the center, and K' the radius of the circle 
passing through the three poinus. Then the e<juaiion of the circle is 

(X - aT -i- (g - 0V = ; 

and since the coordinates of the i)oints Po, Pi, P 2 must satisfy this 
equation, we have 

[ (Xo - ay -h (y .1 - 3y - P'3 = 0, 

(2) I (X. - «')3 -r ivi - 0y - P'3 = 0, 

[(xa-o')3 4-(ga-0'j3-P'3=O. 

Now consider the function of z defined by 

F(z) = (X - ay -h(g- 0y - P'». 

in which y is defined by (1). 

Then from equations (2) we get 

F(xo) = 0, F{Zi) = 0. P(X 2 ) = 0. 

Hence, by Rolle's Theorem (Art. 113), F'(x) must vanish for at 
least two values of x, one lying between xo and Xi, say x', and the 
other lying between xi and X 2 , say x" ; that is, 

P'(x') = 0. F'iz") = 0. 

Again, tar the same reason, F"(x) must vanish for some value of 
X between x' and x", say xs ; hence 

F"(x») » 0. 
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Therefore the elements a\ /S', R' of the circle passing through the 
points Po, Pi, Pa must satisfy the three equations 

P(IO) = 0, P'(X') = 0, P"(X8) = 0. 

Now let the points Pi and Pa approach Po as a limiting portion ; 
then Xi, ra, x', x", xa will all approach xo as a limit, and the elements 
a, /3, R of the osculating circle are therefore determined by the three 
equations P(xo) = 0, P'(xo) = 0, P"(xo)=0; 

CfF, dropping the subscripts, by 

(3) (X - ay + (y - /3)2 = p2, 

(4) (x — a) 4- (y — 0)y' = 0, differentiating (3). 

(5) 1 + y'- + iy — /3)y" = 0, differentiating (4). 

Solving (4) and (5) for i — a and y — /3, we get (y" ^ 0), 

(6) = = 

Mr V 

Sohdng (6) for a and /i, the result is identical with (G), Art. 108. 
Substituting from (.61 in t3), and solving for R, the result is (P), 
Art. 105. Hence the osculating circle is identical with the circle of 
curvature. 

In Art. 28 the tangent line at P was defined as the limiting por- 
tion of a secant line drawn through P and a neighboring ]x>int Q 
on the curve. We now see that the circle of cun*ature at P may be 
define<l as the limiting position of a circle drawn through P and two 
other points Q, R on the curve. 

115. Limiting point of intersection of consecutive normals 

Theorem. The center 0/ atrraiure C for a point P 071 a curve is the 
limiting posilimi of the intersection of the normal to the curve at P with 
a neighboring normal. 

Proof. Let the equation of a curve be 
(1) V = /(x)- 

The equations of the normals to the 
curve at two neighboring points Po and 
Pi are 







(xo - x) + (yo - y)/'(Jo) = 0, 

(x, - x) + iVx - V)/'(Xi) = 0. 

If the normals intersect at C'(a\ /3'), the coordinates of this point 
must satisfy both equations, giving 


( 2 ) 


f (xo “ a') + 


+ (go~/3')ir(xo) = 0, 

{W~W(xi)-0. 
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Now conader the function of x defined by 

<f>ix) = (x - a') + (y - 

in which y is defined by (1). 

Then equations (2) show that 

<^(xo) = 0, = 0. 

But then, by RoUe's Theorem (Art. 113), must vanish for 
some value of x between xo and xi, say x'. Therefore a' and fi' are 
determined by the two equations 

4>(xo)=0, 0'(x') = O. 

If now Pi approaches Po as a limiting position, then x' approiu-hes 
Xo, giving 

0(xo) = 0, 4>‘(xo) - 0 ; 


and C'ie/, 0') will approach as a limiting position a point ('(a, rf) 
on the normal at Po- Dropping the subscripts and accents, the Uist 
two equations are 

(x - a) + (y - fi)y’ = 0, 


1 + y'^ + (y - 0)y" = 0. 

wiving for a and 0, the results are identical with (G), Art. 108. Q. E. D. 
\ 116. Theorems of Mean Value (Laws of the Mean). For later appli- 
cations we need the 

Theorem. If f(x) and F(x) and their first deriralires arc continuous 
throughout the interval [o, 6), and if, moreorer, F’ix) docs not ranish 
mthin the interml, then for some ralue x = xi betu een a and h, 


(A) 


m-m r(xi) 

Fib) - f(a) F'ixx) 


ia<X\<b) 


Proof. Form the function 


( 1 ) 




m . -m 

Fib) - Fia) 


[Fix)- F(a)]-[f(x)-f(a)l 


Evidently d>(a) — <hih) = 0, and RoUe’s Theorem, Art. 113, may 
be applied. Differentiating, 

This must vanish for a value x sr xi between a and b. 
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Dividing through by F'(xi) (remembering that F'(xi) does not 
vanish), and transposing, the result is (A). Q.B.D. 

If F{x) = X, (j 4) becomes 

(B) =/Xxi). ia<xi<b) 

o — a 

In this form the theorem has a simple 
geometric interpretation. In the figure 
the curve is the graph of f(x). Also, 

OC — a, CA=J{a), 

OD=^b, DB=fib). 

Hence 

JJjllliJiS) — slope of chord AB. 

b — a 

Now f'(Xi) in (B) is the slope of the curve at a point on the arc 
AB, ami (fi) states that the slope at this point equals the slope of 
AB. Hence theTc iit ot one jmni on the arc AB at uhieh the tan- 
gent line is parallel to the chord AB. 

The slmient should draw curv es (as the first curve in Art. 113) 
to show Unit there may Iw more than one such fwint in the interval, 
and curves to illustrate, on the other hand, that the theorem may 
not lie true if j{x} l>ecomes discontinuous for any value of x between 
a and tt. or U j"\x> Iwromes discontinuous las in the second figure of 
Art. 113). 

( 'lexu-ing (B) of fractions, we may also winte the theorem in the form 

(Q m=/(a) + (b-a)/'(xi). 

liOt /> = a -r An ; then h — a = Aa, and since Xt is a niunber l>nng 
between a and b, we may write 

Xi = a + 0 - Aa, 

where 0 is a {K»sitive proper fraction. Substituting in (C), we get 
another form of the Theorem of Mean Value, 

(D) /(a + Aa) -/(a) = Aaf'(a + ■ Aa). (0 < fl < 1) 

PROBLEMS 

1. Verify Rolle's Theorem by finding the values of x for which f(x) 
and Fix) vanish in each of the following cases. 

(") /(S’) = X* — 3 X. (e') /(x) = sin ttx — cos irx. 

(b) f(x) = 6 X* - X*. (f) /(X) = tan x - x. 

(c) /(x) 5= a + 6x + ex*. (g) /(x) = x In x. 

(d) /(») ■■ aln X. /(x) = xe*. 
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2. Given f(x) = tan x. Then /(O) = 0 and f{x) = 0. Does Rolle’a 
Theorem jus^y the conclueion that f'{x) vanishes for some value of x 
between 0 and ir ? EIxplain your answer. 

3. Given (y + 1)* = x*. Then y = 0 when x = — 1 and y = 0 when 
X = + 1. Dora Rolle’s Theorem justify the conclusion that y' vanishes 
for some value of x between — 1 and + 1 ? Explain your answer. 

4. In each of the following cases find xi such that 

/(6)=/(a) + (f>-o)/'(x,). 

(a) /(x) = x*. a = 1, 6 = 2. Ans. xi = 1.5. 

/(x) = Vx, o = 1, 6 = 4. Xi = 2.25. 

(c) /(x) = c’, a = 0, 5=1. Xi=ln{e — 1) = 0.54. 

(d) /(x)=|.a = l,5 = 2. 

(e) /(x) = In X, a = 0.5, h = 1.5. 

(0 /(Jr) = sin Y* o = 0, 6 = 1. 

6. Given fix) = a = — 1, 5 = 1. For w'hat value of Xj, if any, will 
f(b) =/(a) (5 - a)/'(x,)? 

8. Given fix) = x^, a = — 1, 6 = 1. For what value of xi, if any, will 
/(5) =/(o) + (5 - 0 )/*^,)? 

117. Indetermuiate forms. WTien, for a particular value of the 
independent variable, a function takes on one of the forms 

Ox 00 , 00 - 00 , (f, oc<>, 1-, 

It is said to be indeterminate, and the function is not defined for that 
value of the independent variable by the given analytical expression. 
For example, suppose we have 



where far some value of the variable, as x = a, 

/(o) = 0, F(o) = 0 

For this value of x our function is not defined and we may there- 
fore assign to it any value we please. It is evident from what has 
gone befcnre (Case 11, Art. 17) that it is desirable to assign to the 
function a value that will make it continuous when z s a whenever 
it is possible to do so. 

118. Evaluation of a function taking on an indetenninate form. If 
the fODCtiim /(x) aaaumea an indeterminate fmm when z » a, then if 

hm /(z) 
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exists t 
which 
Th. 

mations, 


Solu‘ 

/(X)^ 


finite, we assign this valiK to the function for z = o, 
comes continuous for z = o (Art. 17). 
ig value can sometimes be found after simple transfca^ 
he following examples show. 


B Exaupls l. Given /(x) = - — Prove lim /(x) = 4. 

2) b indeterminate. But, dividing numerator by denominatcr, 
'hen lim (x-f 2) =4. 

VIE Example 2. Given /(x) = sec x - tan x. Prove lim f(x) = 

Jw 

(x) b indeterminate (co — oo). Transform aa follows: 


X - tan X = 


1 — sin X 1 — sin X 1 -f sin x 


cos X 1 + sin X 1 + sin X 


rt. 18. General methods for evaluating the indeter- 
n )f Art. 117 depend upon the calculus. 

- on of the indeterminate form Given a fimction of 

M / 1 " 

k .orm iuch that /(a) = 0 and F{a) — 0. The function is 

f (Xf 

j/.ideterminate when z = a. It is then required to find 

lim lilL. 

X™ Fix) 

We shall prove the equation 

(£) lim = lim 

^ ' x-.F(x) 

Proof. Referring to (A), Art. 116, and setting 6 = z, remembering 
that /(a) = Fia) s= 0, we have 

(1) (a<z.<ie) 

Fix) F'ix,) ^ ' 

If z -♦ a, so also zj -♦ a. Hence, if' the right-hand member of (1) 
approaches a limit when xi — ♦ a, then the left-hand member will ap- 
proach the same limit. Thus (£7 is ph)v^. ^ ' 

From (£), if f'ia) and F'ia) are not both zero, we shall have 

' v2) lim 

'• •-•Fix) F\a) 

tor evaluatiiig fiw indeterminate form Differentiate the nttp 

memZmSetr a »i«o tmwerotor and the denominator for a new denominator. 
The vaiue of this new fraction for the assigned talue tff the taruMe wiU 
be the limiting vabu gf the or^'nal fraction. 
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In case it happens that /'(o) = 0 and ^'(o) — 0, that is, i -he first 
derivatives also vanish for x = a, then (£) can be applied to i ^ ratio 

m, ® 

F'(x) 

and the rule will give ua lim = F^‘ 

It may be necessor}' to repeat the process several times 

The student is warned against the very careli^ss but ctunn ^take 

of differentiating the whole expression as a fraction by VII. 

If a = cc, the substitution j = ~ reduces the problem to t Uion 

of the limit for r = 0, 


-4;)? /■(') 

lim : — r = Hm — — - = lim ‘-r 


Thus lim = lim = lim ■ - 

* ^ ao /■ i.X) r . 0 rtf / I \ 1 « * 0 r / M X » X r i 


-'■'ijip ■■"'■(I) 


Therefore the rule holds in this ease also. 

Ilu sTFctTivK Example 1. Prove Um n. 

s -0 X 

Solution. sin rtr. f{r) ” x. Then/«0t - 0. E(0) 0. Th»*rt*fori*, hy (£) 

Un, n£l . !i„, q.E.I, 

X -0 f ii) X -Q f (r) X .0 I 


ILLLSTTRATIVE KxAMPi.E 2. Prove lim 


- 3X42 3 


Q.E.D. 


x’ - X* - r t 1 2 

Solution. l>*t /(X? = X* - 3 X + 2, Fix) ^ x* - x^ - x f 1. Th»‘n /(I ) 0. 

F{\) = 0. Therefore, by (£), 

Z *1 / (x) at ♦! 6 X — 2 2 

Illlstoative Example 3. Prove lim 2. 

M *0 X - nin X 

Solution. Let /(x) = e* - e • ~ 2 x, F{x) = x - uln x. Then /(O) ~ 0, E(0) « 0. 
Therefore, by (£), 

lim Um = Hm ^ - 5. •. IndKerminate, 

m^F[X) jr^F(x) 1-cosx 0 

Um Um /. indeterminate. 
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PROBLEMS 


Evaluate each of the following indeterminate forms 

by differentiation.' 

I. lim -/! - 16._ . 

Arts. |. 

2. lim 

X . a ~~ a" 

1 

3. lim Ai.. 

no"-' 

1 X - 1 

1. 

4 lim^"-" ' 


X . 0 sin X 

£ 

Alim^-?^-^. 

X .OX - sin X 

2. 

6. lim ^ . 

. . ;(3r~2x)^ 

-4. 

7 lim 

X . 0 X 

in?. 

8 lim ^ 1 

^ *0 sin'^ 6 

b 

-1 

9. lim W-/ -- 

•• 

X ‘ X - 0 

coa<i>. 

10. lim - 1. 

k .0 In (1 4* 1 /) 

O 

11. lim - ‘anj^ 

0,5 1 4* COS 4 0 

i. 




12. lim ~ 

r ♦ a 


-- a^r 4- a** 




15. lim 
^ * 0 tan 6 


13. lim 
^ < 2 r 


Vl2" 


tan ^ -f Bee - 1 
sec ^ -f r 


14. lim 

r *2 


3 Vio 

Vl6 X - jr< - 


£ 

" f} X 

2V47 


v'27^i 


16. lim 

t - 0 

17, lim 

X ^ O 


X — sin X 


t^in X 


sin T 


sm "' X 
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190. Evaluation of Rie indetenninate fonn 


Urn 

» a 


M. 

Hx) 


In ordo* to find 


when both /(x) and F(x) become infinite when x — * a, we follow the 
same rule as that given in Art. 119 for evaluating the indeterminate 

fwTO Hence 

Rule for evaluating the indetenninate form Differentiate the 
numerator for a new numerator and the denominator for a new denomi- 
nator. The value of this new fraction for the assigned value of the vari- 
able will be the limiting value of the original fraction. 

A rigorous proof of this rule is beyond the scope of this book. 


IliVSTBATivE Example. Prove lim -^2-^ = 0. 

X . 0 CSC X 


S^atioD. Let fix) 
by the rule, 


, 0 ^ (JT; X - 0 r (X) Jt . 0 


In X, F(x) = CSC X. Then /(O) = - » , f(0) =r oo . Henee» 
I 

Rln^ X 0 


\{f^ 

CSC X ctn X , . 0 X cos X 


Then, by (£), 




— 2 sin X cos X 


x^o X cos X X • 0 c<j« X — X sin X 


= 0 . 


Q.E.D. 


121 . Evaluation of the indetenninate form 0 • «. If a function 
/(z) ■ 4^{x) takes on the indeterminate form 0 • 00 for x = a, we write 
the given function f,. , 

d>ix) \ /(X) 

0 OO 

so as to cause it to take on one of the forms x or thus bringing it 
under Art. 119 or Art. 120, 

As shown, the product f(x) may be rewritten in either of 
the two forms given. As a rule, one of these forms b better than 
the other, and the choice will depend upon the example. 


Illustrativb Example. Prove Urn (sec 3 x coe 6 *) = - i. 

» • i' 


SolntkM. Since iiecljr=*,coej» = 0, we write 

eee3 X ooa 6x = — ^r- • coe6x = 
etMSx 


eoeSx 

ctw3x‘ 


L(t/(z) s o(w S X, P(x) s one 3 X. Then/(i r) *= 0, F(i w) » 0. Hence, by (f). 


tim M 


lim 


tim 


S «iti 5 X 
Still 


6 

5* 


QaB^D. 
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122. Evaluation of tlie indeterminate form oo — oo. It is possible in 
general to transform the expression into a fraction which will assxune 
0 00 

either the form or 
0 


lULUsnuTivK Example. Prove !im (sec x — tan x) = 0. 

Jr 

Solution. We have sec i r — tan J r = oo ~ 00 . indetermi*' 

o * 1 sin X 1 — sin x 

By (2), p. 2, sec X — tan x = = 

cos X X cos X 

Let /(x) = 1 - sin x, F(z) = cos x, Then/(i *■) == 

x-ir" 


PROBLE* 

Evaluate each of the following in 


1. lim 

X' 


2. lim 


In X 
ctn X 


0 ctn 2 X 

^ tan 3 9 

i lim 

tan 

2 

4. lim 

5. lim 

, * In X 

»^Q Inx 

» „ In aln 2 x 

7. lim — : 

m-^Q in Sin X 

S. lim X In sin 
9, lim 5 1 * 

10, Hm X ’ 

j « 


Am. 0. 


IL lift 
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23. lim 

" F ^ 1 

4 X 2 x(e” + 1)J 

r -0 

24. lim 

- ' 1- 

1 -• 0 

X tan xj 

25. lim 

X tan X — ~ sec X . 

» ~ 

L *- J 


8e.Um£4^Unf. 

»-a X* 4 

27. lim [ j — — — — • - i ]• 
i-ollog (1 +x) xj 


28. lim 

*-0 


1 

»in * X 


I 

* 


^f>n of the indeterminate forms 0®, 1*^, oo®. Given a func 


’ function shall take on one of the above three 
tor a ccrtiiin value of x, 

' 0(x)=O, Riving 0"; 

S(x) = 30, Riving K; 

1 -) = 0, giving x". 


' both sides, 
n /(/,). 


1 logarithm of // (the function) 


ed in Art. 121 gives the 
bt'ing eq'.ud to the loga- 
>f the function is known. 


when z = 0. 

when z = 0. 
when x — 0. 


0.K.D 
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Uo I rx , 


IixiBTRATlVB EXAMPLE 2. Prove lim (2 ~ ac)’ 

X *1 

SolutDO. The function assumee the indeterminate form 1* when z = 1 
Le» 

then In 1/ = tan \ tx In (2 - x) = oo • 0, 

In (2 - x) 0 


Vrt. 121, 


\rt. 119, 


In y 


ctn J me 0 


when X = 1. 
when X = I . 


1 


jr cm J TTX x -1 — 5 IT CSC^ I irx 


2 

tr 


Tcfure lim In y ^ and lim y — lim (2 ~ x) 

X -1 IT X -1 X *1 




Q.E.D. 


iLLiSTHATiv K Kxamplk 3. Prove lim (ctn = 1. 

X »o 

S<Vution. 3'he function assumes the indeterminate form oc® when x = 0, 


U‘t y - (ctn ; 

ifu‘n In y " sin x In ctn x = 0 • oc , when x = 0. 

Hv Art, 121 , In y “ when x = 0 , 

esc X cjc 

— CSC* X 


riv Art. 120. lint lim ilHLil— = Um = 0. 

X .U CSC X ^ .O - CSC X ctn x x ‘O cos' x 
Therefore lim In y -- 0, and lim y = lim (ctn x)""^ =: = 1. Q.E.D. 


PROBLEMS 


Kvaliiiite each of the follow indeterminate forms. 


1. lim (sin j- 

A m, 1 , 

1 

8. lim cos ™ 1 . 

M 

X . ■ 


X - X \ x/ 

2 



2. lim (- + iV. 

X • X xX* j 


9. Hm cos - ) . 

/ - X \ x} 

1 

1 

2\'* 

3. lim x' 

10. lim l^cos j j . 

t - 1 

e 

J- 

4. Hm (l -f . 

c*. 

11. lim 2x)**. 



X •() 

6. lim (1 + tun x)**"*. 

e. 

12. lim (X -f 1)^*'. 

, - 0 


X -0 

j 


/t \ irfnx 

6. lim + x)*. 


13. lim (-) 

X 0 

1 


* * 0 \J!/ 

7. Um (1 + ni)^ 

e\ 

14. Um (1 + X)*"'. 
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124 . The Extended Theorem of Mean Value. Let the cons^t R 
be defined by the equation 

(1) m -/(o) - (6 - o)/'(a) -Ub- a)m = 0. 

Let Fix) be a function formed by replacing 6 by i in the le t-hand 
member of (1) ; that is, 

(2) Fix) = fix) - Jia) -ix- a)f'ia) - ^ (x - a)^‘R. 

From (1), F{b) = 0 ; and from (2), Fia) = 0 ; therefore, by s 
Theorem (Art. 113), at least one value of x between a and b, 
will cause F'ix) to vanish. Hence, since 

F'(x) =/'(x) - f\a) - ix- a)R, 
we get F'ixi) = f'ixi) -fia) - {xi - a)R = 0. 

Since F'ixi) = Oand F'(a) = 0, it is evident that F'ix) also satisfies 
the conditions of Rolle’s Theorem, so that its derimiive, namely 
must vanish for at least one value of x l)et\veen a and Xu say Xa, and 
therefore X 2 also lies between a and 6. Hut 

F"ix) = fix) - R : therefore ^"(x-) = /''(xa) - R = 0, 
and R-fixs). 

Substituting this result in (1), we get 

in m = fia) + ib- a)f'ia) + ^ (6 - a)- fix,), (o < la < 6) 

By continuing this process we get the general result, 

(G) fib) = fia) + f'ia) + fia) 

+ f' ixi)- ia<xi< b) 

m 

Equation (C) is called the Extended Theorem of Mean Value, or the 
Extended Law of the Mean. 

125. Maxima and minima treated analytically. By making use of 
Art. 116 and the results of the last section we can now give a general 
discussion of maxima and minima of functions of a single independent 
eariakie. 

Given the function fix). Let A be a positive number as small as 
we please ; then the definitions given in Art. 46 may be stated as 
follows. 
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If, for all values of x different from a in the interval [o— A, o -|- A], 

(1) /(x) — /(o) = a negative number, 

then /(x) is said to be a maximum when x — a. 

If, on the other hand, 

(2) fix) — /(o) = a positive number, 
then fir) is said to be a minimum when x — a. 

We begin with an analytical proof of the criterion on page 51. 

A fumlian is increasing when the derivative is positive, and decreas- 
ing wheti the derivative is negative. 

For, let y — fix). When Ax is small, numerically, 4^ and the 

Ax 

derivative fix) will agree in sign (Art. 24). I^et fix) > 0. Then, 
when Ax is positive, so is Ay, and when Ax is negative, so is Ay. 
Therefore /(x) is increasing. A similar proof holds when the deriv- 
ative is negative. 

The truth of the following statement is now easily deduced. 

If fia) is o matimum or minimum value of fix), then fia) = 0. 

For, if fia) -yt 0, fix) would increasse or decrease as x increases 
through a. But then fia) is neither a maximum nor a minimum. 

We seek general sufficient conditions for maxima and minima. 
Consider the following cases. 

I. Let fia) — 0, and fia) 0. 

FYom (F), Art. 124, replacing h by x and transposing fia), 

(3) /(X) - fia) = (a < T 2 < X) 

Since fia) 0, and fix) is assumed as continuous, w'e may 
choose our interval (a — A, a + A] so small that fix) will have the 
same sign as fia). Also, (x — a)-* does not change sign. Therefore 
the second member of (3) will not change sign, and the difference 

fix) - fia) 

will have the same sign fw all values of x in the interval fo — A, a + A], 
and, moreover, this sign will be the same as the sign of fia). It there- 
fore follows from our definitions (1) and (2) that 

(4) fia) is a maximum if fia) — 0 and fia) — a negative number; 

(5) fia) is a minimum if fia) = 0 and fia) = a positive number. 

These conditions are the same as thoee in Art. 56. 
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II. Utf(a) =/"(a) = 0. and /"'(a) 0. 

From (G). Art, 124, putting n = 3, replacing b by x, and trans- 
posing /(o), 

(6) fix) - /(a) = j| fx - aff'ixs). (a < x-t < x) 


As before, f”'{x) will have the same sign as /"'(o). Ibit 
changes its sign from — to -f as r incrtnist's through a. T 

the difference . , , 

Jix) -f<a\ 


(X ~ a)^ 

herefore 


must change sign, and /ia' is neither a maximum nor a minimum. 
III. Let /'(a) = /"(o) = •••-/'•’ "'((i; = 0, ami / "‘(a) 0. 

By continuing the prcx'ess as illustrated in I and II, it is s<'en that 
if the first of the derivatives of f(,x) which dot-s not vanish for x = a 
is of eeen order (= n), then 


{H) f(a) is a maximum if /'"'(a) = a negative number; 

(0 /(<*) is a minimum if f"'Ko) — a positive number.* 

If the first derivative of f(x) which does not vani.sh h)r x = u is of 
odd order, then /(a) will be neither a maximum nor a minimum. 

lLLt*STiiATnnB Example 1. Examine r' - 9 -f 2-1 x - 7 for maximum and 
minimum values, 

SotutiOQ. /(x) = ~ 9 x^ -f 24 X ~ 7. 

rix) =3x3- 18x^24. 

Solving. 3x-'- 18 X ^24 = 0 

gives the critical values x = 2 and x = 4. .*./'i2» = o, and / ' I ‘ = 0, 

Differentiating again. /"cx j = 6 x ™ 18. 

Since f”i2) = — 6, we know, from (//)» that /f2) = 13 i*? a maximum. 

Since /'V4) = 4- 6. we know, from (/), that /f l) = 9 w a minimum. 


Illustrative Example 2. Examine e* 4^ 2 cos x f r * for maximum and mini- 
mum values. 

Soiutknu fix) = -h 2 ccw x f tr*, 

J*iz) = IP* - 2 sin X - f * = 0, for x = O.t 

J**{x) = e* — 2 C 08 X + e" * = 0, for x = 0, 

/"'(x) = <r* 4- 2 win X - € * = 0. for x = 0, 

/**(x) = e» 4- 2 cos X 4^ e * = 4, for x = 0. 

Hence* from (/)» /(O) ~ 4 b a minimum. 


* As Iti Aft, 44. s critical value x » <t ia found by placing the first derivative e<|ttal to 
t«ro and sofritMi the rasulting sqiiatiim for real roots, 
t X « 0 b lbs otdy root of tbs sqtsaiion v*->2sinx — 
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PROBLBHS 


Examine each of the following functions for maximum and minimiim 
values, using the method of the last section. 


1. jf* — 4 ar® + 5. 

2. X* + 3 + 8 at. 

3. x®(x - 2)». 


4. z(x-l)»(x + l)». 


Ans. X = 0, gives neither, 

X = 3, gives min. = — 22. 

X = — 1, gives neither. 

X = 0, gives neither, 

* = S. gives max. = 1.11, 
X = 2, gives min. =’ 0. 


6. Investigate 4 x® — 15 ar^ + 20 i* — 10 x* at x = 1. 


6. Show that if the first derivative of /(x) which does not vanish for 
X = <1 i.-3 of odd order (= n ), then / 1 x) is an increasing or decreasing function 
when X — a, according as is positive or negative. 


ADDITIONAL PROBLEMS 


1. If i/ = + e~*, find dx in terms of y and dy. Ans. dx = 


2. I’rove that 

4- In (3 X + 2 -f V9 X- + 12 x) = 
dx 

3. Prove that 


3 

V9 x^ + 12 X * 


± dy 
Vy^-4 


,r 

dx 



+ D? - Wx^ + 1 - J In (x + Vx' + 1 S 

O O 


= x^>/7^TT. 


4. Show that the curve x = -f 2 2 / = 3 -f 4 i haa no point of 

inflection. 

6. Prove that the pioints of int 4 »!WCtion of the curves 2 r/ = x gin x and 
1 / - cos X are points of inflection of the first curve. Sketch both curves on 
the same axf's, 

6. Given the dampt*d harmonic motion 

5 =r gin 

where a, 6, and c are positive constants; prove that the successive values 
of t for which r = 0 form an arithmetic progression and that the correspond- 
ing values of s form a di^rreasing gwmetric progression, 

7. The abscissa of a point P moving on the parabola y - <ix* is increas- 
ing at the rate of one unit per second. Let O denote the origin and let T 
be the intersection of the x-axia with the tangent to the parabola at P* 
Show that the rate of increase of the arc length OP ia numerically equal 

TP 

to the ratio ~ • 
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A. Let MP be the ordinate at any point P on the catenary (aee page 
532). The line MA is drawn perpendicular to the tangent at P. Provo 
that the length of MA is constant and equal to a. 

9. The curve + 12 y = 144 has one maximum point and two points 
<A inflection. Find the area of the triangle formed by the tangents to the 
curve at these three points. Ans. 1. 

10. Given In 6 = 1.792 and In 7 = 1.946. Calculate In 6.15 first by 
interpolation and second by differentiab. Show graphically that the true 
value lice between the two approximations. 

11. Given the ellipse bV + find the length of the shortest 

tangent intercepted between the coordinate axes. A««. a + 6. 

IS. Given the area in the first quadrant bounded by the curves y* = x 
and y* = J®. A rectangle with sides parallel resravtively to the axes is 
drawn within the limits of this area. The width of the rectangle (measured 
horizontally) is | and one of the diagonals has an extremity on each curve. 
Find the area of the rectangle of maximum area which can be constructed 
in this way. Ans. 0.019. 

IS. Rectangles are drawn with one side along the x-axis, a second side 
along the line x = and one vertex on the curve y = Find the area 
of the largest of these rectangles. Ans. t’”® ^ = 0.7788. 

14 . Find the maximum and minimum values of y, if 

if X 

y = — 3 X - 2 (If “. 

Ans. Max. = -a: min. = a(,l - 3 log 2). 

15 . Given x* + 3xy + 2y^-5x — 6y + 5=:0, find the maximum and 

minimum values of y. Ana. Max. = 1 ; min. = 5. 
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CHAPTER XII 

INTEGRATION; RULES FOR INTEGRATING STANDARD 
ELEMENTARY FORMS 

126. Integration. The student is already familiar with the mutu- 
ally inverse operations of addition and subtraction, multiplication 
and division, raising to a power and extracting roots. In the ex- 
amples which follow, the second members of one column are, respec- 
tively, the inverse of the second members of the other column. 

f/ = 21^4-1, X = ± Vy - 1 ; 

1 / = a', I = log,, y ; 

y = sin X, x = arc sin {/. 

FVom the differential calculus we have learned how to calculate 
the derivative /'(x) of a given function /(x), an operation indicated by 

^/(x) =/'(x). 

or, if we are using differentials, by 

df{x) — J'(,x)dx. 

The problems of the integral calculus depend on the inverse 
operation, namely : 

To find a fundion f{x) u hose derimlive 

(1) /'(x) = d>{x) 

is given. 

Or, since it is customary to use differentials in the integral cal- 
culus, w'e may wTite 

(2) d/(x) = /' (x)dx = 4>{x)dx 
and state the problem as follows : 

Having given the differential of a function, to find the function iteeff. 

187 
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The function /(*) thus found is calleti an integral of the given 
differential expression, the process of finding it is called integration, 

and the operation is indicatetl by writing the integral sign * I in front 
of the given differential expression ; thus 

(3) '(j-)dx = /(x), 

read the integral of f'{x)di equals f(x). The differential dx indicates 
that X is the variable of integration. For example, 

(a) If/(x) = x^, then f'{x)dx = 3 x-dx, and 



x^dx 


z 


3 


(b) If f(z) — sin X, then/'(x)dx = cos xdx, and 


/■ 


cos xdx = sin x. 

(c) If fix) = arc tan X, thcn/'(x;)dx = 


/ 


dx 

1 + X- 


an‘ tan x. 


Let us now emphasize what is app;iront from the prece<iing ex- 
planations, namely, that 

Differentiation and integration are inrerse o})erations. 
Differentiating (3; gives 


(4) 



(x)dx — /'(xWx. 


Substituting the value of f’(x)dx\ ~ d/fx>] from '2 “ in f3i, we get 
(5) Jdf(x)^f(x). 

Therefore, conaderefl as8>Tnbols of operation. ~~ and j dr are 

ineerse to each other ; or, if we are using differentials, d and j are 
inverse to each other. ^ 

When d is followed by I they annul each other, jts in (4), but 

when J\% followed by d, as in (5), that will not in general be the 

case. The reason for this will appear at once from the definition of 
the constant of integration given in the next section. 

* Blrtarksny tbiiiifii if » diciarted S. tlw initial l«tt«r of tba word mm, 8e« Art. l&5k 
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127. Constant of integration. Indefinite integral From the preced- 
ing section it follows that 

since d{x^) = 3 z-dz, we have J ' 3 z^dx = z^ ; 

since d(z^ + 2) = 3 x-dz, we have J' 3 z^dz = z^ + 2; 

since d(x® — 7) = 3 z-dx, we have J' 3 z^dz = z^ — 7. 

In fact, since d(x* -4- T) = 3 x^dz, 

where C is any arbitrary constant, we have 


J" 3 z-dz = 


x=» + C. 


A constant C arising in this way is called a constzjnl of integration, a 
number independent of the variable of integration. Since we can give 
C a.s many values as we please, it follows that if a given differential 
expression has one integnd, it has infinitely many differing only by 

constants. Hence r 

J f'(z)dz==f(r} + C; 

an<i since f" is unknown and indefinite, the expression 

f(r) + C 

is calle<l the indefinite integral of f'(z)dz. 

It is evident that if is a function the derivative of which is 
f(z), then (p(z) + whore r is any constant whatever, is likewise 
a function the derivative of which is/(x}. Hence the 

Theorem. If two functions differ hy a constant, they hare the same, 
derirntire. 

It i.s, however, not obxdous that if 4>{r) is a function the derivative 
of which is fix), then ail functions having the same derivative fix) 
arc of the form ^ 

where C is any constant. In other words, there remains to be 
proved the 

Converse theorem. If two functions have (he same derivative, their 
difference is o constant. 

Proof. Let d>(x) and ^(x) be two funcUons having the same deriva- 
tive fix). Place 

F(z) (f>(z) — ; then, by hypothesis, 

'•'(*) “ £ [<^(*) - -/(X) = 0. 


( 1 ) 
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But from the Theorran of Mean Value (Z>), Art. 116, we have 

F(x + iilb;) — Fix) = Aar F'ix + 0 • Ax). (0 < 9 < 1) 
Fix + Ax) - Fix) = 0, 

[Since by (1) the derivati\»o of f*(x) is «ero for all values of *.] 

and Fix + Ax) = Fix). 

This means that the function 

Fix) = <t>ix) - ^(x) 

does not change in value at all when x takes on the increment Ax, 
that is, 0(x) and ^(x) differ only by a constant. 

In any given case the value of C can be found when we know the 
value of the integral for some value of the variable, and this will be 
illustrated by numerous examples in the next chapter. For the pres- 
mit we shall content ourselves with first learning how to find the 
Indefinite integrals of given differential expressions. In what fol- 
lows we shall assume that every contimmts Junction has an indefinite 
integral, a statement the rigorous proof of which is beyond the scope 
of this book. For all elementary functions, however, the truth of 
Uie statement will appear in the chapters which follow. 

In all cases of indefinite integration the test to be applied in veri- 
fying the results is that the differential oj the integral must be equal 
to the given differential expression. 

128. Rules for integrating standard elementary forms. The differen- 
tial calculus furnished us with a General Rule for differentiation 
(Art. 27). The integral calculus gives us no corresponding general 
rule that can be readily applied in practice for performing the inverse 
operation of integration.* Each ca.se requires special treatment, and 
we arrive at the integral of a given differential expression through 
(HIT previous knowledge of the known results of differentiation. That 
is, we must be able to answer the question. What Junction, when dij~ 
ferentiated, will yield the given differential expression? 

Integration, then, is essentially a tentative process, and to expedite 
the work, tables of known integrals are formed called standard Jonm. 
To effect any integration we compare the given differential expression 
with these forms, and if it is found to be identical with one of them, 
the integrsd is known. If it is not identical with one of them, we 
strive to reduce it to one of the standard forms by various methods, 
many of which mnploy artifices which can be suggested by practice 

* Er«m tboutt) Ux tnU»cr«i » given diff«nmU«l «3tpr«—t an m»y b« koown to taUS, r»* 
tt iMT a«t iw Iw OB aottialljr t« SiMi a la twrnw ol knoini foaetioMk 
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only. Accordingly a large portion of our text will be devoted to the 
explanation of methods for integrating those functions which fre- 
quently appear in the process of solving practical problems. 

From any result of differentiation may always be derived a formula 
for integration. 

The following two rules are useful in reducing differential expres- 
sions to standard forms. 


(a) The integral of any algebraic sum of differential expressions 
equals the same algebraic sum of the integrals of these expressions 
taken separately. 

Proof. Differentiating the expresaon 


J' du + J' dv — J' dw, 


u, V, w being functions of a single variable, we get 

du + dv — dw. By III, Art. 94 

( 1 ) .’.J' (du + dv — dw) +J' 


(b) A constant factor may be written either before or after the inte- 
gral sign. 

Proof. Differentiating the expression 


gives 

( 2 ) 



dv 


adv. 


j' adv = aj' dv. 


By IV", Art. 94 


On account of their importance we shall write the above two rules 
as formulas at the head of the following list of "Standard Elementary 
Forms.” 

Standard Elemf2ntary Forms 


( 1 ) 

( 8 ) 

(S) 

( 4 ) 


J * (du + dv — dw) =J'du+J'dv —J' dw. 
J'dttv = aj'dv. 

>= 

J' v^v 


x+ C. 

I 


n+l 


+ C. 


(n - 1) 
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Cdv 

(6) J- = lnv + C 

= lni;+lnc=lnci>. 
(Pl»cln({C = lne.] 


(6) 

r a^dv = r^ + C. 

J Ina 


(7) 

J' e^dv = e^ + C. 


(8) 

j' sin vdv=^ — cos w + C. 


(9) 

J " cos y = sin y 4- C. 


(10) 

j' sec® vdv — tan y + C. 


(11) 

J' CSC® y </y = — ctn y + C. 


(12) 

y'sec y tan vdv — sec y + C. 


(13) 

J ' CSC V ctn V dv — — esc y + C. 


(14) 

y'tan y dy = — In cos y = In sec y + C. 


(16) 

J ctn y dy = In sin y + C. 


(16) 

J sec y dy = In (sec y + tan y) + C. 


(17) 

J CSC y dy = In (esc y — ctn y) + C. 


(18) 

f i arc tan - 4 - C. 

J y»4- 0 ® a a 


(19) 

C dv 1 . y — a , ^ 

J v^- a* 2a v+ a 

(u* > o*) 

(19 a) 

ta“+‘' + C. 

Ja*-y* 2a a— y 

(y* < 0 ®) 

(20) 
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( 22 ) 

(23) 


f y/a*— V* dv — ^ Va*— i;> + ^ arc sin - + C. 

J 2 2 a 

J* <fw = ^ db ^In (w 4" + C. 


129. Formulas (3), (4), (5). These are easily proved. 

Proof of (3). Since d(x -f C) = dx, II, Art. 94 




x + C. 


we get 

Proof of (4). Since 

/ «»-f 1 

v”dv 


VI, Art. 94 


we get 


+ C. 


n + 1 

This holds true for all values of ?i except n = — 1. For when 
n = — 1, (4) involves division by zero. 

The ciise when « = — 1 comes under (5). 

Proof of (6). Since j„ 

d(lnr + C)=-. X, Art. 94 

V 

"dp 


we get 




In r -f r. 


The results we get from (5) may be put in more compact form if 
we denote the constant of integration by log.c. Thus 

"dr 


— In r + In c = In cr. 


Formula (6) states that i/ t/ie exjnession under the iniegral fdgn is a 
Jraetion ichose numerator is the differential of the denominator, then the 
integral is the natural logarithm of the denominator. 

ILLUSTRATIVE EXAMPLES* 

Work out the following inUfgrations : 


5— r + C = TT + r, by ( 4 ), where p = x and n = 6. 
n -r 1 « 


1. j' z*<ix ■ 

2. J* Vxdx = J* z*di = Y + C = I by ( 4 ), where r = z and n = |. 

* When toMBini to int«(r»t«, tho atudnat ahould have oral drUl in iatcaratinc aimpla 
foaetiona. 
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3.J^=Jx-»d* = ^ + C = -^ + C, by (4). where r = x and 
11= - 8. 


4. J axfidx = aJ x®(ix = ^ + C. 

By (S) and (4) 

6. J* (2** — 5z* — 3i4- 4)di: 



= J '2 jr^dx — J" 5 x*dx — 

J* 3 xdx 4-J*4 dx 

by(l) 

= 2 J* x®dx — 5 J' x*<ix — 

3 f xdx -f 4 J' dx 

by (2) 


3* 5 3 

2 3 2 


"f* 4 J “f* C- 


Note. Although each separate integration require an arbitrary constant, we 
write down only a single constant denoting their algebraic sura. 


■ 


-f 3 cy/j^^dx 

= J 2 ax^^dx — j hx^-dx -fj 3 cx^dx 
= 2 aj x^^dx — b fx^^dx -f tj r J x^dx 


ri 


rl 


i -1 i 

= 4 a Vx 4- ~ -f f cx^ -f- C, 

X 0 

7e r (a* — x^j^dx = a*x + ^ a^x* — | u^x^ — ^ + C. 

<00 

Hint. First expand. 

8./(a» + + C. 


by (1) 
by (2) 

by (4) 


Solutloa. This may be brought into the form (4). For 
insert the factor 2 after the integral sign before x dx, and 
its reciprocal before the integral aign. Those operations 
balance each other by (2). 


Comparison with (4). 
r = a'-' 4 6^x^, n = J, 
= 2 b^xdx. 




jLj,a. + 6V)l(2»..*.[=j|-./,»* = ^ + C, b,<4)] 

liL+ivil + c 

3 ^ 


Nom The student is warned against transferring any function of the variable 
from one side the integral sign to the other, since that would change the value 
(tf the integral. 


a rAsi 


Scudz . 3 o 
'2c» 


c»z* 


In (b* + c*x*) + C. 

/ a or dr ^ ^ r xdx 
b*4c»»» + «***' 


By 00 
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This resembles (5). If we insert the factor 2 
after the integral sign and its reciprocal before it, 
the value of the expression will not be changed. 


Comparbon with (5). 
y = 5* e^x^, de = 2 e^x dx> 


fZe^xdx 

3a n 

j 6* 4* c^x* 

2eJ' 


m 


= |4ln(6* + e>*»)+C. 

/ x^ dx X* . X* , . I 1 

Solution. First divide the numerator by the denominator. Then 

-—7 = X* - X -f 1 - 7 * 

X -f 1 X -f 1 

Substituting in the integral, using (1), and integrating gives the answer. 
"2x- 1 


n.fl 


■ dx = X — In (2 X + 3)* + C. 


2x + 3 

2 X — 1 4 

Solution. Dividing, r — —r = 1 - ~ Substitute and use (1) etc. 

ZX“ro ^X'T'O 

The function to be integrated is called the integrand. Thus in 
Illustrative Example 1, p. 193, the integrand is i*. 


PROBLEMS 

Verify the following integrations. 

I, I T* dx = — -h C. 

5 

"fir 


rd£ , 

■j x^ 


- + C. 

X 


6.J 3 oj/* dy = ay* + C. 


2dt 


.f~ = 2Vx + C. 

3x* 


+ C. 

2 r Vox 




+ c. 


8. fV^dx^±^^+C. 

9. J ■—= = \/¥x + C. 

io.f<TJdi = i^+c. 

11. J (x*-2x* + 6Vx-3)dx = ^-^ + ^^-3x+C. 
= 2 x» - 4Vx + C. 

li.f 'V^(8x-2)di = ^-“ + C. 


18 

13. 
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15 . r?izii£±i<if = ^- 6x + 5lnx + C. 

•/X 

i«./ VSTto dx = + c. 


2 Va - by , ^ 

■ ^+C. 

ii+^ + C 

Ok « 


17. f-jL 

18. f (a + bt)^ di = + 

19. J x(2 + x*)=' dx = + C. 

20. j‘y(a — by^)dy = — 

21. f tV2 /» + 3 dt = + c. 


4 jJ r» 

- - + C. 


!.J" x (2 X + 1 )^ tir = ^ 

2 s.f-^=^y^+c. 

J Vjc^ + 8 -i 

24. r 1 4- (- 

‘‘*'J i,5 -Sz^j^ 5~8z*^ 

25. r ( Va — Vx dr = ax — ^ - 


>.J'(Va — Vx)’ dx = ax — ^ 

■(Va— Vx)’dx_ 2S\/a— Vxj’, 

Vi " 3 


S6./ 
27 


, J* Vx( Va - Vx)* dx 

28. r-^ 

j Va< + f* 


. 2 ax* 
3 

(^d/ Va* + f^ . 

4 . 


x*Vo H 


29 


f Vy . - - .J + (7. 

■J (a -»- 6v)* 2 6{a + 6v)* 

on r ^ — 1 4. c 

(a + frx»)* ~ 4 6 (a + frx»)» ^ 

01 r ^*d/ 1 I f, 

J (a + bpy 8b(a + bt») 

32 . Jz(a + i«»)* dz = ^ 

33 . J*x* ~ * Va ^ fex* dx = ^ 

34 . = 2Vx» + 3 x + C. 

d Vx* + 3 X 

4. c. 


-h c. 
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r (2 -f in x)dx _ (2 -f- In x)^ ^ ^ 

J X 2 

37. J* Bin* X COB X dx =J (sin x)* cob xdx = + c = 

Hint. Ubc (4), making « = sin z. dv = cos x dx. n = 2. 

38. f sin ax cob axdx = ^ + C. 

J 2 a 


sin* X 
3 


39 


2 X cob* 2xdx = — — - + C. 

40. J* tan I BBC* ^dx = tan* | + C. 
cob ax dx 


41./ 
42 




sjn ax 


43 


V6 -f sin ox 

h 


a 


+ C. 


1 


1 + tan xj 1 + tan x 

dx _ In (2 -i- 3 x) 


+ C. 


+ 3 X 


+ C. 


44 flljk-^]l}Jl+^+C 
J 2 + X* 3 ^ 

•/ 


In (a + W*) 


46 


+ W* 

( 2x + 3)<ix 
X* + 3 X 


+ C. 


2 b 

= In (X* + 3 X) + C. 


r e* d6 

• 48. / - 
J a 


In (,v* 4- 4 u) 


+ C. 


In (a + be*) , ,, 

+1?- g ^ + f. 


. 49 


sinxdx 


/ Bin 
1 - 


cosx 


= In (1 — cob x) + C. 


51 ./. (^| . t .. |)!^ = 2 X - In (x + 2) + C. 

82, ^ _ J. + 3 In (x + 1) + C. 

J X -r 1 Z 

58 f -C? + I 5 In (2 X -i- 3} 

J 2x + 3 2^ 4 ^ 

M./^!^=iln(B** + l) + C. 

= 2 In (or* - 6) - 9 + C. 


+ C. 
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Work out each ct the following integrals and verify your results by 
differentiation. 

/ 2xdx 

if———' 

V6 - 6 ** 

Soluttoa. -|J(6-5*«)-^(-10xdr) = -^(6-6x‘)!+C. 

VendcadoiL d{- A(6 - 6 x»)l + C} = - A • 1(6 - 6 x*)-i(- 10 x)<li 

2xdx 


+ 3 x*)dx. 

68 ./- 

»«./(. 


(x» -A)ds 

X* 

VTx 


t' 6 - 6 x 

60. J Vv dy, 

r dt 

“■/i 




in 2 


y/Tx) 


]dx. 


62. 


**•/■ 

“■/ 


Vcoe2 6 
e*dx 


■/ 


3 dx 
X dz 


Vl -2x» 
tdl 




Is/Zt 

f\'2-3xdx. 

74 r ( 2 x-H 7 )dr 
V x + 3 

(4x4- 3)dr 


Vtf^- 5 
2dx 
V3 + 2i 


77, 


sin ad d6 
coea^ + 6 




73, 


CK'4>d4> 
V2ctn<^ + 3 
(2 X + 5)dx 
5x + 6* 


. r—i 

V i + 3 X 4- 2 X* 

79 ri£Lii®lL£Mj 

Ve* — cos X 

■n 


1 

jx> 4 - 


80. 

81 


coex 
2 d tan 2 d dd 
38ec2d-2 


r sec’ 

V V 5 + 


* 2 < df 


3 tan 2 f 


ISO. Proofs of (6) and (7). These follow at once from the cone 
sptmding formulas for differentiation, XI and XI a, Art. 94. 

6 o"i 


lixtnmuTivB Examtus. Prove ( ha**dx - — — 4- C. 

21na 

/• /* 

SohitioB. 




dx = b Ja" dz. By (8) 

Thk (0). t = 2 x ; then dv^stZdx. H we then ineert the lector 

2 before dte end the lector i before the integrel eign, we heve 

bJa-d,.|/o-2<£,«|Ja-d(2*)[«|/«'d. = |£] = |.£4-C. B,(61 



INTEGRATION 


199 


PROBLEMS 

Work out the following integral. 


l.J'6e**dx = 2e**+C. 

r- - 

2.1 e" dx 5= ne^ 4* C. 


4. 1 10* dx = + C. 


In 10 

6.J‘£^==2rv^ + C. 

7. jG“ + e~^)dx = a(e“ - e'O + C. 

8. j(«“ - e"») dx = - e'^) - 2 x + C. 

9. Jx<r** dz = § e** + C. 

10. * COS X dx = «*•“ * + C. 

11. J* e*"® sec* Odd = c**"® + C. 

12. J V? dl = 2 V7' + C. 

13. fa‘e‘dx = - . - 7 ? — + 

14. fa**dx = + C. 

J 2 In a 

16. J («»* + a»')dx = + C. 


Work out each of the following integrals and verify your results by 
differentiation. 


lAjee-di. 

"■m- 

19. J e“ dx. 

*o-S$- 

tl.JxV*de. 



27. f— • 

J 6»» 


28.J”6 xc"*' dx. 

ii.fx(e^ + 2)ir. 

29. J (c**)*dx. 

J Vx 

SO. J* e«“* * sin 2 X dx. 


,, rx*dx 
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131. Ploofs of (8)-(17). Formulas (8)--(18) follow at once from the 
c<MT^ponding formulas for differentiation, XIII, etc., Art. 94. 


Proof 


of (14). J 


tan V dv 


'sin V dv 


— sin p dv 


-H 


= — In cos p + C 
= In sec p + C. 


Since ~ In cos f = — In = — In 1 -h In sec r = In »©c r. 

I sec e I 


Proof of (15). 


ctn r dv 


/ cos r d v 
sin p 


In sin p + C. 


Proof of (16). Since sec p = sec p 


sec F + tan p 


sec V dv 


sec r + tan p 
sec r tan p 4- sec* v 

: f 

sec V + tan r 

/ sec p tan v 4- sec* p ^^ 
sec r 4- tan p 

/ djsec r 4- tan p) 
sec p + tan r 
In (sec p 4- tan r) 4- C. 


Prorrf of (17). Since csct — cscv 


CSC r — ctn p 


CSC vdv 


CSC p — ctn p 

— CSC p ctn p 4- CSC* p 
. ^ 

CSC p — ctn p 

/ — CSC p ctn p 4- CSC* p 
CSC p — ctn p 

/ rf(c8c p — ctn p) 

CSC p — ctn p 
In (CSC p — ctn p) 4- C. 


by (5) 


By (5) 


An alternative form of (17) is 


By (6) 


By (8) 


/«c p rfp = In tan J p 4- C (see Problem 4, p. 201). 
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Illustrativb Exampi^b 1. Prove the following integration. 

/ • o . cos 2 OJJ , ^ 

sm 2 ox ox = r h C. 

2 a 

Solution. This resembles (8). For let r = 2 ox ; then dr =r 2 a dx. If we now 
insert the factor 2 a before dx and the' factor — before the integral sign, we get 

d 

J'sin 2 ox dx = sin 2 ox • 2 a dx |^= sin r dr = - ^ cos r -I- C, by (8) j 

= J cos 2 ox -f C = - ^ 4. c . 

2 a 2 a 

lu.rHTRATlVE EXAMPLE 2. Prove the following integration. 

y'Clan 2 a — 1)* d« = i tan 2 s *f In cos 2 a -f 


Solution. (tan 2 a — 1)^ = tan^ 2 « -* 2 tan 2 « -h 1. 

tan^ 2 a = »ec^ 2 a — 1. 

Henc€\ substituting, 


By (2), Art. 2 


J " (tan 2 « — 1 da = {mc^ 2 a ~ 2 tan 2 «)ds = sec* 2 8 da ~ 2 j * tan 2 « da. 
Now let r = 2 «. Then dr = 2 da. Using (10) and (14), the steps are as foUowi. 
j* sec* 2 a da =: i ^sec* 2 a d(2 a) j = ^ J^sec* r dr = A tan rj = ^ tan 2 a. 

^ tan 2 a da = i y* tan 2 a d(2 a? j = J tan p dr ~ | In cos ^ j ~ i ^ 

PROBLEMS 

Verify the following integrations. 

1. f cos mx dx = sin mx -f C. 

J m 


2. I tan 6x cZx = t In sec 6x -f C. 
0 


3, fsec ox (ix = ~ In (sec ox + tan ox) + C. 

X (I 

4. /c 8C r dr = In tan § r -f U. 

b.J sec 3 f tan 3 ( df = J sec 3 f -f C. 

6. fcsc ay ctn ay dy = - ~ esc ay 4- C. 

X a 

7. J* CSC* 3 I dj = — J ctn 3 x + C. 

8. J*ctn I dx = 2 In sin I + C. 

9. y z* sec* X* dx = J tan x* + C. 
yj^=_ctox+c. 


10 . 
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11. f = tan « + C. 

J C08-* « 

12. (tan $ + ctn 8)*dd = tan 6 — ctn 8 + C, 

18, J (sec <t> — tan ^)* = 2(tan ^ — sec ^) — ^ + C. 

14. r . — = — ctn X + CSC X + C. 

J 1 + coax 

Hint. MuWjrfy both numerator and denominator by 1 — coa i and reduce 
before integrating. 

15. f - — — = tan I — sec X + C. 

J 1 + sin X 

16 . f = - In (1+ coe «) + C. 

J I COBS 

17. = In (1 + Un X) + C. 

J 1 -f tan X 

IB.J X COB JT^ dr = i sin + C. 

IS.y* (jp 4* sin 2 x)dr = J (x* - cos 2 x) -f C* 

20 . f g-g-£-^- = 2vTr^ + c. 

21 rlLL£2«£i^ = + rinx) + C. 

J X 4- am X 

22. r ■ ?^ .* . v i ; L = = VTTTtanl + C. 

V 1 + 2 Un 


Work out each of the following integrals and verify your results by 
diflotintiation. 


23. J* sin ^ dx. 

24. J coe (5 + ax)dx. 
ib.Jcac* (o — bx)dx. 
26. Jaee 

n.facf ctn fd 4 >. 
SSi. r«* ctn s' dr. 


99.Jsec* 2 ax dx. 
30. J Un I dx. 

51. f 

J Un 5 f 

52. r -r—i- 
J Bin* 4 8 
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36. 

36. 


r dt 
'J Bin» 8 1 

f # 

J coe 40 
a dx 


48. J* (1 — cac y)* dy. 


C06* bx 


38. J" ^eec 2 0 — cac >■ 
29. J (tan 0 + sec 0)* (i0. 

40. y^^tRn 4 * - ctn 

41. J* (ctn X — 1)* dx. 

42. J (aec t - 1)* d/. 


45./f 


46. 


CO0X 

dx 

- Binx 
ain 2 X dx 
cos 2 X 
C08/df 


rmn 

Ja-f 

r coe<d< 
d Va -f b sin < 
rcBC g ctn g dtf 

J 5- 


48. 

49 

50 


5 — 4 CSC & 
csc^xdx 


f-g g ! 
V Van 


V3 — ctn X 
Vs + 2 tan X dx 
cos* X 


132. Proofs of (18)-(21). Formulas (18) and (20) follow easily 
from the corresponding formulas for differentiation. 

Proof of (18). Since 

by XXn, Art. 60 


we get 


./I . r . ^\ 1 dr 

di - arc tan - + C ) — — ^ = -r— — ;» 

\o o / o 1 ^ /ly p + o 

r dr 1 

J c* + a* o 


arc tan - + C. 
a 


Proofs of (19) and (19 a). We prove (19) first. By algebra, we have 
1 1 2a 


a r + 0 




Hence 

Then 


-L[-! L.!. 

F'i — 2 a [p — o P + aj 

r dr l_ r L. r hv ri'i 

J ~~ 2 aJ V — a 2aJ c + a 


= iln^ + C. 


To i»we (19 a), by algebra, 

1 


2 a c + a 
1 2(1 


By (2), Art 1 


o+s o— s 
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The rest of the proof proceeds as above. 

Notb. The integrals in (19) and (19 a) satisfy the relation 
r df _ _ r dv 

Hence either formula can be applied in any given case. Later we shall see that 
one form must be chosen in many numerical examples. 


Proof of (20). Since 
d^arc sin^ + 




dp 




3 Va2- p2 


» by XX, Art. 94 


we get 




dr 


arc sin - + C. 
a 


Proof of (21). Assume r = o tan z, where z is a new variable : 
differentiating, dv = a sec^ z dz. Hence, by substitution. 


/ dr _ f a sec^ z dz _ ^ sec- z dz 

Vc2 a- J Va'-‘ tan- z -h J Vtan- z -f 1 

=J' sec z dz = In (sec z + tan z) + c by (16) 
= In (tan z + Vtan^z + l) + c. By (2), Art. 2 


But tan z = - : hence, 
a 


r-7=^=i"(-+x/?+i)+<' 

J Vr^ + a‘ Vj Vo-' / 

a 

= In (r + Vp2 + a*) — In a + c. 
Placing r = — In o + c, we get 


/ 


dr 


Vr" + o^ 


In (p -f V p* + o*) + C. 


In the same manner, by assuming r = o sec z, dr = o sec z tan z dz, 
we get 

dr r a see z tan z dz _ 


r dr _ f o sec z tan z dz _ r 

J Vt* — o^ J VF sec* z — o*' J ' 


Vo* sec* z- 
In (sec z •+• tan z) -f c 


sec zdz 


In (sec z + Vsec* z — 1) -f e 


by (16) 
by (2), Art. 2 


In 


(o'*' Vr* — o*) + C. 
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IixusnuTiVB Example. Work out the following integraUon. 




Solution. This resembles (18). For, let r* = 4 a?* and a* = 9; then u = 2af, 
if? = 2 dr, and a = 3. Hence if we multiply the numerator by 2 and divide in front 
of the intefn^l sign by 2,- we get 

° §/ (2 ,!■+ (3 )- [ ^ I/tt^ =■ f. ^ 


1 . 2 x , „ 

= - arc tan — + C. 


PROBLEMS 


Work out the following integrals. 
, r (Lr _ 1 „ 


3. f . t; = arc sin | + C. 
J V-i.*; - 5 


dy 

^25^ 

d» 


= In (« + Vs* — is) 4* C. 


a r dj 1 . 3 jr , „ 

6. I — p========= = - arc sin — + C. 

9. = arc Un + C. 

J 1 -f 

'*■/(<- 2)> + 9“ » )'*' 


2)» + 9 3"'*“ 


(^) 
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1 6. f ■ ^ In (ay + Vl + a*y*) + C. 

Vl + a V 

lA f = arc sin + C. 

J V4- (4 + 3)* V 2 ) 


.i„(«±») + c. 


Work out «ich of the following integrals and verify your results by 
differentiation. 


r r ^ 

' J x/oTT 


V^* + 4 
r di 
4f» + 25’ 


9 y» - 16 
‘ dg 
V4 «* + 5 
• tdl 


► f ^ 

J 25 - 

r 7 dx 

V 3 + 7 z* 


J y/t*- A 

s.f-r^ 

J V5x^ + 

J Vl - 




6tdi 

8-3<»' 

sin 6 tf6 
V4 + cos* 0 


f 

J m* + (X + n)» 

r du 

Ja-{2u- !)»■ 
nx^dr 


fllll 
J 5 - 


The standard formulas (18)-(21) involve quadratic expressions 
(p* d:; o* — V-) with two terms only. If an integral involves a 
quadratic expression containing three terms, the latter may be re- 
duced to one with two terms by completing the square, as shown in 
the following examples. 


= - arc tan • 

X + 5 2 


iLLUsnuTTViB Example 1. Verify the following ; 

r ^ = i arc tan + C. 

Jx’ + 2x + 5 2 2 

Soiotioa. x*4-2x -»-5=x’+2x + l + 4 = (x4-l)*+4. 

• C—J£— = f—J£— 

Jx^-h2x + 5 j(x + l)>+2^' 

This is in the form (18). For let c = x + 1, and o = 2. Then dt = dx. 
Hence the above becomes 

= i arc Un 2 + C = i arc tan ^ + C. 

J e' + o* a a 2 2 

Illustrative Example 2. f = 2 arc sin + C. 

J V2 + X - X* 8 


Illustrative Example 2. f = 2 arc sin + C. 

J V2 + X - X* 8 

Solution. This is in the form (30), since the eoeffieitnt of x> is neyolirs. 

Now 2+x-x*=2-(x»-x + J) + i = l-(*-i)*. 

Let » = X - i, a = !• Then ds = dx. 

f = 2 f-; ^ - = 2 =: 2 arcsin 2 -f C, by (SO) 

J y/2 — J V| - Ot — 1)» ./ Vo* — f* 

«2arcsin?-2^^ + C. 
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IlXUimUTIVBEXAllPUSa. J’.- y = 1 In + C. 

Solution- 8a:*+4*-7 = 8(x> + |x-i)=3(x» + |z + t- V) 

= 3C(x + i)»-Vl- 

. r dx r dx 1 r dv 

j8x* + 4x-7 j3[(x + i)>-Vl 3j»>-a»’ 
by form (19), ifi) = x 4 'i>o = i> since also dr = dx. Then we have 
If dr _l,_r-o.^_l,_x + i- |.-,_-. 


K-* ^ 1 i„Lr« + C: 

3 J — a* 6 a • -f a 




PROBLEMS 


Work out the following integrals. 


I r =1 In f?i±iWc 

V x» + 4 X + 3 2 Vx + 3/ ^ 




. r__li£ 

■ j x» - 8 X 


arc tan 




4. f r;",;/::' = arC sin (2 X — 3) + C. 

V3 X - x» - 2 

Jc*-6f + 5 4 \P-1/ 


arc tan (2 x - 1) + C. 


'15 + 2 X - X* 
dx _ 1 , / 


if d L l (r^\^C. 

Jc*-6f + 5 4 \P-1/ 

^• f2x^ -YxTi = ««: ‘an (2 X - 1) + C 

7 . r-=^= = arcsin/^) + C. 
J Vl5 + 2 X - X* \ 4 y 

10. r = BFC Sin (X — 1) + C. 

J V2 X - z» 

11. r ■■■• ; = In (s + O + V2 (M + «*) 

J V2 oa + «» 

'*■/»> + ?* + ! ” ^ (21 + 3 + ^) 
‘’•/r+frT. = ' 


= arc ain (x — 1) + C. 


11. f ■■■• ; = In (s + O + V2 (M + «*) + C. 

J V2 oa + «» 

10, r jg JLin/gx±i-T-yiUc. 

‘*'Jv» + 3y + l V6 \2v + 3 + V5/ 


V* + 3 y + 1 Vi \2 1 
r dx _ 2 

urin ---"Tr"' , in vEH 

1 + X + X* Vi 
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“■/vi+*+x- 1 + + ''• 

h 


le 

17, 


-f 4 X -f 5 4 

dx 1 


m 

m) 

, r dx :^/8x-f3\ . ^ 

. I ~ = ~ afC BID ( 7=- ) -f C. 

j V2-3x-4x^ 2 \ V41 / 


3 - 2 X -h 4 Vll 

dx 


= T arc tan 

arc tan 


-f C. 

•f C. 


Work out each of the following integrals and verify your results by 
differentiation. 


h 


dx 

x + 10' 


19. 

20 . 

21 

22 . 

23. 

24 

23. 


+ 2 X - 3 

r 

J 3 - 2 y-y^ 

r .3 du 
Vs — 4 u — u* 
f 5 dx 

J Vx* + 2 X + 5’ 

I 

■f 


Vx* + 4 X + 3 
dx 

Vx* + 2x 
dt 


C—Jil—. 
J V3 < - 2 <» 

26. r — 

Jx»-4x + 5 


29. 


/; 


4 (lx 


Vx* — 4 X + 13 

30. f , ■ . 

V3 + 2 c - 

dr 


31 


./ \/r ‘i — 


Vr'-' - 8 r + 15 

X dx 


32. 

J X* X - - 1 

dl 


33. 


/ 


Vl - t - 2 

3 A r 

J 3 X^ + 4 X + 1 

»3./j 
“•/i 

37 

30./ 


w* + 2 «' -f 1 
x^ fix 

9x«-3r'-l’ 

. r <i< 

J 15 + 41- <»■ 
dx 


89. 


■/ 


V9 x» + 12 X + 8 

dx 

V4 X* - 12 X + 7’ 


When the integrand is a fraction of which the numerator is an 
expression of the first degree while the denominator is an expression 
of the second degree or the square root of such an expression, the 
integral can be reduced to standard fcrms, as shown in the fdlowing 
examples. 
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IixusmuTivB Example 1. Prove the following: 


r-|=^=Ldi = |V4x»+9-iln(2x + V4x» + 9) +C. 
J V4 xi -4- 9 4 2 


Solution. Multiply through by dx and apply (1). 


3x-l 
v'4 X* + 9 




X2 -h? 


Then by (4) and (21) we obtain the answer. 

Illustrative Exampi^ 2. 

r 2 X -- 3 1 /^2 t 4 ^ 7V _ 13 , 3x-3 . ^ 

J 3x^+4 X- 7^ 3 ( ■'■3 3) 30 3x + 7'^^' 

Solution. 3 X* -f- 4 X — 7 = 3[(x -f §)^ — V]» hy Illustrative Example 3, p. 207. 
Let p = X -f J. Then x = r — L and dx = dv. Substituting, 

r 2x-S lr6r-13j 

j Fx — 1 7 - 7 ^ =J V ~ = 9 j TTTv 

- ^ r 2rdv _ 13 r df 

Using (6) and (19), and substituting back r = x i, we have the above result. 


PROBLEMS 


Work out the following integrals. 

, rd ^2x)(ix 


t arc tan x + In (1 -h x^) -f C. 

2 . = 2 Vx* - 1 + In (x + Vx* - 1 ) + C. 

•' Vx* - 1 

3. = — Vl — x^ — arc sin x + C. 

Vl-x* 


x** — arc sin x -h C. 


4 ,J'(l. L . . Jj<k = I In (j-2 + 9) - I arc tan | + C. 
6. = - 3V9 - .S'* - 2 arc sin I + C. 

V9 - »» 3 


' (^-^3)rfx 
Vx* + 4 


^x» +' 4 + 3 In (x + Vx» + 4 ) + C. 


= iln (3x>-2)-min 
^ 1-2 \3 X + VeJ 


y=M = |V3(*-9-^ln (fVS + V3<»-9) + C- 
^3>-9 3 3 

=ln (*• + 2 X + 6) + 1 « U. (£±i) + C. 
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x» - 4 X - 3 8 In (4** 4* 3) + In 

13- /t g -|f = - 1 in (1 - 6 X - 9 x») 


2x-Z \ . ^ 


In ( 3 

4 \3i+H-V2/ 


13. f = Vx» + 2 X + 2 In (x -f 1 + Vx» + 2 x) + C. 

J Vx* + 2 X 

14. r = - V4 X - x» + 4 arc sin + C. 

Jy/4x-x^ \ ^ / 

15. f —=dM======^ = - V'27 + 6 X - X* + 3 arc sin + C. 

J V27 + 6x-x» \6/ 

16. r (3T-H2)dx ^ 3 Vi9 -'57+ x» 

J x/lQ _ ii r 4- r3 


+ Y In (x - 5 + Vl9 - 5 X + x») + C. 


J Vila 


(3T-a)dr 


4 X *f 5 4 


— i In (2 X — 1 -f V4 — 4 X -f- 5) -f C. 


18. f-yMd=J^= = - 2V12 X - 4 X* - 5 
V12 X - 4 X* - 5 


+ 5 arc sin 


i„ (2£^) + c. 


Work out each of the following int^rals and verify your reeulta by 
differentiation. 


19. 

20 . 

21 


f(4 X + 3)dx 

J X* + 1 

rijr-jtjdx, 
J x» - 1 
— x)<lx 


27 

“•/ 


■/‘hsr^ 

28 r(3 ^ -f 3)<ix^ 

'J V2-3x» 

J V3 + 5x* 

J X* + 4 X 

QK 

J 

26 r (a^ + 2)<fa! 
"'J x*-6x + 6 


29 

SO. 


r (3-4x)dx 
V3x-x»-2 
(5x4- 2)<ix 
Vx* + 2 X + 5 
(1 -x)<ix 
Vx» + 4 X + 3 
(8 - 8 x)<ix 
X^ *f X *f 1 

SI. fM±M=,. 

J Vx» + 1 + 1 

88 r (2^ + 7] #-. 

j 2 i» + 2 X + 1 
f (3x4-8)<ix 
V9x*--3x-l‘ 

J V4»«-12 » + 7 


'■/ 


83. 

84. 
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133. Proofs of (23) and (23). To prove (22), substitute 

V = a tin z. 

Then dv = a coszdz, 

and Vo* — — Vo* — o*tin*z = o cos z. 

Hence 


Vo* — v^dv — a^J co8*z dz = ^ ^ ^ 


tin 2 2 + ^ z + C. 


To obtain the result in terms of v, we have, from above. 


z = arc tin -I and tin 2 z = 2 tin z cos z = 2 - — 

a a a 

Substituting, we obtain (22). 

Proof of (23). By substituting p = o tan z, we show (see Art. 132) 
readily that 

(1) J' Vp* -f a* dp = J' a sec z ■ aeec^ zdz = a^J'aec^zdz. 

In a later section it is proved that 

(2) J' sec^zdz— \ sec 2 tan z 4- 1 In (sec z + tan z) + C. 

Since tan 2 = -.andsecz = , we derive, from (1) and (2), 

(3) J V^*T^dP = | VpM^ + Y*" (p + Vp* + o*) + C', 

^2 

whereC'=C— -^Ino. Hence (23) is proved when the positive sign 
holds. 

By substituting p = a sec z, we obtain (see Art. 132) 

(4) ^ Vp* — o*dp = J'atsmz- asecztax\zdz — a^J' tan*Z 8 eczd 2 

= a^J' sec*z dz — a^J' sec z dz. 


Comparing (4) with (2), we have 

(6) J Vp* — o* dp = ^ sec z tan z — ^ In (sec z + tan z) + C. 

tfl X 4)3 

But sec * =s -» and hence tan z Substituting in (6), 

o o 

wt obtain (S3) for the negative sign btiore o*. 
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lixusTRATiVB Examfub 1. Prove the following : 

® & / a a 1 2 , 


J v4-9x><ir = | ^4 - 9 1» + 1 arc sin ^ + C. 

Solution. Compare with (22), and let a* = 4, r = 3 x. Then di? = 3 dtx. Hence 
j* V 4 — 9 dx = j J V 4 — 9 x^ 3 dx = ~ J' \ da. 

Using (22)* and setting a = 3 x, a* = 4, we have the answer. 

Illustrative Example 2. 

f V3 +ix-7dx ^ 

=r |(3 X + 2)\ 3 xJ + 4 X - 7 - In (3 x + 2 + Vgx^ + 12x-2i) »- C. 

lo 

Solution. By Illustrative Example 3. p. 207, 

3x^4.4x-7 = 3[(x + ly - V] = ~ 

if p rr X + Sj, a = J. Then da = dx. 

3 + 4 X - Tcix = V3j\ > - oM,. 

Using (23), and setting a = x-f§.a = §,we obtain the answer. 


PROBLEMS 

Verify the following integnrations : 

1. J Vl —’4 x^dx = I Vl — 4 X* + I arc sin 2 x -f C. 

2. fVl + 9x^dx = I Vl + 9 X* + I In (3 X + Vl + 9 x^) + C. 


5. f - 1 dx = I Vx* - 4 - In (x + Vx^~^) + C. 

4. f V25 - 9 x*dr = ^ V25 - 9 x» + ^ arc sin ^ + C. 
d 2 o o 

6. J* V4 X* + 9 «ix = I V4 X* + 9 + | In (2 x + VT3F+1) + C. 

f Vo — 3 X* + — ^ arc sin /| + C. 

2 2V^ \5 

7. J V3-2x-x»dx = V3 - 2 X - x» + 2 arc sin + C. 

8. J V5 - 2 X + x»dx = V5 - 2 x + x» 

+ 2 In fx - 1 + V5 - 2 X + x*) + C. 
i.J V2 X — x*di = - V2 X — X* + I arc sin (x — 1) + C. 

10, f Vl0 - 4 x -*- 4 x»dx = VlO - 4 x + 4 x* 

+ lln (2x-l + Vl0-4x + 4x*) + C. 


0.J V5 - 3 i*dx = 
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Work out each of the following integrals and verify yotu* results by 
differentiation. 


11. J* Vl6 — 9 ** dx. 

12. J Vi + 26 X* dx. 
12. J V9 1 * - 1 dx. 

— 3 X* dx. 
Ib.J Vs + 2 1 * dx. 


18. J* Vs — ’4x — dx. 

17. J* Vs + 2 X + X* dx. 

18. J Vx» - 8 X + 7 dx. 
i.rvr — 2 X — X* dx. 


19. 

20. fV: 


X* 2 X + 8 dx. 


134. Trigonometric differentials. We shall now consider some trigo- 
nometric differentials of frequent occurrence which may be readily 
integrated by transformation into standard forms by means of simple 
trigonometric reductions. 


Example I. To find J sin’" u cos* u du. 


WTien either »i orn is a positive odd integer, no matter what the 
other may be, this integration may be performed by means of simple 
transformations and formula (4), 


/ 


For example, if m is odd, we write 

sin" tt = sin"' ‘ u sin u. 


Then, since w — 1 is even, the first term of the right-hand mem- 
ber will be a power of sin^ u, and can be expressed in powers of cos^ u 
by substituting sin* u = 1 - co8=» t*. 

Then the integral takes the form 


( 1 ) 


J (sum of terms involving cos a) sin u do. 


Since sin u du = — d(cos u), each term to be integrated is of the 
form V* dv it v = coe u. 

Similarly, if n is odd, write cos" u = cos""* u cos u, and use the 
substitution cos* u = 1 — sin* u. Then the integral becomes 


( 2 ) 


J (sum of terms involving sin u) cos udu. 
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iLLUSfTRATtVB EXAMPUB 1. FiodJ* rin* X COX* X dr. 

Sotatta.. /d«> .=«.•. i. d, 

=s J’tm* x(l -rin*x)* coax dx by (9), Art. 2 

= J" (sin* r — 2 sin* * + sin* z) cos r dr 
= J" (sin x)* coaxdx — zj (sin z)* cos z dz +j‘ (sin z)* cos z dz 


_ sin* X 2 sin* z . sin^ z , ^ 
8 ^ 


By (4) 


Htre fssinz, dss=cosrdz, and it = 2, 4, and 6 respectiveiy. 

IixiranuTnE Example 2. Prove J" sin* i z dr = J cos* Jz-2co8iz + C. 
Sointioa. Let | z = a. Then z = 2 h, dz = 2 du. Substituting, 

(3) J'nn* i xdz = zj'a'm* udu. 

Now udu= J'shi* u ■ aba u du =J'(l — cos* u) sin w du 

sin u du — J" cos* u sin u du = — cos u + J coe’ u + C. 

Usbg this result in the right-hand member of (3) and substituting back u = } z, 
we have the answer. 


PROBLEMS 

Work out the following integrals. 

hj" sin* z dz = § coe* z — coe z + C. 
i.J' sin* ff coe $d8 — \ sin* d + C. 

A J* cos* ^ nn 0 d^ = — i cob* (^ + C. 

A J* rin* 6 z coe 6 z dz = A: 6 z + C. 

6. J* coe* Z 9 mn2 $ dd — — i coe* 2 9 + C. 

A dz = cec z — i CSC* z + C. 

J sin* z 

7. d<^ = 8ec^-fcoe0 + C. 

J CO0* 0 

A J*coB* z sin* xdx^ — I coe® z + j coe* z + C. 
9. J’rin* zdEs-coex + l coe? z — i eoo* z + C. 
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10. J* cos* » <fa = rin X — I on* x + i sin* x + C. 

1 1. J* dy = -2 Vc«l» (l-|coB»» + ico8«») + C. 
18./ ta = I sin* < - I sin* < + I sin^ tj + C. 
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Work out each of the following integrals and verify your results by 
differentiation. 


13. /sio* 2 dfl. 

18./ sin* nU cos* mt dt 

14./ cos® 1 dO. 

19./ain‘ nxdx. 

16./ sin 2 X cos 2 x dx. 

20./cos® (a + W)df. 

16./ sin® t cos® t dL 

tl. f-^dS. 

Vain $ 

17./co8® ^ mn* ^ dtt>. 

22.r“"*2x ^ 

*' •v'cos2x 

Example II. To find J 

ton" udu or J' ctn" u du. 

These forms can be readily integrated, when n is an integer, on 


somewhat the same plan as in the previous examples. 
The method consists in writing, as the first step, 


tan" u = tan"“* u tan* u = tan““* «(sec* u — 1) ; 
or ctn" tt = ctn"“*ttctn* u = ctn"-* tt(csc* u — 1). By (2), Art. 2 
The examples illustrate the subsequent step®. 

Illustrative Example 1. Find / tan* xdx. 

^tan* x(8ec* x — l)dx 
tan* X see* x dx — / 1 


Solution. 


/' 


tan< xdx—Jt 


tan^xdx 


= /(Un x)* d(tan *) ~/ (■*«* * ~ l)dx 
= _t«nx+x + C. By ( 4 ) and (10) 

O 


Illustbativb Example 2. Prove 

/ctn* 2 X dx = - 1 ctn* 2 x - } In rin 2 x + C. 
Solution. Let 2 X s u. Then x s i u, dx s | du. Substituting. 
(4) /ctn*2xdx3> i/etn* udu. 
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Now y* eta* ud»^J eta u • eta* u dti 

=s J ' etn M(e»c* u — 

=/eta ti CSC* udu -^jetnudu 

= — J etn* u — In iiii 14 -f C. By (4) and (15) 

UsiniE this result in the right-hand member of (4) and substituting back u = 2x, 
we have the answer. 


Example m. To find J^se^fudu or j^csc^udu. 


These can be easily integrated when n is a positive even integer. 
The first step is to write 

11-2 

sec"M = aec"~2u8ec'iu = (tan-u + 1) 2 sec^u; 

w - 2 

or csc"u = csc^*"^u csc^u = (ctn^ 14 + 1) * csc^w. By(2), Art. 2 
The example shows the subsequent steps. 

Illustrative Example 3. Prove J* sec^ | xdx = | tan^ Jx4-2tan§x*fC. 
Solutioa. Let } x = u. Then x ^2 u, dx — 2 du. Substituting, 

(5) 


Now 


j* sec* J X dx = 2 J' iicc< u du, 

J see* udu^ Jsec^u • sec^udu 


=/(tan*« + 1) sec’wdu by (2), Art, 2 

= J* tan’Hsec* tedu + J*iiec’Mdu 

= J tan’ u + tan « + C. By (4) and (10) 

SabstitTiting back in the right-hand m«naber of (5) and putting u = | x givee 
the answer. 

Exercise. Set sec’a = 1 4- tan’a in the right-hand member of (6), square, 
and follow Illustrative Example 1 above. 

Example IV. To find J" tan’^u t^u du or J" etn"‘u etc" u du. 

When n ifl a positive even integer we proceed as in Example III. 

IlxOBTRATtVE ExAMTUl 4. F\ndJ’ t»n*x aec*x dx. 

S<dtitioa. j'uui*xme*xdx=‘j‘uD*x{Un*x + l)ux*xdx by (2), Art. 2 

sij’ (tanz)*MC*xdx+ f taa*»xec**dix 

By (4) 


Here a a tan a, w Me*ais. ate. 


. ten** . tan*a . ^ 
I—— - + -—. + (7, 
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When m is odd we may proceed aa in the following example. 
Illustrative Example 6. Find J Un* z aec’ x dx. 

= J (aec* z — l)* sec* ZBecxianzdx by (2), Art. 2 
= J (sec* X — 2 »ec^ x -f sec* x) sec x tan x dx 

By (4) 

7 5 d 

Here r = Becz, de — lecz tan z dz, etc. 

The methods used in the above examples are obviously limited in 
their application. For example, they fail in the following case. 

J' sec? u du =J'aec u sec^ u du 

= f sec tt tan* u du + In (sec u + tan u). 


For we cannot proceed further by the elementary standard forms. 
Later other methods will be developed of mm^e general use. 


PROBLEMS 

Work out the following integrals. 

1. J" tan* xdx = i tan* j + In coa x + C. 

2. J ctn* I dx = - I ctn* | — 3 In sin | + C. 

S.J'ctn* 2xcac2xdc = §c8c2* — J esc* 2 x + C. 

4. J* CSC* ^ dx = — I ctn* | ~ 4 ctn | + C. 

b.J tan* 3 0 d® = 1*5 tan* Zd — \ tan* 3fl + iln8ec3d+C. 

f-f = tan 2 X + I tan* 2x~ictn2x + C. 


sin* 2 X cos* 2 x 

-|ctn»x + C. 
o 


8ln*x 

».f^ 

J cos' 


n* X dx _ 2 ^ X I tan* 


: ? tan* X + L 


x + a 
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10. ftan* a sec^ a da = | #ec^ a — f 8ec^ a + C. 

' *•/ (Si)* = -;(«»«« + 1 «"•») + c. 

18. J (ctn» 2 + ctn« 2 0)d0 = - i ctn> 2 + C. 

18, J* (tan W — ctn W)* di = ^ [tan* bt + ctn* 6t] + | In ain 2 5( + C. 

Work out each of the following integrals and verify your results by 
differentiation. 


14. J ctn* ax dx. 

21. f . ^ - ^ • 

J 3 X C 08 * 3 x 

16.J’sec«dddi 


16. J" CSC* 1 dx. 


"■mf- 

“■/(rs* 

J Vtani 

85. 

^ Vsec X 

19. f(^Ydx, 

J Vctn axj 

26. J tan" x sec* z dx. 

80. J* tan* 1 sec* | dx. 

/Tan* 2 6d6 


Example V. To find J sin’" u cos" u du by means of multiple angles. 

When either m orn is a positive odd integer, the ^ortest method 
is that ^own in Example I, p. 213. When m and n are both positive 
even integers, the given differential expression may be transformed by 
suitable trigonometric substitutions into an expression involving sines 
and cosines of multiple angles, and then integrated. For this purpose 
we employ the following formulas. 

sin tt cos « = i sin 2 u, by (6), Art. 2 

sin’ a = i — icos2tt, by (6), Art. 2 

cos* tt s: jr + ^ cos 2 u. by (6), Art. 2 

Uxwmt™ Ex«fl. I. 

Soitthoa. J eos* « *-/(»+ 1 oos 2 u)du 

B + IJ'eoe 2 w dw tB 1 4- i idn 8 « + C. 
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luuusTRATiVB ExAMPUD 2. Find j' ■in*x 
Solution. J*Bin*xcoa*zdx=: ij'sin^ 2zdz 

= lJ*(i-Jco84x)dx 


by (6), Art 2 
by (»). Art. 2 


■§ 32““^*'*'^' 


IixusnunvE Example 3. Find J* 8in‘x coe^xdx. 

Solution. J'sin^x coa*xdx =J'(8inxcasx)*Bin*xdz 

=y J sin* 2 x( J — J COB 2 x)dx 
= J J'8in*2xdx— i J* sin* 2 z cos 2 zdx 

( cos 4 z)dz — \f Bin’ 2 x cos 2 xdx 

— JL 8in4x 8in*2x ^ 

16 64 48 

Example VI. To find J' sin mx cos nx ^ nxdx, or 

J cos mx cos nx dx, when m 9 ^ n. 

By (6), Art. 2, sin mx cos nx = ^ sin (m 4- «)x + J sin (m — n)x. 
.'.J' Bin mx cos nxdx = \ J' an{m + n)x dx + ^ J' 8in(m — n)xdx 


cos (m — n)x 


Similarly, we find 


2 (m 4- n) 2(m — n) 


I ,i„ « ™ n. ^ + C. 


PROBLEMS 

Work out the following integrals. 

. 8in2x 


l./idn>.ii. = |-!!Sp+c. 
t/*.* , * - ^ + C. 
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3x 

mn2ar . 

sin 4 ar , ^ 

8 

+ 4 

82 

5z 

sinSz . 

8in*2x . 3sln4x , ^ 

16 

4 + 

48 + 64 

5x 

. 8in2z 

Bin*2x . 3 sin 4 x , ^ 

16 

4 

48 ' 64 ^ 


4. sin* X dt ■■ 


a/»„.»xdx = |-*^4C. 

•> r-:_i J- _ 3 1 sin 2 a» , Bin 4 ai . ^ 

8. / sm* ax ax — -z — — h C. 

J 8 4 a 32 a 

aT-so -in j J". "in* 4 X sin 8 1 . _ 
®-j“n*2xcoe«2x<ir = - + -5^ ^ 

10. J (2 - sin 0)* y + 4 cos 0 - + c. 

1 1. ^fsin* « + cos <^)* ^ + 21^ + C. 

12. /sin2xcos4x(ix = ^-S5^+C. 

IS. J*8in 3 X sin 2 z dx = - + C. 

1 4. /cos 4 X COB 3 X dx = 5|£ + 51|p + C. 

Work out each of the following integrals and verify your results by 
differentiation. 


4 12 

sin X sin 5 x 


-+ C. 
+ C. 


16./co8*ax<ix. 

16. / cos* ax dx. 

17. /sin* ax cos* ox dx. 
1 a/ sin* I COB* I d0. 

19.fdn*2aeM*2adcu 
SO. / »n* X cod* X dx. 


+ COB x)^dx. 

92. J (Vain 8 ^ — cos 2 0)* d0. 
S3. / (VeoUTd — 2 sin 0)® d$. 
94. f (8in2x-Hin3x)»dx. 
S6./ (rin X + cos 2 X)* dx. 

S6. / (oos X + 2 cos 2 x)* dx. 
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136. Integration of expressions containing Vo* — u* or Vu*± a* by 
trigonometric substitution. In many cases the shortest method of in- 
tegrating such expressions is to change the variable as follows. 

When Vo^ — occurs, let « = o sin z. 

When Va^ + u* occurs, let u = o tan z. 

When Vu® — o^ occurs, let u = a sec z. 

These substitutions were used in Arts. 132-133. By them the radi- 
cal sign is in each case eliminated. For 

(1) Vo^ — sin^z = aVl — sin^ = acos z; 

(2) Va^ -t- tan^z = oVl -f tan2z= a sec z; 

(3) Va- sec-z — = oVsec^z — 1 = a tan z. 

Illustrative Example 1. Find '' 




(a» - «>)l 

Solution. Let u = a sin j ; then du = a cos z dz, and, using (1), 


f du _ 

^ a coH zdz _ 1 

r dx _ 1 / 

^ (o’ - 

* ^a^ co8®2 w 

* cos^x ^ a^J 




Qi V q } — ti* 


For, since sin 2 = - » draw a right triangle and mark the 
sides as in the figure. Then tan z = 


u 



Illustrative Example 2. Prove 


V a’ — 

dx 


f 


x\ 4 X* + 9 


_ 1 V4 -f 9 

— • ~ In r» — 

«5 X 


'-PC. 


Solution. Here vTxM-9 = v -f a* if m = 2 x, a = 3. 
Hence let 2 x = u ; then x = J m, dx = J dii. Substituting, 

I dw 

(4' ' ' ^ 


/ dr ^ f du r du 

xv 4x* 4- 9 d J uVu^ -P «v'u* -I 


4 X* 4 - 9 d J M V ^ ^3 j u\ *f a* 
Let tt = a tan 2 . Then dw = a sec^z dx. and, using (2), 


r du 

a sec* z dz 


sec X dx 1 r 


' a tan x • d sec x 

aJ 

tan z aJ 


sm z 


1 r 1 

= - f CSC 2 dx = ~ In (esc t — ctn z) -p C. 
ad a 


Since tan 2 = - » draw a right triangle and mark the sides as in the figure. Then 
a 


cot* = 2. 

u u 


du 




•f O* 


iin2i5L±iL 


! + C. 


Substituting back in (4), and setting, as above, u s: 2x, 
a as 3, we have the answer. 
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PROBLEMS 

Work out the foUowing integrals. 

l.r— ^ = r-4== + C. 


•^(x> + 2)* 2Vi* + 2 

S. f~M= = I Vx^-6 + 3 In (i + Vx»-6) + C. 
J Vx» - 6 2 




^ (5 _ SVTTTS 


4. r -^-—7- — — k V4 — + 2 arc sin + C. 

J 2 2 

6. r + In (x + Vx* + 8j + r. 

+ Vx» + 8 


(9 - u»)* 


= — arc sin ^ + C. 
/* 3 


7. f ■■ ^^= = hn( ^™Uc. 

J xVx»+l 2 \2 + Vx* + 4/ 

i.r--£=^Un( ^_\ + C. 

xV25 - X* o Vs + V25 - xV 


»»Vy* - 


r— #== 

f— ^== 

x X* Vx* — 9 


t V 

V5-X' 


11 r__^_ = + 1 arc sec I + C. 

X x»\/x* - 9 18 x^ 64 3 


12. j j 5 j arc sin - + C. 

Work out each of the following integrals and verify your results by 
differentiation. 


/x» + 16dx 


18./ — ^=. 
x»Vi » + 1 


Vi* + 9 dx 




flOO — «*<f« 


(c* - 3)» 

20,f-^M=- 

Vx* + 6 

91. r — 7^ 

•'x^Vx*^ 

9 <fx 
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136. Integration by parts. If u and v are functions of a fflngle inde- 
pendent variable, we have, from the formula for the differentiation of 
aprod<ict(V),Art.94, ^ „ * + „ 

or, transposing, udv = diuv) — v du. 

Integrating this, we get the inverse formula. 


J' udv=uv— J' vdut 


called the formula for integration by parts. This formula makes the 
integration of u dr, which we may not be able to integrate directly, 
depend on the integration of dv and p du, which may be in such form 
as to be readily integrable. This method of iniegration by parts is one 
of the most useful in the integral calculus. 

To apply this formula in any given case the given differential must 
be separatwl into two factors, namely, u and dv. No general direc- 
tions can be given for choosing these factors, except that 

(a) dx is always a part of dv; 

(b) it must be possible to integrate dv; and 

(c) when the expression to be integrated is the produet of two fune^ 
tions, it is usually best to choose the most compliealed-looking one that it 
is possible to integrate as part of dv. 

The following examples will show in detail how the formula is 
applied : 

Iu.U8TRATi\'E Exauplb 1. Find j" X cos xdx. 


Solution. Let 
then 

SubatitutinK in (A), 
« dv 


u=:x and dv^coaxdlz; 
du s» &'~'an3r^ r= J'cosxdxsssin*. 


J* X coe xdx xain X —J " sin xdr = x sinx 4- coax + C- 


iLursTRATiVE ExAMPLB 2. Find Jxlaxdx. 

Solution. Let a = In x and dv = x dx ; 

m du = — and » ssj x dx = 

Subatituting in (d). 

r 1 J 1 ** r** dx 

jx\nxdx^lnxj-jj- 

«^lnx-^ + C. 


f'x* dx 
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lULUSTRATiVB ExAMPLS 8. Find J* 

Solution. Let and dpssxdx; 

then du^e^-adx and v 

Substituting in (A), 

Jxe^dx = 4 !^ • J je^adx 

But x^t^dx is not as simple to integrate as xe*^dx, which fact indicates that we 
did not choose our factors suitably. Instead, let « 

i4 = » and dt = «"dx; 

/ €** 
e**dx = — • 

Substituting in (^), 

f xe^dx = X • ^ f— dr 

j a J a 

= ^-5^ + C = 5=(*-lUc. 

a a* a \ 0 / 

It may be necessary to apply the formula for integration by parts 
more than once, as in the following example. 

Iixt’STRATitiB Example 4. Find x’e^dx. 

Solution. Let « = x* and dr = e^dx ; 


then 

Substituting in {A), 


f 


x^e^dx = X* 


( 1 ) 


a 

xV« 2 
a 


-/■ 

-If 


du — 2xdx and v ^ j t^dx ^ 


2xdx 


a 

x€^dx. 


The integral in the last term may be found by applying formula {A) again, 
which gives 




Substituting tbia result in (1), we get 

_ 2 e"/ 
a u* 

IixcsTRATiVE Example 6. Prove 

j' ■ee* 2 <b a: ) eec s tea * + | In {sec z + Un z) + C. 

SohttkML Let wsmcs end dsssec’sdc; 

tlMi dk^zacztzazdz ud z^Unz. 
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SubatitutinK in (il), 

sec^zdz =:aec2Unz J secztan^zdz 

In the new integral substitute tan^z = sec* 2 — 1. Then 

zec^zdz = sec z tan 2 ~ J' zec^zdz -f In (sec 

Transposing the integral in the right-hand member 
required result. 


Illustrative Example 6. Prove 


/ 


s" sin nx dx = 


€^*(a si 


Solution. Let m = c" and 

then du = ae**dx ar 

Substituting in formula (A), the resi 

(2) J' r" sin nxdx = - — 

Integrate the new integral by par 


Let 


u =re« 


then df 

Hence, by (A). 

(3) I ' cr 

Substituting in 

( 4 ) /. 

The two int< 
member and sol 

Among 
gration by i 

(a 

(b 

(< 


Work 
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4on|-2*coe|+C. 

M A 

_ coe nx . X sin nx , ^ 

- ^ ^ 

n* n 

tan tt + In coe « + C. 


* — VjPfflnSc — VjcobSp+C. 

2 If, B in ny _ ^ 

n* n 

C. 



4 - C. 


'I - x^+ C. 


•n (I + x’) + C. 
a +V^) + C. 

'i - ' '* + C. 

) 4- C. 


- C. 
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Work oat each of the following integrals and verify your results by 
differentiation. 


26. J*! sec* 1 dx. 

)tA f arc tan y/xdx. 
J z» 

26. J' X cos* 2xdx. 

37. J* X* arc tan x dx. 

27.Jx*eoBzdx. 

36. J (e* + 2 1 )» dr. 

28. J" arc sin mx dx. 

39. J (2* + X*)* dx. 

29.J'arc ctn | dx. 

40. J* e"* cos |dd. 

30. J arc cos ^ dr. 

41. y sin vt dt. 

31. fare sec - dy. 

J y 

42. J'c** cos ^ dr. 

32.J'arc esc nt dt. 

43. J e"2 cos 2 f dt. 

33. J arc sin dx. 

44. J* cos rt dt. 

arc sin x dx. 

48. J" sin ^(tt. 

rx arc sin x dx 

46.J'csc* $d$. 


137. Comments. Integration is, on the whole, a more difficult op- 
eration than differentiation. In fact, so simple an integral (in 
appearance) as ^ 

I Vxsinxdx 

cannot be worked out ; that is, there is no elementary function whose 
derivative is Vx sin i. To assist in the technique of integration, 
elaborate tables of integrals have been prepared. A short table is 
given in Chapter XXVII in this book. The use of this table is ex- 
plained below in Art. 176. At this point let it suffice to remark that 
the methods thus far presented are adequate for many problems. 
Other methods will be developed in later chapters. 
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hiscellareous problems 

Work out each of the following integrals and verify your results by 
diffnentiation. 


3 X dr 




V5 - 2 X* 
Zxdx_ 

X* 


s. 

J 


X coe 2 X dx. 


-/i 

’•/ 


(4 J -f 3)dr 
3 + 4 X + s' 
(4x4- 3)<ij 
Vi» 4- 4 X -f 8 
dx 


(a* 


& 

9. 

10. 




-x»)^ 

dx 


6x4-9 

dx 


6 X -t“ 8 
dr 


■f-- 

'fx^ 6 X 4- 10 

11. J (e** 4- 2 e ‘)^ dx. 

12. f(e^-2 x)» dx. 

J e’-ie * 

fli. J sin* or coS4x dx. 
iB. Jdn* ax cos* ox dx. 

IE J'ln (1 — Vx)di. 

17. f (2 Un 2 « - cto tf)»d9. 

r i xd 

J 1-4 


18 

19. 


4 x<^ 

X* 

ai*dx 

Vs»n* 

x*de 


/ 


81 

88. 

83 


■/ 


X* dx 

Vl - 1 

■X* dx 


I pr dx 
■ j X - 1 

■/: 


4xdx 
Vl - 4 x« 


1 ./, 


24. I c*' C08 3 < d/. 


• 

in** — i 


25. I sin' T dd, 


e 

s' 

(/ - CSC* 2 t)dt 
4- ctn 2 1 


26. J sin^ I de. 

so./ 

,./ 


5 (/x 


Vx* - X 4- 1 


X* arc tan dx. 


31 

32. J (e^ -h sin x}^ rix. 

33. J^(r - cos x)2fir. 

34. J"(1 -f tan x)’ <ix. 
»in 0 


/ »in 
(I ~ 


(1 — COB 8 )^ 

Bin 0^ di 


,fii± 


36. 

36. , , 

J COB i 

37. fe-‘iAn2teU. 
SS.J'dn 2 ScobS $dff. 
99. J " rin ^ mn 4 ^ d^. 
40. J'cos a cos 2 a dot. 



CHAPTER XIII 

CONSTANT OF INTEGRATION 


138. Determination of tho constant of integration by means of initial 
conditions. As was pointed out on page 190, the constant of integration 
tnuy be found in any given case when we know the value of the 
integral for some value of the variable. In fact, it is necessary, in 
order to be able to <letennine the constant of integration, to have 
some data given in addition to the differential expression to be 
integrated. I^et us illustrate this by means of an example. 

I i.iJ STRATI VE Examf»le. Find a function whose first derivative Ls 3 — 2 x -f 6, 

ami which shall have the value 12 when x = 1. 

Solution. (3 - 2 X -f Sffix is the differential expression to be integrated. 


Thus 


J<3x^ -2x + 6)dx = - *» + 6 X + C. 


where is tho conj^Uint of integration. From the conditions of our problem this 
Tw\i\i must equal 12 when x = 1 ; that is, 

12 = 1 ~ 1 -f 5 «f C. or C = 7. 

Hence x^ - x’ F 5 x F 7 Is the rec^uired function. 

139. Geometrical signification of the constant of integration. We 
shall illustrate this by means of examples. 

Ii.i.rsTHATivE Example 1. rviermine the equation 
of the curve at every iH)int of which the tangent line has 
the Hh>j>e 2 x. 

Solution. Since the slope of the tangent to a curve at 

any point is ^ » we have, by hypothesis, 
ilx 

ox 

or dy = 2 X daL 


Integrating, 

( 1 ) 


jJ'xdx, 


or 



y = x* -f C, 

where C is the constant of integration. Now if we give to 
( * a series of values, say 6, 0, -3,(1) yields the equations 
y = x3 4^ y = a:*, y = x» - 3, 

whose loci are parabolas with axes coinciding with the y*axis and having 6, 0, — 3 
respectively as intercepts on the y-axis. . 

AH the parabolas (1) have the same viUue <A that is, they have the same 

direction (or slope) for the same value of a. It wUl also be noticed that the difference 

m 
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in the lengths of their ordinates remains the same for all values of s. Hence all the 
parabolas can be obtained by moving any one of them vertically up or down, the 
value of C in this case not affecting the slope of the curve. 

If in the above example we impose the additional condition that the curve shall 
pass through the point (1, 4), then the coordinates of this point must satisfy (1), 
ffiving 4 = 1 + C, or C == 3. 

Hence the particular curve required is the parabola y = -f 8, 

Illustrative Example 2. Determine the equation of a curve such that the 
slope of the tangent line to the curve at any point is the 
ratio of the abscissa to the ordinate with sign changed. 

SolutiocL The condition of the problem is expressed 
by the equation x 

dx y 

OT, separating the variables^ 

y dy = — X dr. 

Integrating, ^ ~ 

or X’ + p^ = 2 ('. 

This, we see, represents a family of concentric circles with their t heorii^in. 

If, i \ iiud tion, w'e imp4>se th^' conilitton rhat the curve muHt the 

point (3. 4 k ihe.i 9 -f IG ~ 2 (\ 

Hence he particular curve re<juireJ is the circle -f y- = 25. 



PROBLEMS 


The following expreasions have been obtained by differentiating certain 
functions. Find the function in each case for the given values of the vari- 
able and the function. 


Dtfi9aSif€ of 

Value of 

Corresponding 

>ln#r4fr 

function 

tariabU 

mine of function 

1. X — 3 

2 

9 

ix*-3x+ 13. 

8. 3 + X — 5 X* 

6 

-20 

304 + 3 X + i x’ - 5 x>. 

Z.1^ — b^ 

2 

0 

iv*-i b»v> + 2 6* - 4, 

i.mn0+ COB $ 

i *• 

2 

sin 5 — cos + 1. 

8.1 L_ 

i 2-1 

1 

0 

In (2 < - fl). 

6. sec’ ^ + tan 

0 

5 

tan ^ + In sec <^ + 5. 

7 ^ 

a 

X 

iarctan-+ 

’ X* + a* 


2 a 

a a 4a 

tl.&t* + ox + 4 

b 

10 


9. Vi+;^ 

4 

0 


10. etn 9 — esc* 0 


8 



0 

4 
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Find the equation of the family of curves such that the slope of the 
tangent at any pmnt is as follows. 


12. m. 

Ans, 

Straight lines. y = mx+C. 

13. X. 


Parabolas, y = J i* + C. 

14.-. 

V 


Parabolas, i y* = z + C. 

X* 

16.-. 

V 


Semicubical parabolas, i y* = J z* + C. 

16. 


Semicubical parabolas, J y® = J z* + C. 

17. 3 z». 


Cubical parabolas, y = z® + C. 

18. i. 

V* 


Cubical parabolas, j y* = z + C. 

19.-- 

V 


Equilateral hyperbolas, y* — = C. 

20. - 

X 


Equilateral hyperbolas, zy = C. 

21. 

a^y 


Hyperbolas, 6*z* — a*y* = C. 

22. 

a^y 


Ellipses, 6*z* + a®y® = C. 

28. 

1 ~ y 


Circles, x» + y* + 2 z - 2 y = C. 

In each of the foHowing examples find the equation of the curve whose 
slope at any point is the given function of the coordinates and which 
passes through the assigned particular point. 

24. i; (1, 1). 


Am. 2 y = X* + 1. 

26.4 j/; (1, 1). 


In y = 4 X — 4. 

26. 2 xy ; (3, 1). 


In y = X* — 9. 

27. - xy; (0, 2). 


y = 2c'T. 



(y + l)®= (z + l)» + 3. 

29. (0.0). 


z* + y»-2A =0. 

80.^,; (1.1). 


z In y = X 

81. gVi; (4. 1). 


ainyr 



4x«- 
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38.^*; (1.4). 

34. xV»; (1, 9). 

(3.0). 


“■ \/l^' <-•«>• 

»»■ \/|^: < 3 . 5 )- 

40. X cos* y; (4, i ir). 


41. Given dy = (2x4- DdLr, y = 7 when x = 1. Find the value of y 

when X = 3. 17. 

42. Given dA = '\/2 px dr, .4 = ^ when x = ^ • Find the value of A 

when X = 2 p. “ § p'^. 

43. Given dy ~ xVlOO — x* dx, p = 0 when x = 0. Find the value of 

y when x = 8. A - 5 ^ 

44. Given dp = cos 2 6 dd, p == 6 when 0 =: J tt. Find the value of p 
when = J X. 

45. Given ds = fVJTTT d(, 8 = 0 when t = 0. Find the value of 8 
when t = 2. 

46. At every point of a certain curv'e y" = x. Find the equation of the 
curve if it passes through the point (3, 0) and has the slope I at that point. 

Am. 6 ~ x^ — 6 / — 9. 

47. At every point of a certain curve v'" == Find the equation of 

the curve if it passes through the point (I, 0) and is tangent to the line 
6 X 4 y = 6 at that point. ry 4 G / rr G. 

3 

48. Find the equation of the curve at every point of which v ' 

V X 4 ♦» 

and w'hich passes through the point (1, 1) with an inclination of 45 . 

49. Find the equation of the curve at every point of w hich ~ ~ and 

which passes through the point (1, 0) with an inclination of 135 ^ 

60. F* ^d the equation of the curve whose subnormal is constant and 

equal " An». p* = 4 nx 4 C, a parabola. 

> 

(4), Art. 43, subnormal = y $ • 

ax 

'nirve who«e Bubtangent is constant and equal to o 

Ans. a In y = jr -f ('. 

'e whose subnormal equals the abscissa of the point 
An*. V* — = 2 C, an equilateral hyperbola. 
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03. Find the curve whose normal is constant (= R), assuming that 
y = R when x — O. Am. i* + y® = fi*, a circle. 

Hint. From Art. 43, length of normal = y V‘ +(!)■' " 
dx=:± {R^ — ^ ydy. 

54. Determine the curves in which the length of the subnormal is 
proportional to the square of the ordinate. Arts, y = C€^\ 

65. Find the equation of the curve in which the angle betwwn the 
radius vector and the tangent is one half the vectorial angle. 

Ana. p = r(l — cos d). 

56. Find the curves in which the angle between the radius vector and 
the tatigent at any point is n times the vectorial angle. Ana, p” c sin n6. 


140. Physical signification of the constant of integration. The fol- 
lowing examples will illustrate what is meant. 


iLLrsTRATiVE Exam!»le 1. Find the laws governing the motion of a point 
which moves in a straight line lAnth (‘onstant acceleration. 


Solution. Since the act'eleration 
we have 


= — 
r* dl * 


dl 




from (A), Art. 59^ is 


constant, say /, 


or df = fdL Integrating, 

(1) r=/t-^C, 

To determine C, suppose that the iniiial velocity is po; that is, let r = when 

tzz^O. 

Tlu’se valu(« sul^stituted in (1) give 

Po = 0 -f C, or C = Po. 

Hence (1) l^ecomes 

(2) p=/<4-Pb. 

Since f ^ 

or da ft di-h Podi, Integrating, 

(3) « = i /f* -f* raf + C. 


1 Initial Conditions | 


V 

S 

0 

fo 

*0 


To determine C, suppose that the initial distance is so ; that is, let s =so when 
These values substituted in (3) give 

sossO-fO-fC, or Csss. 


Hence (3) becomes 
(4) 


s « J ft* 4* Pol + s©* 
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g. Hence, from (f). 


By subetitutmg the values/ s 0, so s 0, « s? in ( 2 ) and (4), we get the 
laws id motian of a body falUng from rest in a vacuum, namely, 

V == gt, and h — | gt^. 

Eliminating t between these equations gives v ^ V2 gL 

Illustrative Example 2. Discuss the motion of a projectile having an initial 
velocity to inclined at an angle a with the horiaontai, 
the resistance ol the air being neglected. ^ 

Solution. Assume the XOF-plane as the plane 
ol motion, OX as horiaontal, and OY as vertical, and 
let the projectile be thrown from the origin. 

Suppose the projectile to be acted upon by 
gravity alone. Then the acceleration in the hori- 
aontal direction will be aero and in the vertical direction ■ 

Integrating, »» = €% and 4- Ci. 

But cos a = initial velocity in the horiaontal direction, 

and sin a = initial velocity in the vertical direction. 

Hence Ct = ro cos a and Ci ~ so sin a. giving 

(5) r, 9 o cos a and r, = — jr^ -f Po sin a. 

But from (O and (D). Art. 83, r. = ^ and ^ ^ ; therefore ( 6 ) givti 

^ = »o coa a and ^ + r# sin ot, 

at at 

or iLc^vocoeadt and = — j;! d/ 4 * pq sin a dl. 

Integrating, we get 

(d) X = io cos a • 1 4- Cl and y = - J gt* 4- fto sin a • / 4- C 4 . 

To determine Ca and C 4 we observe that when t^0,z=^0 and y s 0* 

Substituting these values in ( 6 } gives 

C» = 0 and C* = 0. 

Hence 

(7) X =5 So cos a • 1 , and 

( 8 ) y = - § 4* Po sin a ' f, 

Eliminadng i between (7) and ( 8 ), we obtain 

^ ^ y xwna g cos»a 

which is the equation of the traiwiory and shows that the projectile will move in a 
'umboia. 


PROBLEMS 

I the following problema the relation between p and t is given. Find 
dation between $ and f if a = 2 when t = 1. 
r = a4-W* Aim. s =* a(f - 1) + i - 1) + 2. 

* Vf~l. 


S. t as I* 4> L 
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In the following problems the expreemon for the acceleration is given. 
Find the relation between v and f if v = 2 when ( = 3. 

4. 4 - f*. Atm. r = 4 f - § (» - 1. 6. Vf + 3. ^ 

In the following problems the expression for the acceleration is given. 
Find the relation between s and ( if a = 0, e = 20 when f = 0. 

7, - 32. Ana. s = 20 < - 16 8. 4 - f. 9. - 16 cos 2 <. 

10. With what velocity will a stone strike the ground if dropped from 
the top of a building 120 ft. high? (y = 32.) Ana. 87.64 ft. per second. 

1 1. With what velocity will the stone of Problem 10 strike the ground 

if thrown downward with a speed of 20 ft. per second? if thrown upward 
with a speed of 20 ft. per second? Ana. 89.89 ft. per second. 

12. A stone dropped from a balloon which was rising at the rate of 

15 ft. per second reached the ground in 8 sec. How high was the balloon 
when the stone was dropped ? Ana. 904 ft. 

13. In Problem 12, if the balloon had been falling at the rate of 15 ft. 
per second, how long would the stone have taken to reach the ground ? 

Ana. Tj^sec. 

14. train leaving a railroad station has an acceleration of 0.5+ 0.02 1 ft. 
per second per second. Find how far it will move in 20 sec. Ana. 126.7 ft. 

15. A particle sliding on a certain inclined plane is subject to an ac- 

celeration downward of 4 ft. per second per second. If it is started up- 
ward from the bottom of the plane with a velocity of 6 ft. per second, 
find the distance moved after Isec. How far will it go before sliding 
backward? Ana. 4.5 ft. 

16. If the inclined plane in Problem 15 is 20 ft. long, find the necessary 
initial speed in order that the particle may just reach the top of the plane. 

Ana. 4 Vio ft. per second. 

17. A ball thrown upward from the ground reaches a height of 80 ft. 
in 1 sec. Find how high the ball will go. 

18. A projectile with an initial velocity of 160 ft. per second is fired at 
a vertical wall 480 ft. from the point of projection. 

(a) If a s 45°, find the height of the point struck on the wall. 

Ana. 192 ft 

(b) Find a so that the projectile will strike the base of the wall. 

Ana. 18° or 72°. 

(e) Find a so that the projectile will strike 80 ft. above the base. 

Ana. 29° or 70*. 

(d) Find ct for the maximum hdght the wall and this hdght. 

An*. 69°; 256 ft. 
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19. If the acceleration of a particle moving with a variable velocity v 
is — fcr®, where it is a constant, and if po is the velocity when t = 0, show 

that - = - + kt. 
r fo 

20. The resistance of the air to an automobile, within certain limits 
of speed, is proportional to the speed. Hence if F is the net force gen- 

dr 

erated by the motor, we have Af ^ = F — kv. Express the velocity in 
terms of /, knowing that r = 0 when f = 0. Arts, — e 'M. 

K 


ADDITIONAL PROBLEMS 


1. The temperature of a liquid in a room of temperature 20" in ob- 

served to be 70"", and after 5 min. to be 60^ Assuming the rale of cool- 
ing to be proportional to the difference of the temperatures of the liquid 
and the room, find the temperature of the liquid 30 min. after the first 
observation* 33.1'. 

2. Find the equation of the curve whose polar subtangent i.s n times 

the length of the corresponding radius vector and which pas.ses through 
the point (a, 0). t 

A/fS. p ac'* 

3. Find the equation of the curve whose polar subnormal is n tinn»s 

the length of the corresponding radius vector, and which pass^^s through 
the point (a, 0). An>t. p — \ 

4 . A particle moves in the xj^-plane so that the components of velocity 
parallel to the x-axis and the ^-axis are ky and kx, res|)ectively. Prove that 
the path is an equilateral hyperbola, 

6. A particle projected from the top of a tower at an angle of 45^ above 
the horizontal plane strikes the ground in 5 sec. at a horizontal distance 
from the foot of the tower equal to its height. Find the height of the 
tower (fir = 32). Ana. 200 ft. 

6. A particle starts from the origin of coordinates and in t nfw its 
x-component of velocity is — 4 and its ^-component is 4 /. 

(a) Find the position of the particle after t sec. 

A ns. X = i f ** — 4 /, y ^ 2 f*. 

(b) Find the distance traversed along the path. Ans. s J P -f 4 t. 

(c) Find the equation of the path. Am. 72 x’ = lA - 48 A 576 //, 

7. Find an equation of a curve for which the length of the tangent 
Art, 43) is constant (= c). 


SuGOEsrio:^. Choose the minu« sign In Problem 2 (a), p. 85, and assume y — e 

whenxssO. / , ^ 

Ana. X = c In { — w*. 


8, Find the equation of the curve for which (Art, 96) a* m = d$^ 

and which passes through the point (a, 0). Ana. sec 2 0. 



CHAPTER XIV 

THE DEFINITE INTEGRAL 


141. Differential of the area under a curve. Consider the con- 
tinuous function and let — 

y = <^(x) 

be the equation of the cun'e AB. Let CD be a fixed and A/P a 
variable onlinate, and let « be the measure of the area CMPD. 
\l’hen / takes on a small increment Ax, u takes on an increment 
lu ( - area MSQP). Completing the rectangles MNRP and MMQS, 
we stH.' t hat 

Area M\'HP< area.t/.VQ/’< areaA/A’QS, 
or A/ /’ • Ax < Am < SQ ■ Ax ; 
and, dividing by Ax, 


MP <^< \Q* 
Ax 



Kow let Ax approach zero as a limit ; then since MP remains fixed 
and \Q approaches MP as a limit (since y is a continuous function 
of X), we get 

yi= MP), 


or, using ditTerentials, 


dr 

du 


ydx. 


Theorem. The differential of the area bounded by any curve, the 
x-axk, a fixed ordinate, and a variable ordinate is equal to the product of 
the variable ordinate and the differential of the corresponding abscissa. 

142. The definite integral. It follows from the theorem in the last 
article that if the curve AB is the locus of 

y = d»(x)r 

then du ydx, or 

( 1 ) du = <hix)dx, 


♦ In thb A<run» MP Im than NQ; If MP happens to be greeter than NQ, almpty 
revem the inequality «igna. 

237 
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where du is the differential of the area between the curve, the x-«xis, 
and two ordinates. Integrating, we get 

u=J~ <t>{x)dx. 

Denote J' d>{T)dx by /(i) + C. 

(2) u=/(x) + C. 

We determine C by observing that « = 0 
when x — a. Substituting these values in (2), we get 

0=/(o)4-C, 

and hence C — — /(o). 

Then (2) becomes 

(3) tt=/(x)-/(o). 

The required area CEFD is the value of u in (3) when x = ^ 
Hence we have 



(A) Area CEFD = /(b) - /(a). 

Theorem. The difference of the values of J y dx for x — a and x = b 

gives the area bounded by the curve whose ordinate is y, the x-axis, and 
the ordinates corresponding to x = a and x = b. 

This difference is represented by the symbol* 


(4) 


X b ph 

ydx or I <p(x)dx, 
%/« 


and is read "the integral from a to 6 of ydx.” The operation is 
called integration between limits, a being the lower and b the upper 
limit.t 

Since (4) always has a definite value, it is called a definite integral. 
For, if 

j 4>{x)dx =/(x) 4- C, 

then jT = [^/(x) + cj = [f{b) + C] - C/(o) + C\, 

^ £ 0(x)dx = /(ft) - /(o), 


Hie constant of integration having disappeared. 

* This notAtkm is das to Jmeph FouHsr (176^-1830). 

fThewcKrd thIscoitiMetloii oisaiisiiimly thfvsItMoCtliovtudshlofttoiisi^ 

d lt» rings {slid ysIuo)* mnd fhoold sot bo oostiioid with tbo mooning of tbo word is Ibo 
Tboorrbf lifl^ 
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We map accordingly define the symbol 

X b r>h 

<t>(x)dz or J ydx 

as the numerical measure of the area bounded by the curve y = 
the x-axis, and the ordinates of the curve at x = a and x = b. This 
definition presupposes that these lines bound an area; that is, the curve 
does not rise or fall to infinity and does not cross the x^axis, and both 
a and b are finite. 

143. Calculation of a definite integral. The process may be sum- 
marized as follows : 

First Step. Integrate the given differential expression. 

Second Step. Substitute in this indefinite integral first the upper 
limit arui then the lower limit for the variable, and subtract the last 
result from the first. 


It is not necessary to bring in the constant of integration, since 
it always disappears in subtracting. 


iLLUsnuTiv'E Example l 



dr. 


Solution. dx = = I - 1 = 21. An$. 


iLLCStKATivE EXAMPLE 2. Find f sin X dx. 

Jo 


Solution, jf sin X dx = ^- cos xj^ = |^- (- 1) j “ i] = 2. An«. 

Illustrative Example 3. Prove C “ = ~ 

^0 O’ + X* 4 0 

Solution. C* = T-arc tan-l* =- arc tan 1 arc tan 0 = -^- 

Jo a’ + x* La o lo o a 4 a 

Illustrative Examine 4. Prove ^ i In 6 = - 0.134. 


Solution. ComparinK with (19) or (19 a), r = 2 x, o = 3, d» = 2 dx. 

To decide between the uae of (19) or (19 a), consider the limits. The values of 
X increase from — 1 to 0. 

Then # (= 2 x) increases from — 2 to 0. 

Hence »* s 4. But o* = 9. Therefore a* < a*, and (19 o) must be used. Thus 


( 1 ) 


r® ^ _ r* d* -s j-fin Ltifi® 

J_,4x»-9“ i.,9-4x* “121 3-2xJ-r 


By (19 a) 


EvaluatioK in (1) given the answer. The result is native because the curve and 
the bounding ordinates lie below the x-axis. 


• ^(s) is eoattnuous and sincle-valusd throughout the Interval (a, h]. 
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144. Change in limits corresponding to change in variable. When 
integrating by the substitution of a new variable it is sometimes 
rather troublesome to translate the result back into the original 
variable. When integrating between limits, however, we may avoid 
the process of restoring the original variable by changing the limits 
to correspond with the new variable. This process will now be 
illustrated by an example. 

I 

•> 1 +xi 

Solution. Assume x = 

Then = 4 2 * = 2 . Abo, to change the limits we observe that when 


and when 

x^ dx 


x = 0, 2 = 0, 

X = 16, 2 = 2. 


■■■rf^=r^=‘r(--"rbh 

= *r " “ "X” * ■' TTT- ‘ 'E 


= 5-1-4 arc tan 2. .ins. 


The relation between the old and the new variable should Ik* .«»ii<*h that to each 
value of one within the limits of inteitration there is always one, and only one, tinite 
value of the other. When one b given as a many-value<i function of the other, care 
must be taken to choose the right values. 


PROBLEMS 

1. Prove that J^f{x)dx = —jjf(x)dx. 
Work out the following integrals. 


2. r*(a^x — x^}dx = 

•/o 4 

3 , 1 . 

X 

Jo V3 - 2 x 

'I 


f dx 


'0 Vr» - z» 2 


9. = 5.6094. 

Jo X -h I 

10-/'^ = 0 

Jo 


3167. 


11. Pco8<^d0 = l. 

Jo 


12 , 


-rv2- 2 cos QdB = i. 

ir 

18 .jr*mn* z cos* xdx — 

W 

I4.^tee*ede = t 
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find the value of each of the following definite integrala. 


15. 


.r 

Jo 


dx 


'o V9 - 2 a: 
3 tdl 


^0 yJt^ 


Vf^ + 16 


17. 

V25-4j/» 

18. f Va^ — X* dx. 

Jo 


dx 


V‘2x- I 


20 . 


f xe~^dx. 

Jo 

V 

21, pc08* 0 d0. 

Jo 

22 . 

Jo 

23- 

J-ix + 2 
Vo X- -f 1 


2 ^ 

^ « COS ;; 
0 2 2 


24. 


145. Calculation of areas. On page 238 it was shown that the area 
between a curve, the x-axis, and the ordinates 
X — a and x ~ 5 is given by the formula 

"»b 


(B) 


Area ^ 


I 


where the value of y in terms of x is substituted 
from the equation of the given curve. 

Ilm STTIATIVK ExAMPLK 1. Find the area bounded by 
the parabola y = x*. the x-axu4, and the ordinates x = 2 
and X := 4. 

Solution. Sul>stituting in the formula, 


Area ABDC dx - 1 


V-5 


V = ni Am, 



Ii ursTaATivK Kxamplk 2. Find the area bounded by the circle x- + = 25, 



The anj»wer should be compared with the area of the semicircle, which is 
J(25 w) =39.3. 


lu.rsTHATU K Example 3. Ar«« under a parabola wbrne arte is fxirallel io Om 
y-iixk. In the figure (p. 242) the point P* on the parabolic arc PP'^ is chosen so 
that AO = OH. The ordinates of P, P\ P" are, respectively, y, y\ y'*. Prove that 
the area between the parabola, the X‘-axls, and the ordinates of P and P^* equals 
i -f 4 y' "h y'O if 2 h is the distance apart of the ordinates of P and P*\ 
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Sdutioa. Take the v-axla along the ordinate of P\ as in the figure* Then 
AB — tK The equation of a parabola with axis paralM to the y«axis is, by (7), 
p. 4. (r -hy-2 p(y - Jb). If this is solved for y, 
the result takes the form 

(1) y = ox® *f 2 hx -f c. 

The required area APP**B (= «) is, by iJS), 

(2) a = -h 2 hr + c)dx = J o/i® -f 2 cA 

By (1), if X = - A, y = AP = oA* — 2 4- c ; 

ifr = a, ^ OP' ^c ; 

\i y" = BP" = aA* 4* 2 6A + c. 

Therefore J A(y 4* 4 y' 4- y") = § aA* 4- 2 <rA = a. 



146. Area when the equations of the curve are given in parametric 
fonm^ Let the equations of the curve be given in the parametric form 

, X=fit), 

We then have y = «#>(/), and dx = f(l)dt. Hence 
(1) Area = J 'mrm. 

where t = (i when x = a, and t = <2 when x = 6. 


Illustrative Example, Find the area of 
equations (Art, 81) are 

X = a cos y =: 6 sin 


Solution. 

and 


Here y = 6 sin 4>, 

dbr — a sin ^ d^. 


When 
and when 


x = 0, <f>= i t; 
X = a, = 0. 


Substituting these in (1), above, we get 



Hence the entire area equals va6, Ana. 


the ellipse whose parametric 



PROBLEMS 

1. Find by integration the area of the triangle bounded by the line 
y = 2 X, the x-axis, and the ordinate x = 4. Verify your result by finding 
the area as half the product of the base and altitude. 

2. Find by integration the area of the trapezoid bounded by the line 
X + y » 10, the x^axis, and the ordinates x = 1 and x = 8. Verify your 
result by finding the area as half the product of the sum of the parallel 
rides and the altitude. 

* For a dforouN proof of this substitutloa ths studimt Is rsi s rrsd to mors advsassd 
t rsitissi 00 ths cstmilus, > 
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Find the area bounded by the given curve, 
ordinates. 

the x-axis, and the given 

3. y = X* ; X = 0, X = 4. 

Am. 64. 

4. y = 9 — X* ; x = 0, x = 3. 

18. 

6. y = x* + 3x®4-2x; x = — 3, x = 3. 

54. 

6. y = X* + X + 1 ; x = 2, x = 3. 

9f. 

7. xy = k^; x = a, x = b. 

8. y = 2x + -\>x = l, x = 4. 

X* 


15|. 

9. y- -:x = 0. x = 5. 

Vx -f 4 

20. 

10. ay = X Va^ — ; x = 0, x = a. 

Ja». 


11. + 4 I = 0 : X = — 1, 1 = 0. 14. y = 4 X — X* ; X = 1, X = 3. 

12. y* = 4 X 4- 16 ; X = — 2, X = 0. 15. y* = 9 — x ; x = 0, x = 8. . 

13. y = X* + 4 X ; X = — 4, X = — 2. 16. 2 y* = x* ; x = 0, x = 2. 

Find the area bounded by the given curve, the y-axis, and the given lines. 

17. y* = 4 X : y = 0, y = 4. Ans. SJ. 

18. y = 4 - X* : y = 0, y = 3. 4§. 

19. X = 9 y — y® : y = 0, y = 3. 21. y* = a*x ; y = 0, y = o. 

20. xy = 8 ; y = 1, f = 4. 22. ay® = x® ; y = 0, y = a. 


Sketch each of the following curves and find the area of one arch. 


23. y = 2 cos X. Am. 4. 

24. y = 2 sin i xx. — . 

25. y = cos 2 X. 1. 

26. y = sin i x. 4. 


27. Find the area bounded by the coordinate axes and the parabola 
Vx + Vy = Vo. 

28. Prove that the area of any segment of a parabola cut off by a chord 
perpendicular to the axis of the parabola is two thirds of the circumscrib* 
ing rectangle. 

29. P and Q are any two points on an equilateral hyperbola xy = ib. 

Show that the area bounded by the arc PQ, the ordinates of P and Q, 
and the x>axis is equal to the ar^ bounded by PQ, the abscissas of P 
and Q, and the y-axis. ^ ^ 

30. Find the area bounded by the catenary y = J a(e* + « *). the 

v-axia, and the lines » » o and x = — o. _ ly 
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31. Find the area included between the two parabolas y* = 2 px and 

x^ — 2py. Am. J 

32. Find the area included between the two parabolas = ax and 

X* = by. Ans. J ab. 

33. Find the area inclosed by the loop of the curve whose equation is 

34. Find the area bounded by the curve whose e<iuation is 

y* x^(.r^ — 1) and by the line x = 2. 2 V3. 

35. Find the area inclosed by the loop of the curve whose equation is 

y2 == ^2(9 ^ X). 

36. Fnd the area bounded by the curve whose equation is //- 

and by the line x = 2. Afi^. 

37. Find the area inclosed by the loop of the curve whose eiiuation is 

1/2 = x(x - 2)-. V2. 

38. Find the area inclosed by the loop of the curve whose ecjuation is 

4 - x), An.<, >Vl>V- 

39. Find the area bounded by the hyperbola ^ and the line 

x-2a. Am. (1^2 Vii - In \2 4- V:T)J. 

40. Find the area bounded by the hyperbola x- - 4 = 4 and the 

line X = 6. 

41. Find the area bounded by one arch of the cycloid s = aiO — sin 6), 

y = <i(l — cos 0), and the x-axis. * Am. 3 Tra**. 

42. Find the area of the cardioid 

X = a{2 cos t — cos 2 /), 

1 / = a(2 sin f — sin 2 O' Am. 6 ira*. 


43. The locus in the figure is called the ’’companion to the cycloid/’ 
Its equations are 

X ==: 

1/ =: a(l - COB ff). 

Find the area of one arch. 

Alls. 2 ira^ 

44. Find the area of the hypocycloid 



X = rt COB* $, 

a sin* 0^ 


$ being the parameter. Atur. that is, three eighths of the area 

of the drcumscribing circle. 

147. Geometrical representation of an integral. In the Firecetiing 
articles the definite integral appeared as an area. This does not 
necesaarily mean that ev^ definite int^at is an area, for the 
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physical interpretation of the result depends on the nature of the 
quantities represented by the abscissa and the ordinate. Thus, if * 
and y are considered as simply the coordinates of a point, then the 
inte{?nil in (B), Art. 145, is indeed an area. But suppose the ordinate 
represents the speed of a moving point, and the corresponding ab- 
scissa the time at which the point has that speed ; then the graph 
i.s the speed curve of the motion, and the area under it and between 
any two ordinates will represent the distance passed through in the 
corrcsixtnding interval of time. That is, the number which denotes 
the area etiuals the number which denotes the distance (or value of 
the integnil). Similarly, a definite integral standing for volume, sur- 
face, mas.s, force, etc. may be represented geometrically by an area. 

148. Approximate integration. Trapezoidal rule. We now prove two 
rules for evaluating 

( 1 ) £ fWdx, 

approximately. These rules are u.seful when the integration in (1) is 
difl'u ult, or imp<3.ssible in tenn.s of elementary functions. 

The exact numerical value of (1 ) is the measure of the area bounded 
by the curve 

( 2 ) ?/-/(/), 

the x-axis, and the ordinates 
r~a, x~l>. This area may be 
evaluate<l approximately by add- 
ing together trapezoids, as follows. 

Divide the .segment h — a on 
OA' into n eijual parUs, each of 
length Ax. I^et the successsive 
abscissas of the point.sof division 
be Xii{~ o ), xi. xj, • ■ -, x„ (= At these points erect the correspond- 
ing ortlinates of the curve (2). Let these be 

I/0=/(Xo). i/2=/(X2), • • •, J/n=/(X„). 

.Join the extremities of consecutive ordinates by straight lines 
(chortl.s^ forming trapezoids. Then, the area of a trapezoid being 
one half the product of the sum of the parallel sides multiplied by 
the altitude, we get 

liVo 4- = area of first trapezoid, 

§(tfi 4- » 2 )Ax = area of second trapezoid, 

hiVn-i 4- y„)Aa: » area of nth trapezoid. 
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Adding, we get the trapezoidal rule, 

(D Area= (|po + pi + y8+ h gn-x + 

It is clear that the greater the number of intervals (that is, the 
smaller Ax is), the closer will the sum of the areas of the trapezoids 
approach the area under the curve. 

Illustrative Example 1. Calculate J x^dxhy the trapezoidal rule, dividing 
a? =: 1 to X ~ 12 into eleven intervals. ^ 

Solution. Here ^ ^ ^ = 1 = Ax. The area in question is under the 

ti 11 

curve y = X®. Substituting the abscissas x = 1, 2, 3, • • 12 in this equation, we 

get the ordinates p = 1. 4, 9, • • •, 144. Hence, from (7^, 

Area = (I + 4 + 9 + 16 + 25 + 36 + 49 + 64 + 81 + 100 + 121 + 1 • 144) • 1 = 577 J. 


By integration ^ ~ [It |i" ~ 

zoidal rule is in error by less than one 
third of 1 per cent. 

IixusTRATi\'E Example 2. Find 
the approximate value of 

7= r^v 4 -f x^cb 
Jq 

by (T), taking n = 4. 


Solutioou Let 

X 

y = vT+x^. Q 

- T a yv r 0.5 

Now Ax = 0.6. j 
Make a table of val* ^ ^ 
U€8 of X and y as ‘2 
shown. Applying (7), 


V 

2.000 = yo 
2.031 :::: y, 
2.236 = yg 
2.716 = ya 
3.464 = y, 


I = (1.000 -f 2.031 4* 2.236 + 2.716 

4-1.732) X 0.6 = 4.868. Ans. 

If wo take n = 10, we obtain / = 4.826, 
a doser approximation. 


5755 . Hence, in this example, the trape- 



PROBLEMS 


Compute the approximate values of the following integrals by the 
trapeaoidal rule, using the values of n indicated. Check your results by 
performing the integrations. 

n = 7. 8.jr V m - x* dr ; n = 8. 

n = 10. A. VI 6 4- X* dz; n =* 6. 
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Compute the approximate values of the following integrals by the 
trapezoidal rule, using the values of n indicated. 

. r* dx „ j A t f%€%rr 1 A -K /r%f\ i" ' ^ ^ c 


5. -==»; n = 4. Ans. 1.227. 

•/o viT*® 




; n = 6. 


n = 4. 3.283. 

7. r'°\/l25 — I* dr ; n = 6. 44.17. 

8. jT Vl26 - dx ; n = 4. 34.78. 


'20 4- X* da;; ns=6. 


11* jf x^Vl6 — x* dx; n = 4. 
-f 3 X dx; n = 6. 


I — 7=r=: 

‘'I VTiTfx* 

Jz J ., 


: n = 6. 


; n = 4. 


'10 + x» 


149. Simpson’s rule (parabolic rule). Instead of connecting the 
extremities of successive ordinates by chords and forming trapezoids, 
we can get a still closer approxi- 
mation to the area by joining 
them with arcs of parabolas and 
summing up the areas under these 
arcs. A parabola with a vertical 
axis may be passed through any 
three points on a curve, and a 
series of such arcs will fit the curve 
more clasely than the broken line 
of chords. In fact, the equation 
of such a parabola is of the form 
(1 ) in Illustrative Example 3, Art. 145, and the values of the con- 
stants a, 6, c may be determined so that this parabola shall pass 
through three given points. In the present investigation, however, 
this is not nece.ssary. 

We now divide the interval from z = o = OMo to z = 6 = OAf, 
into an even number (= n) of parts, each equal to Az. Through 
each succe&sive set of three points Po, P\, P 2 ; P 2 , P 3 , P * ; etc., are 
drawn arcs of parabolas with vertical axes. The ordinates of these 
points are ^o. Vi, V 2 , • • •, as indicated in the figure. The area 
MoPoPi • • • PiiA/„ is thus replaced by a set of "double parabolic 
strips" such as MoPaPiPaM^, whose upper boundary is in every 
case a parabolic arc (1) of Illustrative Example 3, Art. 145. The 
area of each of these double strips is found by using the formula 

a = i + 4 y' + v") 

of this example. 

Fw the finst one, h *» Az, y = yo, y’ = Vu V" — Va. Hence 
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Area of first parabolic strip M 0 P 0 P 1 P 2 M 2 = -jp (j/o + 4 1/1 + Vj)- 
Similarly, Second (double) strip = -^(^2 4-4 2/3 + v *). 

Third (double) strip = ^ (^4 + 4 2/5 + ^o), 


Ay 

Last (double) strip = — (y „_2 + 4 y„_i + Vn)- 

Adding, we get Simpson’s rule (n being even), 

(S) Area = ^ (Po + 4^1 + 2 y, + 4y, + 2 + y„). 

As in the case of the trapezoidal rule, the greater the number of 
parts into which MoMn is divided, the closer wil! the result be to the 
area under the curve. 

X io 

dx by Simpson's rule, takinf; ten 

uiicrvw. 

Solution. Here - = — 7- - = 1 = Ax. The area in question is umler the 
n 10 

curve y ^x**. Substituting the abscissas x = 0, 1, 2, • 10 in ?; x\ we the 

ordinates y = 0, 1, 8, 27, • 1000. Hence, from (S), 

Area = i(0 -f 4 16 -f 108 4* 128 4* 500 4 432 + 1372 + 1024 -f 2916 4 1 000) r. 2500. 

X io 

dx = j r = 2500, .so that in this example Simi>sorr.s rule 

gives an exact result. 

Illustrative ExamputI 2. Find the approximate value of 

u rev ^ t • 4 I - n vTTx^ dx 

by (S), taking n = 4. Jo 

Solution. The table of values Ls given in Illustrative Kx^imple 2 of the preced- 
ing article. Hence 

/ = (2.000 4* 8.124 4- 4.472 -f 10.864 4* 3.464) x 


3 


4.821. 


Compare this result with that given by (T) when n = 10, namely 4.826. 

In this case formula (S) gives a better approximation than (f) when n = 4. 


PROBLEMS 

Compute the approximate values of the following integrals by Simp- 
son’s rule, using the values of n indicated. Check your results by perform- 
ing the integrations. 

1. r* / — n = 6. 3. /'*V64 - x*rir; n = 6. 

A 4+2!* ... 

S.J^ xy/^ — X* dx; n = 4- 4.J^ Vl6 + z* dx ; n — 6. 
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Compute the approximate values of the following integrals by Simp- 
son’s rule, using the values of n indicated. 


5. /*-—=; ti = 4. 

V4+jr* 

6. f Vl 4- X® (Lc; n = 4. 

Jo 

T.J' Vl26 — r* (ir ; n = 4. 

„ = 6 . 

V 4+7^ 

9. + X*’ fir : n = 4. 


Ans. 1.236. 

3.239. 

35.68. 

9.49., 


ll.j'^ '^x^ — xdx; n = 4. 


10./-^; n = 

Vl + x» 


6 . 


12. r / ^ n = 4. 

•^2 VsTx* 


Calculate the approximate values of the following integrals by both 
the trapezoidal and Simpson’s rules. If the indefinite integral can be 
found, calculate also the exact value of the integral. 


(ix ; n = 4. 


13. f Vl6 

14. xVl6 - x2 <ir ; n — 4. 


18. 


19. 


J r2 

I e dr ; n = 4 
0 

rf 10 dff 

Jo 


V2 + sin* 6 


: n = 6. 


16. 


jT (ix 


V64 - x^ 
dx 


; n = 4. 


f’ n = 4. 

Vfil - X2 

17. r 


: ; rt = 6. 


20 . 

21 

22 . 


I. r* V2 — cos* 0 d0; n = 6. 
Jo 

10 de 


: ; n = 4. 


. f - 

xo Vl -f cos^ i 7r0 
jr*V4-3ain» n = 8. 


2 Va + X® 

150. Interchange of limits. Since 

J <t>ix)dx =fib) -J{a), 
fj4>{x)dx ^Ka) -m = - [/(6) -/(o)l 
we have j it)ix)dx--£ <i>ix)dx. 


and 


Theorem. Inkrchangirtg Uvt limits is equivaletd to changing the sign 
of the definite integral. 
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151. Decomposition of the interval of integration of the definite 
int^raL Since 


(o < xi < 6) 


and 


J (t>(x)dx = /(xi) - f(a), 
f ti>ix)dx=^J{b) -f(xi), 

Jxi 

we get, by addition, 

r <j>{x)dx + r 0(x)dx = /(6) - /(o). 

Ja %Jz\ 

But r <^{x)dx = /(6) - /(a) ; 

%/a 

thwefore, by comparing the last two expressions, we obtain 
(C) f ^(.x)dx = f ^iix)dx + f 4>ix)dx. 

%/a */^x 

Interpreting this theorem geometrically, as in Art. 142, we see 
that the integral on the left-hand side 
represents the whole area CEFD, the 
first integral on the right-hand side the 
area CMPD, and the second integral on 
the right-hand side the area MEFP. The 
truth of the theorem is therefore obvious. 

Evidently the definite integral may be 
decomposed into any number of separate definite integrals in this way. 
152. The definite integral a ftmction of its limits 

Prom J <t>(x)dx = /(6) — f(a) 

we see that the definite integral Ls a function of its limits. Thus 
4>(z)dx has precisely the same value as j <f>(x)dx. 

Theorem. A definite integral is a function of its limits. 

158. Im^oper int^;rals. Infinite limits. So far the limits of the 
integral have been assumed as finite. Even in elementary work, 
however, it is sometimes desirable to remove this restriction and to 
consider integrals with infinite limits. This is possible in certain 
eases by making use of .the folloadng definitions. 
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When the upper limit is infinite, 


X +* rb 

<j>{x)dx= lim I (p{x)dx, 

b-* 


and when the lower limit is infinite, 


X b nb 

4)(x)dx = lim I 4>{x)dx, 

ao a-* 


provided the limits exist. 

IixtsTRATivE Example 1. Find f 

Ji 

Solution. lim lim lim [—1+11=1. Atw, 

Ji x2 6 -.+ocL a;Ji b^ + «L 0 J 

Illustrative Example 2. Find f ^ -f — fe- •« 

Jq -f 4 

rrK Sa^dx ». rb 8a''’dlx •» a. X 

Solution. I ; - a . , = I'm / ^ ■ ■ - j = hm 4 a* arc tan — 

Jo ac^ + 4 6-+«Jo3^* + 4a o^j-xL 2 a Jo 

= lim [4 arc tan = 4 a* • ^ = 2 to*. Ana, 

X L 2 oj 2 

Let us interpret this result geometri- 
cally. The jfraph of our function is the 
witch, the locus of 

^ X* + 4 

ATe&OPQb— r^-~^~=r4a*arctan^* b x 

Jo x^'j- 4 2 a 1 

Then as the ordinate bQ moves indefmiteiy to the right, the area OPQ6 ap- 
proaches a finite limit 2 ra^, 

— 

I X 

Solution. ^ = lim p ^ = lim On b). 

•/l X X b~* -^<0 

The limit of In 6 as 5 increases without limit does not exist ; hence the integral 
has in this case no meaning. 

164. Improper integrals. When y ~ is discontinuous. Let us 
now consider cases where the function to be integrated is discontinuous 
for isolated values of the variable lying within the limits of integration. 

Consider first the case where the function to be integrated is con- 
tinuous for all values of x between the limits a and b except x = a. 

l{ a<b and e is positive, we use the definition 


r if>(x)dx lim f 4>(z)dx. 

0 ^^1 4 . ^ 
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Likewise, when 0(x) is continuous except at x = 6, we define 

(2) f <f>ix)dx — \im f <f>iz)dx, 

%Ja « *• 0 

provided the limits exist. 

Illustrative Example 1. Find 

•'o \ a® — X* 

Solution. Here — ^ - becomes infinite for x = a. Therefore, by (2), 

V aa ~ x» 

r* * - ^ T-T- = lim r**""* = Hm I arc sin ^ 

Jo Va^ — X** •-‘OJo \ aa ~ «-oL 

= Urn l^arc sin j = arc sin 1 = ^- 

Illustrative Example 2. Find — • 

Jq 

Solution. Here ^ becomes infinite for x = 0. Therefore, by (1), 

Jo *-oJ* xa , .o\€ / 

In this case there is no limit, and therefore the integral does not exist. 

If c lies between a and 6, and <t>{x) is continuous except at .r “ c, 
then, e and e' being positive numbers, the integral between a and 6 
is defined fry 

(3) f <t>{x)dx = lim f 4t{x)dx + lim f <p{x)dx, 

provided each separate limit exists. 

J r*3 « X dx 

~ 

0 <xa~oa)T 

Solution. Here the function to l>e integrateci becomes discontinuous for x a, 
that is, for a value of x between the limits of integration 0 and a. Hence the above 
definition (3) must be employed. Thus 

2xdr 2xdx . r'*® 2xdx 


r» ",l £i£_= lin, f 
JO (X* — «-oJo 


«-oJo (x3 — a2>l f' -o Ja-f*' (x^ ~ 

= limf 3(x* — * -f lim I Z(x^ — a-*;!] 

e-oL Jo c-ol 

= lim [3v^{a — €)* — 4- 3 o^] 4 Um [3'^8 a* — 3^(a + e';^ - a'-*] 

e -H* 0 * ^ 0 

= 3 oi 4* 6 ai = 9 a^. Am. 


To interpret this geometrically, let us 
plot the graph, that is, the locus, of 

v = -^ 

(x* - a^}i 

and note that x r= a is an asymptote. 

AreaOPg=r° --^^ - ^ 

s 3-^(a — f]* — a* + 3 ol- 
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Then as PE moves to the light toward the asymptote, that is, as € approaches 

aero, the area OPE approaches 3 as a limit. 

Similarly, 

Area E'QRG = x = 3vTa» - 3'5'(o + «')* - 


^ (x» - a^y 

approaches 6 as a limit as QE' moves to the left toward the asymptote, that is, 
as e' approaches zero. Adding these results, we get 9 a^. 

iLLi'STiUTivE Example 4. Find 

Jo 

Solution. This function also becomes infinite between the limits of integration. 


Hence, by (3). 

Jo C**" — €-*0-'0 + 

=,i„,r__L_|<*-%Hmr— L-f 

c^oL X’-«Jo €-oL x-flja + e' 
af €’-o\ a e/ 

In this case the limits do not exist and the inte- 
gral has no meaning. 

If we plot the graph of this function the condi- 
tion of things appi'ars very much the same as in the 
last example. We see, however, that the limits do not exist, and therein lies the 
differtmct*. 

That it is important to note whether or not the given function becomes infinite 
within the limits of integration will appear at once if we apply our integration 
formula without any investigation. Thus 

Jo 1 x-n)o a’ 

i result which is absurd in view of the above discussion. 



PROBLEMS 

Work out each of the following integrals, 

/*+ * lix 


lix _ 7r 

^‘Jo 2 

2-X'* 

« 

^Jo a* + b^x'^ 2 ab 

5. r* «= ~ I 

Ji x»V4^ ^ 


xV2 — 1 ^ 

* X (lx _ jA 

Vs - X ^ 

ctr T 


a 


dr 


(1 + ar)* 
x^dx 


= V2. 


Va* — X* 4 
dr 


= ~ Tra*. 


-r 

^r 

»r 

'V, J3T2X + 2 

II r+« a;<ir _1 

Vi (l+x*)» 4* 

1». = 2.39 a*. 


; W. 



CHAPTER XV 

INTEGRATION A PROCESS OF SUMMATION 

165. Introduction. Thus far we have defined inteRration as the 
inverse of differentiation. In a great many of the applications of the 
integral calculus, however, it is preferable to define integration as 
a process of summatioti. In fact, the integral calculus was invented 
in the attempt to calculate the area bounded by curves, by supposing 
the given area to be divided into an ’’infinite number of infinitesimal 
parts called elements, the sum of all these elements being the area 
required.” Historically, the integral sign is merely the long S, used 
by early writers to indicate "sum.” 

This new definition, as amplified in the next article, is of fun- 
damental importance, and it is essential that the student should 
thoroughly understand what is meant in order to be able to apply 
the integral calculus to practical problems. 

186. The Fundamental Theorem of integral calculus. If <t>(x) is the 
derivative of/(x), then it has been shown in Art. 142 that the value 
of the definite integral 

(1) £<t>{x)dx=m-f{a) 

gives the area bounded by the curve 
y = the x-axis, and the ordinates 
erected at x = a and x~b. 

Now let us make the following 
construction in connection with this 
area. Divide the interval from x — a to x^b Into any number 
n of equal subintervals, erect ordinates at these points of di\i- 
fflon, and complete rectangles by drawing horizontal lines through 
the extremities of the ordinates, as in the figure. It is clear that 
the sum of the areas of these n rectangles (the shaded area) is an 
approximate value for the area in question. It is further evident 
that the Umit of the sum of Uie areas of these rectangles when 
their number n is indefinitdy increased will equal the area under 
the curve. 

2M 
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Let us now cany through the following more general construction. 
Divide the interval into n subintervals, not necessarily equal, and 
erect ordinates at the points of division. Choose a point within each 
subdivision in any manner, erect ordi- 
nates at these points, and through their 
extremities draw horizontal lines to form 
rectangles, as in the figure. Then, as 
before, the sum of the areas of these 
n rectangles (the shaded area) equals 
approximately the area under the curve; 
and the limit of this sum as n increases oh: 
without limit, and each subinterval ap- ' 
proaches zero as a limit, is precisely the area under the curve. These 
considerations show that the definite integral (1) may be regarded 
as the limit of a sum. Let us pow formulate this result. 

(a) Denote the lengths of the successive subinten'als by 

All, Ara, Axa, • • •, Ar„. 

(b) Denote the abscissas of the points chosen in the subintervab 
by 

Xi, X2, X3, • • •, Xn. 

Then the ordinates of the curve at 
these points are 

0(X2), <f>(Xs), • • *, d>(Xn). 

(c) The areas of the successive rec- 
tangles are obviously 

(^(Xi)AXi, </)(X 2 )AX 2 , <f)(X3)AX3, •••, 0(x„)Ax«. 

(d) The area under the curve is therefore equal to 

lim [<^(xi)Axi -1- <f>(x 2 )Ax 2 -f 0(i3)Ax3 H H <^(x,)Ax J. 

oe 

But from (1) the area under the curve = 

Therefore our discussion gives 

(A) f ^(x)dx = lim [^(xt) Axi + ^(xt)Axt + h ^(x„)Axnl. 

Jq 

This equation has been derived by making use of the notion of area. 
Intuition has aided us in establishing the result. Let us now regard 
(A) simply as a theorem in analysis, which may then be stated as 
foUows 


I 


4>{x)dx. 
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Fundamental Theorem of the Integral Calculus 

Let <j>{x) be eoniinume for the interval x = a to x = b. Let this in- 
terval be divided into n subintervals whose lengths are Axi, Ax- 2 , • • 
Axn, and points be chosen, one in each subinterval, their abscissas being 
X\, X2, • • respectively. Consider the sum 


( 2 ) 


0(Xl)AXi + <^(X2)AX2 ^ 1- 0 (x,)Ax, = V</>(2-;)Ax,. 


1 = 1 


Then the limiting value of this sum when n increases without limit, 
and each subinterval approaches zero as a limit, equals the value of the 
definite integral 


I 


<bix)dx. 


Equation (A) may be abbreviated as follows. 


(3) f <l)ix)dx = lim V0(x,)Ax,. 

The importance of this theorem results from the fact that we are 
able to calculate by integration a magnitude which is the limit of a sum 
of the form (2). 

It may be remarked that each term in the sum (2) is a differen- 
tial expression, since the lengths Axi, Ax 2 , - • Ax, approach zem as 
a limit. F]ach term is also called an element of the magnitutle to be 
calculated. 

The following rule will be of service in applying this theorem to 
practical problems. 


Fundamental Theorem. Rule 

First Step. Divide the required magnitude into similar parts such 
that it is dear that the desired result udU be found by taking the limit of 
a sum of such parts. 

Second Step. Find expressions for the magnitudes of these parts 
such that their sum will be of the form (2). 

Third Step. Having chosen the proper limits x = a and x = b, we 
apply the Fundamental Theorem 

Um = r 0(x)<l* 

Jm 


and integraie. 
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167. Analytical proof of the Fundamental Theorenu As in the last ar- 
ticle, divide the interval from x^a to x = b into any number n of sub- 
intervals, not necessarily equal, and denote 
the abscissas of these points of division by 
bu ht, • • •, 6n-i, and the lengths of the 
subintervals by Axi, Ajr 2 , • • •, Ax„. Now, 
however, we let x'l, x'a. • • •, x'n denote ab- 
scissas, one in each interval, determined by 
the Theorem of Mean Value (Art. 116), erect 
ordinates at these points, and through their 
extremities draw horizontal lines to form 
rectangles, as in the figure. Note that here 
4>(x) takes the place of f'(x). Applying (B), Art. 116 to the first interval 
(a = a, h — b\, and x\ lies between a and 6i), we have 



or, since 


fib:) -f(a) 
bi — a 




hi Cl — Axi, 


f(hi) — f(a) = <}>(x\)Axi» 

Also, f{b 2 ) — f{bi) = <t>(x' 2 )Ax 2 , for the second interval, 
fib^) - f{b 2 ) = <j5>(>'3)Ax 3, for the third interval, 


fib) — f{bn-\) = <t>(x'n)Axn, for the nth interval. 

Adding these, we get 

(1) f{b) — fin) = </)(x'i)Axi -f <^(x'2)Ax 2 + • . . -f ^(x'OAx,. 

But <t>(x'i) • Axi = area of the first rectangle, 

0(x^) • Ax 2 = area of the second rectangle, etc. 

Hence the sum on the right-hand side of (1) equals the sum of the 
areas of the rectangles. But from (1), Art. 156, the left-hand side of (1) 
equals the area between the curve y = ^(x), the x-axis, and the ordinates 
at X — a and x. = b. Then the sum 

( 2 ) ^<i>{x',)Axi 

i=l 

equals this area. And while the corresponding sum 

(3) ^ <p(x,)Axi (where x, is any abscissa of 

« =r I the subinterval Ax,) 

(formed as in last article) does not also give the area, nevertheless we 
may show that the two sums (2) and (3) approach equality when n in- 
creases without limit and each subinterval approaches zero as a limit. 
For the difference <^(x'i) — <#>(x,) does not exceed in numerical value the 
difference of the greatest and smallest ordinates in Ax,. And, furthermore, 
it is always possible* to make all these differences less in numericai 

* That mtch ia the cm. U ahown in advmncM) vorka on the calculua. 
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value than any assignable p<»itive number e, however small, by continu* 
ing the process of subdivision far enough, that is, by choosing n sufficiently 
large. Hence for such a choice of h the difference of the sums (2) and (3) 
is less in numerical value than ((b — a), that is, lees than any assignable 
positive quantity, however small. Accordingly, as n increases without 
limit, the sums (2) and (3) approach equality, and since (2) is always 
equal to the area, the fundamental result follows that 


j r.5 »• 

<ft(x)dx = lim V <l>{x,)Axi, 


fa which the interval fo, 6] is subdivided in any manner whatever and Xi 
is any abscissa in the corresponding subintervai. 

158. Areas of plane curves rectangular coordinates. As already 
explained, the area between a curve, the jr-axis, and the ordinates at 
X = o and x = 6 is given by the formula 


(B) 


Area 




Y 


T> S 







r H 




•"li 


/ 

A 


H 

^ O 


djc 

X 



- - 6 - 



the value of y in terms of x being substi- 
tuted from the equation of the curve. 

Equation (5) is readily memorized by 
observing that the element of the area is 
a rectangle (as CR) of base dx and altitude y. The required area 
ABQP is the limit of the sum of all .such rectangles (strips) between 
the ordinates AP and BQ. 

Let us now apply the Fundamental 
Theorem (Art. 156) to the calculation of 
Ibe area bounded by the curve x = <i>{y) 

(AB in figure), the p-axis, and the hori- 
zontal lines y = c and y — d. 

First Step. Construct the n rectan- 
gles as in the figure. The require^! area 
is clearly the limit of the sum of the 
areas of these rectangles as their number 
increases without limit and the altitude of each one approachep 
zero as a limit. 

Second Step. Denote the altitudes by Api, Ay-i, etc. Take a 
point in each interval at the upper extremity and denote their 
ordinates by yi, p 2 , etc. Then the bases are «5(yi), t^iya), etc., and 
the sum of the areas of the rectangles is 



^(pi)Ayi -f 4>iya)Aya -I -f- 
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Third Step. Applying the Fundamental Theorem gives 

n 

Urn X<i>(yi)Api= I (f)(3f)dy. 

ii*l •Jc 

Hence the area between a curve, the y-ajcis, and the horizontal 
lines y — c and y = d is given by the formula 


(Q 


Area 


-i: 


xdy. 


Y 




\dy 

d ! 

/. 


i O 

X 


the value of x in terms of y being substi- 
tuted from the equation of the curve. 

Formula (C) is remembered as indicating 
the limit of the sum of all horizontal strips 
(rectangles) within the retiuired area, x and dy being, respectively, 
the base and altitude of any strip. The element of the area is one 
of these rectangles. 

Meaning of the negative sign before an area. In formula (B), a is 
less than b. Since we now interpret the right-hand member as the 
limit of the sum of n terms resulting from y, Ar, by letting i = 1, 2, 3, 
• • •, n, then, if y is negative, each term of this sum will be negative, 
and (B) will give the area with a negative sign prefixed. This means 
that the area lies below the r-axis. 

Illustrative Exampi,e 1. Find the area of 
one arch of the sine mrve y = sin x. 


Solution. Placing y = 0 and solving for x, we 


dud 


X = 0, r, 2 jr, etc. 
Substituting in (0), 



Also, 


Area OA/i = f\dx = f 8inxdx = 2. 

•'a -'O 

Area BCD =J*'ydx = J^^'sinxdx = — 2. 


IiXL’STRATiVE Example 2. Find the area bounded 
by the semicnbical parabola ay^ = x^, the y-toaa. aztd 
the tinea y s= a and y = 2 a. 1 

Sa 

Solution. By (O above, and the figure, the ele- 
ment of area ^ xdy = aubstStoting the value dy 

<rf X from the equation of the curve MN. Hence 

Area BMNC = f^Vyl dy 

*'a 

1.304 tt*. Aiw. 

Note that a* ss area OLMB. 



X 
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In the area given by (R) one boundary is the x-axis. In (C) one 
boundary is the ^-axis. Consider now the area bounded by two curves. 


Illustrative Example 3. Find the area bounded by the parabola y* ~ 2 x 
and the straight line x — y = 4. 


Solution. The curves intersect at A (2, —2), B(8, 4). Divide the area into 
horizontal strips by a system of equidistant lines parallel to OX drawn from the 
parabola AOB to the line .4B. Let 
their common distance apart be dy. 

Consider the strip in the figure whose 
upper side has the extremities (xi, y), 

(x», y). From these points drop per- 
pendiculars on the low'er side. Then 
a rectangle is formed and its area is 
given by 

(1) dA = (xz - Xi)dy. (xg > xO 

This is the element of area. For the 
required area is obviously the limit of 
the sum of all such rectangles. That 
is, by the Fundamental Theorem, 

(2) Area = (xj - xi)Ay, 

in which Xz and Xi are functions of y determine<i from the equations of the bounding 
curves. Thus, in this example, from x - y = 4 we find x = xj 4 -h y ; from 
y2 or 2 X we find x = Xi = J y^. Then we have, by (1), 

(3) d/l (4 -f y - I y*)dy. 

This formula will apply to the rectangle formed frtim any strip. The limits are 
c = — 2 (at .4), d = 4 (at B). Hence 

Area ^(4 -f y — | y^)dy = 18. Atw. 



In this example the area can be divided also into .strips by a system of equidis- 
tant lines parallel to OF. Let Ax be their common distance apart. The upinr 
end of each fine wili fie on the parabola 
OB. But the knctr end will He on the 
parabola OA when drawn to the left of 
A, but on the line AB when drawn to 
the right of A. If (x, yt) is the upper 
extremity, and (x, y,) the lower, the 
rectangle whose area is 

(4) dA = (y, - yi)dx (ya > yi) 
is the element of area. But in this ex- 
ample it is not possible to find by (4) a 
mngh formula to represent the area of 
every one of the rectangles. For while 
ya = vTx, we have yi = - vTx or 
y, rs X - 4, according as the lower ver- 
tex of dA is on the parabola or on AB. 
and two integrations are neoesaarv. 
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In any problem^ therefore, the strips should be constructed so that only a 
single formula for the element of area is necessary. Formula (4) is used when these 
strips are constructed by drawing lines parallel to the y>axis. 

In the Fundamental Theorem some or all of the elements 4>{Xi) Azi 
may be negative. Hence the limit of their sum (the definite integral) 
may be zero or negative. For example, if <t>{x) = sin x, a = 0, 6 = 2 r, 
the definite integral (3), Art. 156, is zero. The interpretation of this 
result using areas appears from Illustrative Example 1 above. 

PROBLEMS 

1. Find the area bounded by the hyperbola xy = a*, the x-axis, and 

the ordinates x = a and x = 2 a. Ans. a* In 2. 

2. Find the area bounded by the curve y = In x, the x-axis, and the 

line X = 10. Ans. 14.026. 

3. Find the area bounded by the curve y = xe*, the x-axis, and the 

line X = 4. Ans. 164.8. 

4. Find the area bounded by the parabola Vx -f Vy = Va, and the 

coordinate axes. Ans. i a*. 

5. Find the entire area of the hypocycloid x^ -f y^ = aK Ans. | ira*. 

Find the areas bounded by the following curves. In each case draw the 


figure, showing the element of area. 

6. j/’ = 6x, X* = 6 y. Arw. 

12. 

10. y* = 2x,x* + y* = 4x. 

7. j/’ = 4 X, X* = 6 y. 

8. 

11. y = 6x — X*, y = x. 

8. j/* = 4 X, 2 X — y = 4. 

9. 

12. y = X-’ — 3 X, y = X. 

9. y = 4 — X*, y = 4 — 4 X. 

lOJ. 

13. y* = 4 X, X = 12 + 2 y — y*. 


14. Find the area bounded by the parabola y = 6 + 4x — x* and the 
chord joining (- 2, — 6) and (4, 6). Ans. 36. 

16. Find the area bounded by the semicubical parabola y® = x* and 
the chord joining (—1,1) and (8, 4). Ans. 2.7. 

16. Find an expression for the area bounded by the equilateral hyper- 

bola X* — y* = a^, the x-axis, and a line drawn from the origin to any 
point (x, y) on the curve, ^ x 4- 

17. Find the area bounded by the curve y = x(l ± Vx) and the line 

X = 4. Ans. 

18. Find the area bounded by the curve x^ = x* — 1 and the Unea 

y = 1, X = 1, and x=: 4. Ans. j. 

10. Find the area bounded by the curve y = x* — 9 x* + 24 x — 7, the 
y-axia, and the line y = 29. Ans. 108« 
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A square is formed by the coordinate axes and parallel lines through 
the point (1, 1). Calculate the ratio of the larger to the smaller of the two 
areas into which it is divided by each of the following curves. 


90. y = z*. 

Ans. 2. 

26. y = 8in ^ • Ans. 

81. y = X*. 

3. 

88. y = X*. 

4. 

II 

i 

83. y® = X*. 

24. Vz -1- Vy = 1. 

f* 

5. 

28. y = tan — * 

4 

86. X* -P y* = 1. 

32-3 JT 

Sir 

20. + y^ = 1. 


For each of the following curves calculate the area in the first quad- 
rant lying under the arc which extends from the {/-axis to the first inter- 
cut on the z-axis. 


X + y + y* = 2. Ans. 1|. 34. y = cos 2 x. 

31. y = X® — 8 1 * + 15 z. 15}. 36. y = 4 c ^ cos J irz. 

32. y = e* an X. 12.07. 36. y = sin (x + 1). 

33. y* = (4 - z)». 

159. Areas of plane curves; polar coordinates. Let it be required 
to find the area bounded by a curve and two of its radii vectores. 

Assume the equation of the curve 
to be p = /(0), 

and let OPi and OD be the two radii. 

Denote by a and ^ the angles which the 
radii make with the polar axis. Apply 
the Fundamental Theorem, Art. 156. 

Fikst Step. The required area is 
clearly the limit of the sum of circular 
sectors constructed as in the figure. 

Second Step. Let the central angles of the successive sectors be 
A02, etc., and their radii pi, ps, etc. Then the sum of the areas 
the sectors is 



11 


J pj® -f- § p3® A6a + * • • + i p»® A^n — ^ 

<•1 


Fm* the area of a circular sector = ^ radius X arc. Hence the area of 
the first sector = i pi • pi A^i = J pi® Adi, etc. 

Third Step. Applying the Fundamental Theorem, 
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Hence the area swept over by the radius vector of the curve in mov- 
ing from the position OPi to the position OD is pven by the formula 

(O) Area = | dd, 

the value of p in terms of 0 being substituted from the equation of 
the curve. 

The element of area for (D) is a circular sector with radius p and 
central angle dd. Hence its area is i p^ dd. 


Illustrative Example. Find the entire area of the lemniacate p* = a* oo« 2 


Solution. Since the fii^ure is symmetrical 
with respect to both OX and OF, the whole 
area = 4 times the area of OAB. 

Since p = 0 when ^ we see that if 6 

4 

varies from 0 to the radius vector OP sweeps 

4 

over the area OA B. Hence, substituting in (D), 



Entire area = 4 X area OAB = 4 



cos 2 ^ = a* ; 


that is, the area of both loops equals the area of a square constructed on OA as 
one side. 


PROBLEMS 


1. Find the area bounded by 

0 = 0 and » = 60°. 

the circle p = a cos 0 and the lines 
Am. 0.37 a*. 

2. Find the entire 

area of the 

curve p = a sin 2 0. Atts. J ira*. 

Calculate the area inclosed by each of the following curves. 

3. p* = 4 sin 2 An». 

4. 

10. p = 3 + COB 3 9. 

i. p = a COB 3 0. 

i VO*. 

11. p = o COB 0 + 6 sin 9. 

6. p = 0(1 — C08 0). 

} VO*. 

12. p = 2 COB* 5- 

6. p = 2 — C08 0. 

1 V. 

2 

7. p = «n»^- 

iv. 

13. p = a sin nd. 

8. p = 1 4- COB 2 0. 

fv. 

14. p = COB 3 0 — cos 0. 

9. p = 2 + ain 3 0. 

f V. 

15. p = cos 3 0 — 2 cos 0. 


16. Find the area bounded by the parabola p(l + coe 6) =:= a and the 

lines 6 = 0 and 6 = 120®. Am. 0.866 a*. 

17. Find the area bounded by the hyperbola p* coe 2 0 = a* and the 

lines 0 « 0 and 0 = 30®. Am. 0.38 a*. 
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18. Prove that the area generated by the radius vector of the spiral 
p = e* equals one fourth of the area of the square described on the radius 
vector. 

0 

19. Find the area of that part of the parabola p = a sec* ^ which is 
intercepted between the curve and the latus rectum. 


20. Show that the area bounded by any two radii vectors of the hyper- 
bolic spiral p6 = a ia proportional to the difference between the lengths 
of these radii. 

nW 

21. Find the area of the ellipse p* = Am. irab. 

a* sin-* d + 6» cos* d 

22. Find the entire area of the ctirve p = afsin 2 9 + cos 2 0). 

.4 ns. ira*. 

0 

23. Find the area below O-Y within the curve p = a sin^ -• 

o 

Ans. 8^(10 jr + 27^/3)a^ 

24. Find the area bounded by p’ = a* sin 4 6. A ns. a*. 


Find the area bounded by the following curves and the given lines. 

25. p = tan 0 ■, 0 = 0, 6 — \ ic. 

26. p = ; 9 = J T, 9 = J T. 

27. p = sec 9 + tan 9 ; 9 = 0, 9 = J ir. 

28. p = a sin 9 + fe cos 9 ; 9 = 0, 9 = J r. 


Calculate the area which the curves in each of the following pairs have 
in common. 


29. p = 3 cos 9, p = 1 + cos 9. 
so. p = 1 + cos 9, p = 1. 

81. p = 1 — cos 9, p = sin 9. 

32. p® = 2 cos 2 9, p = 1. 

88. p* = cos 2 9, p® = mn 2 9. 

34. p = V6 cos 9, p* = 9 cos 2 9. 

88. p = V2 an 9, p* = cos 2 9. 

86. p = cos 9, p* = Vs sin 2 9. 

87. 3 p = cos 9, p = cos 2 9. 

88. 8 p =s Vs an 2 9, p® = cos 2 9. 

89. Find the area of the InMde loop of the triaectrix p = a(l - 2 cos 9). 

For %ure, see liinacon,.Cbaptor XXVI. Ans. | a®(2 x — sVs). 


Am. } IT. 

J w-2. 
i *• — 1. 
i T + 2 - V3. 

1 - iV2. 

Jfs- + 9 - 3V3). 
i(ir + 3-3V3). 
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160. Volumes of solids of resolution. Let V denote the volume of 
the solid generated by revolving the plane surface ABCD about the 
x-axis, the equation of the plane 
curve DC being 

y =/(x). 

First Step. Divide the seg- 
ment AB into n parts of lengths 
Axi, Axa, • • •, Ax„, and pass a 
plane perpendicular to the x-axis 
through each point of division. 

These planes will div'ide the solid 
into n circular plates. If rectangles 
are constructed with bases Axj, 

Ax>, • • •, Ax„ within the area 
ABCD, then each rectangle gen- 
erates a cylinder of revolution 
when area ABCD is revolved. Thus a cylinder is formed correspond- 
ing to each of the circular plates. (In the figure n = 4 and two cyl- 
inders are shown.) The limit of the sum of these n cylinders (n — ♦ oo ) 
is the reijuired volume. 

Second Step. Let the ordinates of the curve DC at the points 
of division on the x-axis be y\, y^, • • •, i/„. Then the volume of the 
cylinder generated by the rectangle AEFD will be Axi, and the 
sum of the volumes of all such cylinders is 

Tryi^ Axi -f- Try 2^ Ax2 H h iry„^ Ax„ = ^ rryi^ Axi. 

1 = 1 

Third Step. Applying the Fundamental Theorem (using limits 
Oi4 = a and OB = b), 

" r** 

lim > iry,^ Ax, = I iry^ dx, 

« - « ,Tl Ja 

Hence the volume generated by revolving about the x-axis the 
area bounded by the curve, the x-axis, and the ordinates x = o and 
X = 6 is given by the formula 

(£) = 

where the value of y in terms of x must be substituted from the 
equation of the given curve. 

This formula is easily remembered if we consider a thin slice or 
disk of the solid between two planes perpendicular to the axis of 
revolution and regard this circular plate as, approximately, a cylin- 
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der of altitude dz with a base of area iry* and hence of volume xy* dx. 
This cylinder is the element of volume. 

Similarly, when OF is the axis of revolution, we use the fc»*mula 

iF) Vy = nj^ x» dy, 

where the value of x in terms of y miist be substituted from the 
equation of the given curve. 

Illustrative Example 1. Find the volume generated by revolving the ellipse 

4- ^ = 1 about the r-axis. 
a* 0* 

Solution. Since y* = ^ (a* — x*), and the 

required volume is twice the volume gen- 
erated by OAB, we get, substituting in (£), 

3 

4 Kah^ 

To check this result, let 6 = a. Then V’, = ^ the volume of a sphere, which 

lb only a special case of the ellipsoid. When the ellipse is revolved about its major 
axis, the solid generated is called a prolate spheroid ; when about its minor axis, an 
oblate spheroid. 



Illustrative Example 2. The area bounded by the semicubical parabola 


(1) = x\ 

the y-axis, and the line AB (y = a) is revolved about AB, 
Find the volume of the solid of revolution generated. 

SolutioiL In the figure, OPAB is the area revolved. 
Divide the segment AB into n equal parts each of 
length dx. In the figure, NM is one of these parts. The 
rectangle NMPQ when revolved about AB generates a 
cylinder of revolution, whose volume is an element of 
the required volume. Hence 

Element of volume = xr^h = ir(a — y)* Ax, 
since r ^ PM == RM -^RP^a-y 

and h = NM = Ax. 

Then, by the Fundamental Theorem, 


T 



(2) Vi^uine of solid = V = (o — y)» dx r jf (a* - 2 oy -h y*)dx, 

for the limits are x = 0 and x s=: AB = o. Substituting for y its value given by (1)^ 
the answer Is V 0.45 ira^. Ana. 

This should be compared with the volume of the cone of revolutbn with 
aHititds AB (v a} and of radius OB (ss a)» Volume of cone » i wa*. 
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If the equations of the curve CD in the figure on page 265 are given 
in parametric form y^m, 


then in (£) substitute y — dx =f'{t)dt, and change the limits 
to ^1 and < 2 , if 

t = ii when x — a, t — t 2 when a: = 6. 


Volume of a hollow solid of revolution. When a plane area is re- 
volved about an axis not crossing the area, a hollow solid of revolu- 
tion is formed. Consider the solid ob- 
tained by revolving about the x-axis the 
area ACBDA of the figure. Pass through 
the solid a system of equidistant planes 
perpendicular to the axis of revolution 
OX. Let Ax be their common distance 
apart. Then the solid is divided into 
hollow circular plates each of thickness 
Ax. If one of the planes dividing the solid passes through M, the 
hollow circular plate with one base in this plane is approximately a 
hollow circular cylinder whose inner and outer radii are respec- 
tively MPi i—yi) and MP 2 (= ^ 2 ). Its altitude is Ax. Hence its 
volume is — y{-)Xx. Let there be n hollow cylinders, where 
6 — o = n*Ax. The limit of the sum of these n hollow cylinders 
when fi — K» is the volume of the hollow solid of revolution. Hence 

(3) V'x {y2^ - i/,2)dx. (ya > Vi) 

The element of volume in (3) is a hollow circular cylinder with 
inner radius ^i, outer radius y-z, and altitude Ax. The radii yi and 
yz are functions of x (= OM) found from the equations of the curves 
(or the equation of the curve) bounding the area revolved. 

Illustrative Exampis: 3. Find the volume of the ring solid {anchor tint or 
torus) obtained by revolving a circle of radius a about an external axis in its plane 
b units from its center (b > a). 

Solution. I^t the equation of the circle be 

*• + (y - b)» = a*, 

and let the Jc-axia be the axis of revolution. 

Solving tor y, we have 

Ift s b + Vo* - z», yi = b - Vo» - 1 *. 
dV =■ »(yj* — vi') Ax = 4 rbVa> — x* Ax. 

V. *= 4 vb^ Vo* — X* dx = 2 «'*«*b. Ant. 



By (8). 
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A solid of revolution may be divided into cylindrical shells by 
pasang through it a system of circular cylinders whose common axis 
is the axis of revolution. If the area 
ACBD of the figure be revolved about 
the v-axis, it may be shown that 


( 4 ) 




yi)x dx. 



where OM = x, M,Pi =y\, MP 2 = Vi. 

The element d V is now a cylindrical shell 
of radius r, altitude y-z — yi, and thickness Ax. Illustrative Ex- 
ample 3 may be solved by (4). 


PROBLEMS 

1. Find the volume of the sphere generated by revolving the circle 
X* -f y* = r* about a diameter. J TTr*. 

3. Find by integration the volume of the truncated cone generated by 
revolving the area bounded byy = 6 — jr, i/ = 0, x = 0, i = 4 about OX. 
Verify geometrically. 

8. Find the volume of the paraboloid of revolution wht»e surface is 
generated by revolving about its axis the arc of the parabola — 2 px 
between the origin and the point (xi, yi). 

Ans. irpxi* = J 7ryi*xi ; that is, one half of the volume 
of the circumscribing cylinder. 

4 . Find the volume of the figure generated by revolving the arc in 
Problem 3 about O Y. 

Ana. I rxi^pi ; that is, one fifth of the cylinder of 
altitude pi and radius of base X|. 

Find the volume generated by revolving about OX the areas bounded 
\ff the following lod. 


4. g = x», y = 0, X = 2. 

Ana. x. 

6 . eg* = I*, g = 0, X = o. 

i iro*. 

7. The parabola Vx + Vg s= Vo, x = 0, g = 0. 

iS VO*' 

8. Hje hypocycloid + g^ = o^. 

Nt ve*. 

9, One arch of g = nn x. 

Jx*. 

10. One arch of g = cos 2 x. 

i V*. 

IL g = e~‘, g = 0, ;e =s 0, X = 8. 
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12. 9 *» + 16 »» = 144. 

13. y = xe^, y = 0,x=:l. 

14. The witch (x® + 4 a^)y = Ba^, y = 0. 



16. y*{2 a — 3^} ^ x^, y = 0, X = a. 

17. 1/ = X* — 6 X, j/ = 0. 

18. y* = (2 — x)^, y = 0, X = 0, X = 1. 

19. y*(4 + X*) = 1, y = 0, X = 0, X = 00. 

20. (x — l)y = 2, y = 0, X = 2, X = 5. 


Ana. 48 t. 

ix(e»-l). 
4 ir®o*. 

H irab\ 

0.2115 xo». 


Find the volume generated by revolving about OY the areas bounded 


by the following loci. 

21. y = x^, y = 0, X = 2. Ana. ^ ir. 

22. 2 y^i = x», y = 0, X = 2. ^ ir. 

23. y = e', y = 0, X = 0. 2 x. 

24. 9 X* + 16 y* = 144. 64 x. 

28. y* = 9 - X, X = 0. 

27. X* = 16 - y, y = 0. 

28. y* = ox, y = 0, X = o. 


29. The equation of the curve OA in the figure is y* = x*. Find the 
volume generated when the area 

(a) 0 . 4/1 is revolved about OX. 

(b) 0 A fl is revolved about A B. 

(c) OA B is revolved about C A. 

(d) OA/l is revolved about OF. 

(e) OAC is revolved about OF. 

(f) OAC is revolved about CA. 

(g) OAC is revolved about AB. 

(h) OAC is revolved about O.Y. 

30. Find the volume of the oblate spheroid generated by revolving 
ttie area bounded by the ellipse 6*x* + a*y* = a*6* about the y-axis. 

Ans. J xa®6. 

31. A segment of one baae of thickness h is cut fixMn a sphere of radius r. 
Show by integration that its volume is — ~ 
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Calculate the volume generated by revolving about each of the follow' 
ing lines the area which it cuts from the corresponding curve. 


38. 1 / = 3 ; V = 4 X — I*. Ans. w. 

S3. X = 4 ; y* = x®. 

34. y = — 4; y = 4 + 6x — 2x*. jr. 

36. y = X : y = x®. ife tt V2. 

36. V = X ; » = 4 X — X*. x V2. 

37. » = X + 7 ; y = 9 - X®. xV2. 

38 . X + y = 1 : Vx + Vy = 1 . iV Jr>/ 2 . 

39. X + y = 7 ; xy = 6. 


40. Find the volume generated by revolving one arch of the cycloid 


about OX, its base. 
Hint. Substitute dx 


X = r arc vers “ — V2 ry — y® 

f 


V2 


ry-y^ 


and limits y = 0, y = 2 r, in {E), Art. 160. 

Ans. 6 ir*r*. 


41. Find the voliime generated by revolving the catenary y = + 

about the x-axia from x — 0 to x = 5. 

X... 


42. Find the volume of the solid generated by revolving the ciasoid 
x^ 

y* = - — ^ about its asymptote x = 2 o. Ans. 2 x*a*. 

i Cl — X 

43. Given the slope of the tangent to the tractrix ^ = ^ . find 

ox Vo® — y* 

the volume of the solid generated by revolving it about OX. Ans. § xa®. 

44. Show that the volume of a conical cap of height a cut from the 
sdid generated by revolving the rectangular hyperbola x® — y® = o® about 
OX equals the volume of a sphere of radius a. 

46. Using the parametric equations of the hypocycloid 

f X = a cos* d, 

I y = a sin* 6, 

find the volume ot the solid generated by revolving it about OX. 

Ans. ^ TO* 

46. Find the volume generated by revolving one arch of the cyclcfid 

X = a(9 — sin 6), 

I y = 0(1 — COS 0 ) 

about its base OX. Ans. 6 t®o*. 

^ow that if the arch be revolved about OY, the volume genonted 
is 6 f*o*. 
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47 . Find the volume generated if the area bounded by the curve 
V = see i irXi.the x-axis, and the lines x = ± ^ is revolved about the x-axis. 

Arts. 4. 

48. The area under the curve y = c* sin x from x = Otox=irisre- 
volved about the x-axis. Find the volume generated. 

49. Given the curve x = y = 4 f Find (a) the area of the loop 

and (b) the volume generated by the area inside the loop when revolved 
about the x-axis. Ans. (a) ^ ; (b) 67.02. 

60. Revolve the area bounded by the two parabolas y* = 4 x and 
y^ — h — X about each axis and calculate the respective volumes. 

Ana. OX: 10 ir; OY : t. 

61. Revolve about the polar axis the part of the cardioid p = 4 + 4 cos 0 
between the lines 6 — d and ® J and compute the volume. 

Ans. 160 IT. 


161. Length of a curve. By the length of a straight line we com- 
monly mean the number of times we can superpose upon it another 
straight line employed as a unit of length, ^ 

as when the carpenter measures the length 
of a board by making end-to-end applica- 
tions of his foot rule. Y 

Since it is impossible to make a straight Jf 
line coincide with an arc of a curve, we 

cannot measure curves in the same manner as we measure straight 
lines. We proceed, then, as follows. 

Divide the curve (as Ali) into any number of parts in any manner 
whatever (as at C, D, E) and connect the adjacent points of division, 
forming chords (as AC, CD, DE, EB). 


The length of the curve is defined as the limit of the sum of the chords 
as the number of points of division increases without limit in such a way 
that at the same time each chord separately approaches zero as a limit. 


Since this limit will also be the measure of the length of some 
straight line, the finding of the length of a curve is also called "the 
rectification of the curve.” 

The student has already made use of this definition for the length 
of a curve in his geometry. Thus the circumference of a circle is 
defined as the limit of the perimeter of the inscribed (or circum- 
scribed) regular polygon when the number of sides increases without 
limit 
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The method of the next article for finding the length of a plane 
ciu^e is based on the above definition, and the student should note 
very carefully how it is applied. 

162. Lengths of plane cturves; rectangular coordinates. We shall now 
proceed to express, in analytical form, the definition of the last article, 
making use of the Fundamental Theorem. 

Given the curve ,, , 

»=/(x) 

and the points P\a, c), Q{b, d) on it; to find 
the length of the arc P'Q. 

First Step. Take any number n of points 
on the curve between P' and Q and draw the 
chords joining the adjacent points, as in the 
figure. The required length of arc P'Q is evidently the limit of the 
sum of the lengths of such chords. 

Se<X)ND Step. Conssider any one of these chords, P'P" for ex- 
ample, and let the coordinates of P' and P" be 

P’(x', y') and P"{z' + Ax', y' + ^y'). 

Then, as in Art. 95, 

P'P” = V(a?PTTa^, 

or P'P"=[l + (ff;)']ir'. 

(Dividinj: inside the radical by (Ax')* and multiplyinR outKido by Ax'.J 

But from the Theorem of Mean Value (Art. 116) (if Ay' is denoted 
by Jib) — /(a) and Ax' by 6 — a), we get 

= (x'<x, <x'-fAx') 

Xi being the abscissa of a point Pi on the curve between P' and P" at 
which the tangent is parallel to the chord. 

Substituting, P'P” — [1 -f /'(xi)*]*Ax' = length of first chord. 

Similarly, p”p"' = [1 -f- /'(x 2 )*]*Ax" = length of second chord, 

P<»)Q = [1 -f /'(x,)2]*Ax<"> = length of nth chord. 

The length of the inscribed broken line joining P' and Q (sum of 
the chords) is then the sum of these expressions, namely, 

[1 +/'(ari)2]*Ax' + [1 +/'(x 2 )»]*Ax" +••• + [! +/'(a:,)2]*Ax<"> 

iml 
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Third Step. Applying the Fundamental Theorem, 

lim i;[l+/'(x.)=*]Ua;W= r‘[l+/(x)2]*dj:. 

t w I 

Hence, denoting the length of arc P'Q by », we have the 
formula for the length of the arc 

s = J* [1 +/'(a:)2]' dx, or 

(C) a =jrV + »'*]•'/*. 

where v' — ^ must be found in terms of r from the equation of the 
given curve. 

Sometimes it is more convenient to use y as the independent vari- 
able. To derive a formula to cover this case, we know from Art. 39 
that 

^ = hence da: = x' di/. 
ax ^ 

dy 

Substituting these values in (G), and noting that the correspond- 
ing y limits are c and d, we get the formula for the length of the arc, 

(H) a=jV+lI*dy» 

where ^ ^ found in terms of y from the eqtiation of the 

given curve. 

Formula (G) may be derived in another way. In Art. 95, 
formula (D), 

(I) d8 = (l-f-y'»)'dx 

gives the differential of the arc of a curve. If we proceed from (1) 
as in Art. 142, we obtain (G). Also, (H) follows from (£) in Art. 95. 
Finally, if the curve is defined by parametric equations 

(2) x=/(0, V~d>{i), 

it is convenient to use 


( 3 ) 


s = J(dx* -F d»3)* *jf V*(0 + dt, 


since, from (2), dx=sfit)dt, dy =» 
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Illustrative Example 1. Find the length of the circumference of the drdie 
ac* + V* = rK 

Solution. Differentiating, ^ ~ 

Substituting in (G), 


{ Substituting = r* — ar* from the equation of the ] 
circle in order to get everything in terms of j.J 



arc BA ■= r f (See Illustrative Example I, Art. 154.) 

Jo y/rilTJi 2 

Hence the total length equals 2 irr. A ns. 

Illustrativ'E Example 2. Find the length of arc of one arch of the cycloid 
X = a{6 — sin $), y = a(l — cos 6). 


See Illustrative Example 2» Art. 81. 

Solution. dx = <2(1 - cos d d$, dy = a sin 9d0. 

Then <tr* + dy^ ~ 2 a*(l - ccw 0 dO^ = 4 sin^ J 6 dd^. By (6), Art. 2 

Using (3), 8 — ['‘’^2 a sin I ddS = S a. Arts, 

do 

The limits are the values of ^ at 0 and D (see figure, Illustrative Example 2, 
Art. 81), that is, ^ = 0 and ^ = 2 y. 

Illustrative Example 3. Find the length of the arc of the curve 25 = x* 

from X = 0 to X = 2. 

Solution. Differentiating, j/' = J xl. Hence, by (C), 

(4) « = r^(l f \ x^i^dx = \ f^(4 4- x^jidx. 

•^0 *^0 

The integral in (4) was evaluated approximately in Illustrative Example 2, 
Art. 148, by the trapezoidal rule, and also in Illustrative Example 2, Art. 149, by 
Simpson's rule. Taking the latter value, $ = J (4.821) 2.41 liruar units, Ans. 


163. Lengths of plane curves ; polar coordinates. From (I), Art. 96, 
by proceeding as in Art. 142, we get the formula 
to the length of the arcy 

where p and ^ in terms of 0 must be substi* 

au 

tuted from the equation of the given curve. 

In case it is more convenient to use p as the independent variable, 
and the equation is in the form 

e=4>i(>), 
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Substituting this in [p^d9‘ + dp®]* 
gives 

Hence if pi and p 2 are the corresponding limits of the independent 
variable p. we get the formula for the length of the arc, 

where -r tenns of p must be substituted from the equation of the 

dp 

given cmwe. 


IIXUSTRATIVE EXAMPLE. Find the perimeter of the cardioid p = a(l + cos $). 


Solution. Here ^ = — a sin d. 
do 

If we let 6 vary from 0 to r, the point P will gen- 
erate one half of the curve. Substituting in (/), 

1 = f'Ca’d + cos d)» + a» 8in»^^ dO 

2 Jq 

= a f(2 ^ 2 C 08 0)^ dO = 2 a fcos ^dO = 4 a. 
Jq Jq 2 

A a = 8 a. Ans. 



PROBLEMS 

1. Find the length of the curve whose equation is y® = between the 

points (0, 0) and (8, 4). Am. 9.07. 

2. Find the length of the arc of the semicubical parabola from 

the origin to the ordinate x = 5 a. 335 a 

27 

3. Find the length of the curve whose equation is |^ = — + — from 

o 2 X 

the point where x = 1 to the point where x = 3. An«. Jj*-. 

4. Find the length of the arc of the parabola y^ = 2px from the vertex 

to one extremity of the latus rectum. In (l + V^). 

2 2 

6. Find the length of arc of the curve y* = x® from the point where 
X = 0 to the point where x = ^. Ans. 

6. Find the length of arc of the parabola 6 y = x® from the origin to 

the point (4, |). Ana. 4.98. 

7. Approximate by Simpson’s rule the length of arc of the curve 

8 y » X* from the origin to the point (1, |). Ans. 1.09. 
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S. Find the length of arc of the curve y = log sec r- from the origin to 
the point In 2^ Ans. ln(2 + V3). 

8. Find the length of arc of the hyperbola x* — y* = 9 from (3, 0) 
to (5, 4). [Use Simpson’s rule.] Ans. 4.56. 

10. Find the length of the arch of the parabola y = 4 x — x* which 

lies above the x-axis. Ans. 9.29. 

11. Find the entire length of the hypocycloid x* -f yS = a*. Ans. 6 a. 

rt - - £ 

12. Rectify the catenary y = 5 + e “) from x = 0 to the point (x, y). 

A rt £ _? 

2 ^ 

13. Find the length of one complete arch of the cycloid 

X = f arc vers ® — V2 ry — y*. Ans. 8 r. 


Hint. Use (H), Art. 162. Here ^ 

dy y/2ry — 

14. Rectity the curve 9 ay* = x(x — 3 o)* from x=:0tox = 3a. 

Ans. 2 aVS, 

i" * 

16. Find the length in one quadrant of the curve + (^)*= 1- 

ai ± ^± fe! . 

o “f 6 


16. Find the length between x = a and x = 6 of the curve r*' = j • 

— 1 

Ans. In — — - + 0 — 6. 
e** — 1 

17. The equations of the involute of a circle are 

j X = a(coe 0 + 0 sin 0), 

\y = a(8in $ — d cos 6). 

Find the length of the arc from 9 = 0 to 9 = 9i. Ans. j a0i*. 

18. Find the length of arc of curve / ^ ^ ^ from 9 = 0 to 0 = ^ • 

\y — e*cx)a0 2 

n 

Ans. V^(e2 — 1). 

F^nd the length of arc of each of the following curves. 

19. y = In (1 — X*) from x = 0 to x = J. 

X* 1 

20 . y = - In X from x = 1 to x = 2. 

81. y = In CSC X from x = ~ to x = ^- 

o 2 

82. 8 X* =i y* from y = 1 to y = 20. 

’ 88i. One vch ot the curve y = sin x. 
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84. Find the length of the spiral of Archimedes, p = a6, from the 
origin to the end of the first revolution. 

Ans. iraVl + 4 ir* + 1 In (2 tt + Vl + 4 tt®). 

26. Rectify the spiral p = e“* from the origin to the point (p, 0). 

Hint. Use (/). Am. ^ 

a 

a 

26, Find the length of the curve p = a sec* - 
from = 0 to 0 = — • 


27. Find the length of arc of the parabola 
from 0 = 0 to 0 = 


1 -f coe 0 ^ 2 

Am, V2 + ln(v^-f l)- 

28. Find the length of the hyperbolic spiral 
pd = a from (pi, Oi) to (pa, tfa). 



Ana. Va* -f pi* — Va* 4- pa* + a In 


29. Show that the entire length of the curve p = a sin^ - is 


Paid 4* Va- -f pi*) 
.3 ;ra 


Show 


that OA, AH, BC (see figure) are in arithmetical progression. 

30. Find the length of arc of the cissoid p = 2 a tan 0 sin 0 from 0 = 0 


to 0 = 


4 


31. Approximate the perimeter of one leaf of the curve p = sin 2 d. 

164. Areas of surfaces of revolution. A surface of revolution is 
generated by revolving the arc CD 
of the curve 

y=f(x) 

about the axis of X. 

It is desired to measure the area 
of this surface by making use of the 
Fundamental Theorem. 

First Step. As before, divide 
the interval AB into subintervals 
Azi, Az 3 , etc!, and erect ordinates 
at the points of division. Draw 
the chords CE, EF, etc. of the 
curve. When the curve is revolved, each chord generates the lateral 
surface of a frustum of a cone of revolution. The area of the required 
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surface of revolution is defined as the limit of the sum of the lateral 
areas of these frustums. 

Se<X)ND Step. For the sake of clearness let us draw the first 
frustum on a larger scale. Let M be the middle point of the chord 
CE. Then 

(1) Lateral area = 2 vNM • CE* 

In order to apply the Fundamental Theorem 
it is necessary to express this product as a 
function of the abscissa of some point in the 
interval Axi. As in Art. 162, we get. using the 
Theorem of Mean V'alue, the length of the chord 

(2) CE = [l+/'(ri)2]*Aiu 

where xi is the abscissa of the point Pi(xi, ^i) 
on the arc CE where the tangent is parallel to 
the chord CE. Let the horizontal line through 
M intersect QPt (the ordinate of Pi) at R, and denote RPi by ei.f 
Then 

(3) NM = y, - <1. 

Substituting (2) and (3) in (1), we get 

2 x(yi — €i)[l +/'(^i)*]* = lateral area of first frustum. 

Similarly, 

2 »-(y 2 — < 2)[1 +/'(x 2 )^^Ax 2 = lateral area of second frustum. 



2 rii/n — <*)[! +/'(a;n)®]*Ax, = lateral area of last frustum. 
Hence 

X2ir(yi-ei)[l+/'(ar.)*]*Ai< = sum of lateral areas of frustums. 

<a*l 

This may be written 

(4) X 2 - 2 T y €,[1 + /'(x,)"]* Ax.. 

iml <asl 


4* The latml area of the fruatum of a cone of reroluUon la equal to the drcumferenee of 
tJae ndddle aeetlon multipUed by the aUuit height* 

I The atudent will obeerve tbat as Azi ai^proachee aero aa a limit, ti aJeo approaehea the 
IMIiero* 
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Third Step. Applying the Fundamental Theorem to the first 
sum (using the limits OA = o and OB = b), we get 

Urn y 2 iryll +/'(x.)2]i Ax, = f 2 iry[l +/'(x)*]* dx. 


The limit of the second sum of (4) when n — >00 is zero.* Hence the 
area of the surface of revolution generated by revolving the are CD 
about OX is given by the formula 


(A) S, = 2 w£y 1 + *dx, 


where denotes the required area. Or we may write the formula 
in the form ^ 

(L) S = 2 v J If ds. 


Similarly, when OY is the axis of revolution we use the formula 



In (L) and (M) ds will have one of the three forms (C), (O), (£), 
of Art. 95, namely, 

depending upon the choice of the independent variable. The last 
form must be used when the given curve is defined by parametric 
equations. In using (i) or (Af), calculate ds first. 

The formula (L) is easily remembered if we consider a narrow 
band of the surface included between two planes perpendicular to the 
axis of revolution, and regard it approximately as the convex surface 
of a frustum of a cone of revolution of slant height ds, with a middle 
section whose circumference equals 2 -rry, and hence of area 2 ry ds. 


Illustrative Exampus 1. The arc of the cubical parabola 
(6) a’v = X* 

between x = 0 and z = a ia revolved about OX. Fiiid the area of the surface of 
revolution generated. 

* This ta easily seen as follows. Denote the second sum by Sn- If ( equals the largest of 
the positive numbers | Ci |, | Ci j. ■ ■ i c, 1, then 

n 

Sn a +/'(*<)*]iAx<. 

imi 

The turn on the Hjtht is. by Art. 162^ equal to the sum of the chords CB, BF, etc. Let 
this sum be l». Then Sn ai Since Urn e » 0, is an Infinitesimais end therefore Urn Sn - 0. 
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Solution. From (6), v' = ^. Hence 

ife = (1 + de = ■— (o^ + 9 dx. 
a* 

Then the element of area = 2 wyds = ^ (a* -f 9 x® dx. 

o* 

Therefore, by (£), 

= ^ (10 VTO - l)a» = 3.6 a*. An*. 

Ii.LUSTRATi\'E Examkle 2. Find the area of the ellipsoid of revolution gener- 
ated by revolving the ellipse whose parametric equations are (see (3), Art. 81} 
X ~ a cos <>, y = 5 sin ^ about OX. 

Solution. We have 

(ir = — a sin d0, dy = 6 cos d4>, 
and ds = (dx-* *f dy^)i = (o® sin^ ^ -f 6^ cos* <^)i dd>. 

Hence the element of area =2 xy ds = 2 x5(a* sin* 4* 6* cos* 4>)^ sin </> d4f>, 

(6) i S, = 2 sin* -f 5* cos* sin <<> d0. 

To integrate, let a = cos <f>. Then du = — sin <t> d<j>. Also, 

a* sin* -h 6* cos* = a*(l — cos* <^) -f 6* cos* ^ = a* — (a* — fe*)tt*. 

Hence, using the new limits u = 1, u = 0, and interchanging the u limits (Art. 
150), the result is 

i S, = 2 x6 r‘[o» - (o’ - du. (o > 6) 

Jo 

Working this out by (22), we get 

2 “jpoh • 5* 

S, = 2 t 5* -i arc sin where e = eccentricity Aim, 

e a 



lLLUSTKAn\'E EXAMPLE 3. Find the area of the surface of revolution generated 
by revolving the hypocycioid xS + about the x-axis. 


Solution. Here ^ ~ y = (a^ — xi)^ ; 

Substituting in (L), n jtkig that the arc BA 
generates only one half of the surface, we get 

^ = 2 ra^ P(o^ - x5)^x~4 dx. 

2 Jo 


This Is an improper integral, since the func- 
tion to be integrated is discontinuous (becomes 
Infinite) when x = 0. Using the dednition (1), 
Art, 164, the result Is « ^ yqt 

^ 
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PROBLEMS 

1. Find by integration the area of the surface of the sphere generated 

by revolving the circle x® + y* = r* about a diameter. Am. 4 irr*. 

2. Find by integration the area of the surface of the cone generated 
by revolving about OX the line joining the origin to the point (a, 6). 

Ana. irhVa* + 6*. 

3. Find by integration the area of the surface of the cone generated 
by revolving the line y = 2x from x = 0 to x = 2 (a) about OX ; (b) about 
Oy. Verify your results geometrically. 

4. Find by integration the lateral area of the frustum of a cone gen- 
erated by revolving about OX the line 2 y = x — 4 from r = 0 to x = 5. 
Verify your result geometrically. 

5. Find the area of the surface generated by revolving about OY the 

arc of the parabola y = x* from y = 0 to y = 2. Ana. ^ ir. 

6. Find the area of the surface generated by revolving about OX the 
arc of the parabola y = x* from (0, 0) to (2, 4). 

7. Find the area of the surface generated by revolving about OX the 
arc of the parabola y* = 4 — x which lies in the first quadrant. Am. 36 . 18 . 

8. Find the area of the surface generated by revolving about OX the 

arc of the parabola y* = 2 px from x = 0 to x = 4 p. jrp*. 

9. Find the area of the surface generated by revolving about 01’ the 
arc of y = x^ from (0, 0) to (2, 8). 


Find the area of the surface generated by revolving each of the follow- 
ing curves about OX. 


10. 9 y = x^, from i = 0 to x = 2. Ans. 

11. y* = 9 X, from x = 0 to x = 4. 

12. y* = 24 — 4 I, from x = 3 to i = 6. 

13. 6 y = x*. from x = 0 to x = 4. 


14. 

16. 

16. 

17. 

18. 

19. 

80 . 


y = e from x = 0 to x = oo. 

The loop of 9 ay* = x(3 o — x)*. 

6 a*xy = X* + 3 a*, from x = otox = 2a. 

One loop of 8 a*y* = a*x* — a^. 

y* + 4 X = 2 log y, from y = 1 to y = 2. 

X = a{6 — sin ff), • 
y = o(l — cos 9). 

[ X = a(2 cos d — cos 2 d), 
y = a(2 sin 9 — sin 2 0). 


The cycloid | 
The cardioid 


If 

49 T. 

¥ TT. 

(820 - 81 In 3)x 
72 

ir[V2 + In (1 -t- \^)]. 
3 ira*. 

H *ra». 

i xa*. 

Ana. V ira*. 
-i|s xo». 
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81. V* — 4 ac, from a; = 0 to ar = 8. 

88. X* + y* = 4, fr<Mn x = 1 to x = 2. 

88. X* + 4 »» = 86. 

84. 9 X* + 4 y* = 86. 

Find the area of the surface generated by revolving each of the fol- 
lowing curves about 0 K. 

86. X = y*, from y = 0 to y = 3. Ana. 5V — 1]. 

86. y = X*, from y = 0 to y = 3. 

87. 6 a*xy = x* + 3 o^, from x = a to x = 3 o. (20 + In 3)7ra®. 

88. 4 y = X* — 2 In x, from x = 1 to x = 4. 24 ir. 

89. 2 y = xVx* — 1 + log (x — Vx® — 1 ), from x = 2 to x = 5. 

Ana. 78 x. 

80. y* = X*, from i = 0 to x = 8. 713. 

31. 4 y = X®, from y = 0 to y = 4. 33. 4 x® + y® = 64. 

38. X* + 4 y® = 16. 34. 9 x = y®, from y = 0 to y = 3. 


Find the area of the surface generated by revolving each of the fol- 


lowing cxirves. 

35. The ellipse ^ + ^ = !• 

o* 6* 

Hint. « = eccentricity of ellipse 
_ Vo» - 6® 

~ a 

36. The catenary y = |(«“+ 


from X = 0 to X 
(Figure, p. 632) 


: a. 


About ox About OY 

2^a® + ^'lnl±f. 
e 1 —e 


■Ka‘ 


(e®+4-e-*). 2 xa»(l -«->). 


37 . af*+3=6xy,fromx=ltox=2. f } x. 


38 . 


(j: 


c*sin 6, 
e*coBd, 


from6=0to- 


2V2x 


89. 3x» + 4y» = 3a*. 


(e'-2). 




x(Y + ln2). 
2V2X 

^^~(2c»+l). 


(4 + 3 In 3) 


xa“ 


40 . The slope of the tractrix at any point of the curve in the first 

quadrant is given by ^ = Show that the surface generated 

ax VC* — y* 

by revolving about OX the arc joining the points (xi, yi) and (xj, yj) on 
the tractrix is 2 xc(yi — y2). (Figure, p. 637) 

41 . The area in the first quadrant bounded by the curves whose equa- 

tions are y = X® and y = 4 x is revolved about OX. Find the total surface 
at the solid generated. Ana. 410 . 3 . 
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42. The area bounded by the y-axia and the curves whose equations 

are x* = 4 y and x — 2y + 4 = 0 is revolved about OY. Find the total 
surface of the solid generated. Arts. 141.5. 

43. Find the surface generated by revolving about OX the arc of the 

curve whose equation is y = ^ ^ front x = 1 to x = 3. Arts. — 

44. Find the entire surface of the solid generated by revolving about 
OX the area bounded by the two parabolas y* = 4 x and y* = x + 3. 

Arts. J 7r(l7 Vn + 32V2 - 17) = 51.53. 

46. Find the area of the surface generated by revolving about OX one 
arch of the curve y = sin x. Ans. 14.42. 

165. Solids with known parallel cross sections. In Art. 160 we dis- 
cu&sed the volume of a solid of revolution, such as is shown in the 
accompanying figure. All cross sec- 
tions in planes perpendicular to the 
x-axi.s are circles. If OM = x, MC = y, 
then 

(1 ) Area cross section 

ACBD = ry- = Tr[<l>{x)T, 

if y — <i>(x) is the equation of the 
generating curve OCG. Hewe the area 
of the cross section in any plane perpen- 
dicular to OX is a function of its perpendicular distance (= x) from 
the point O. 

We shall now discuss the calculation of volumes of solids that are 
not .solids of revolution when it is possible to express the area of any 
plane section of the solid which is 
perpendicular to a fixed line (as OX) 
as a function of its distance from a 
fixed iMjint (as 0). 

Divide the solid into n slices by 
equidistant sections perpendicular to 
OX, each of thickness Ax. 

Let FDE be one face of such a 
slice, and let ON = x. Then, by hypothesis, 

(2) , Ar^FDE=A(x). 

The volume of this slice is equal, approximately, to 

(3) Area FDE x Ax « A(x)Ax (base x altitude). 
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Then A(x.)Aa;, = sum of volumes of all such prisms. It is evi- 

i= I 

dent that the required volume is the limit of this sum ; hence, by the 
Fundamental Theorem, 

n 

lim T A(Xi)AXi = 

" - * 1 = 1 

and we have the formula 

(AO V=f A{xydx, 

were .4(x) is defined in (2). 

The element of volume is a prism (in some cases a cylinder) 
whose altitude is dx and whose base has the area A{x). That is, 

dV' = A(z)dx. 


J A{x)dx, 


lu-i sTRATivE Example 1. The base of 
a solid Lh a circle of radius r. All sections 
perpendicular to a fixed diameter of the 
base are squares. Find the volume of the 
solid. 

Solution. Take the circle x* -f v* = r* 
in the A'}'-plane as base, and OX as the 
fixed diameter. Then the section PQRS 
perpendicular to OX is a square of area 
4 y^, if PQ = 2 y. (In the figure, the por- 
tion of the solid on the right of the section 
PQRS Is omitte<l.) 

Hence A(x) = 4 - x^), and, 

by (iV), 

Volume = 4 (r- - x^)dx = ^ Ana. 

ILLUSTRATIVB EXAMPLE 2. Find the 
volume of a right conoid with circular 



base, the radius of the base being r and the altitude a. 


Solutioti. Placing the conoid as shown in the figure, consider a section PQR 
perpendicular to OX, This section Is an isosceles triangle ; and, since 


RSf = V2 fx ~ X* 

(found by solving x^ -f y* = 2 rx, the equation of the 
circle ORAQ, for y) and 

MP-a, 

the area of the section is 

a^Zrx — X* =s A(x). 

Substituting in (Af)» 

V - Atm, 



This is one half the vqlume ot the cylinder of the same base and altitude* 

t 
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ILLUSTRATIVB EXAMPLE 3. Calculate the volume of the ellipsoid 


by a single integration. 


+ + = i 

^ fta + <.2 


Solution. Consider a section of the ellipsoid perpendicular to OX, as ABCD, 
with semiaxes 6' and e\ The equation of the ellipse HEJQ in the XOT-plane is 




Solving this for p(= b') in terms of 
X (= OM) gives 

6' = - Va» - x». 
a 

Similarly, from the equation of the 
ellipse EFGI in the XOZ-plane we get 

c' = “ V(H — j'J. 
a 



Hence the area of the ellipse (section) A BCD is 

irb'c' = (a^ — x*) = A(x). 

a* 

Substituting in (;V), 

T (^2 _ x*)<ir = I xa6c. An«. 


PROBLEMS 

1. A solid has a circular base of radius r. The line AB is a diameter 
of the base. Find the volume of the solid if every plane section perpen- 
dicular to AB is 

(a) an equilateral triangle; Ans. 

(b) an isosceles right triangle with its hypotenuse in the plane of the 

base; Am. Jr®. 

(c) an isosceles right triangle with one leg in the plane of the base ; 

Ans. S r®. 

(d) an isosceles triangle with its altitude equal to 20 in. ; Am. 10 irr*. 

(e) an isosceles triangle with its altitude equal to its base. Am, f r®. 

2. A solid has a base in the form of an ellipse with major axis 20 in. 
long and minor axis 10 in. long. Find the volume of the solid if every 
section perpendicular to the major axis is 

(a) a square; Am. 1,333 cu. in. 

(b) an equilateral triangle ; 677.3 cu. in. 

fc) an isosceles triangle with altitude 10 in. 786.4 cu, in. 
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3. The base of a solid is a segment of a parabola cut off by a chord 
perpendicular to its axis. The chord has a length of 16 in. and is distant 
8 in. from the vertex of the parabola. Find the volume of the solid if 
every section perpendicular to the axis of the base is 

(a) a square; Ana. 1024 cu. in. 

(b) an equilateral triangle ; 443.4 cu. in. 

(c) an isosceles triangle with altitude 10 in. 426.7 cu. in. 

4. A football is 16 in. long, and a plane section containing a seam is an 
ellipse, the shorter diameter of which is 8 in. Find the volume (a) if the 
leather is so stiff that ever>’ cross section is a square; (b) if the cross 
section is a circle. Ans. (a) 341 J cu. in.; (b) 535.9 cu. in. 

6. A wedge is cut from a cylinder of radius 5 in. by two planes, one 
perpendicular to the axis of the cylinder and the other passing through a 
diameter of the section made by the first plane and inclined to this plane 
at an angle of 45^ Find the volume of the wedge. Ans. cu. in. 

6. Two cylinders of equal radius r have their axes meeting at right 

angles. Find the volume of the common part. Am. ^ 

7. A circle of radius a moves with its center on the circumference of 

an equal circle, and keeps parallel to a given plane which is perpendicular 
to the plane of the given circle. Find the volume of the solid it will 
generate. Arns. 5 -f 8). 

8. A variable equilateral triangle movcfe with its plane perpendicular 

to the x-axis and the ends of its base on the points on the curves y® — 16 ox 
and y* = 4 ox, respectively, above the x>axU. Find the volume generat<*d 
by the triangle as it moves from the origin to the points whose abscissa 
is a. A us. J\/3a^. 

9. A rectangle moves from a fixed point, one side being always equal 

to the distance from this point, and the other equal to the square of this 
distance. What is the volume generated while the rectangle moves a 
distance of 2 ft.? Am. 4 cu. ft. 

10. On the double ordinates of the ellipse ^, + ^=1, isosceles tri- 

angles of vertical angle 90“ are described in planes perpendicular to that 
of the ellii»e. Find the volume of the solid generated by supposing such 
a variable triangle moving from one extremity to the other of the major 
axis of the ellipse. Ans. iab^. 

Calculate the volumes bounded by the following quadric surfaces and 
the given planes. 

11. z = x* + 4y*; 2 = 1. Am. \ ir. 

12. 4 I* + 9 2 * + » = 0 ; y + 1 = 0. ^ r. 

18.x* + 4y* = l 4 - 2*;2 + l = 0;2 — 1 = 0. jjjr. 

14. 25 y* + 9 2* = 1 + X*; x = 0; * = 2. if ». 



INTEGRATION A PROCESS OP SUMMATION 287 ^ 

15. *4- 4 + 9 z* = 1. Ans. | ir. 

18. z* = -f 9 1/2 ; z -f 1 = 0. i w. 

17. Given the parabola z = 4 — x* in the XZ-plane and the circle 
x2 4- 1/2 =r 4 in the X y-plane. From each point on the parabola lying 
above the circle two lines are drawn parallel to the y^-plane to meet the 
circle. Calculate the volume of the wedge-shaped solid thus formed. 

Ans, 6 T. 

18. Find the volume of the solid bounded by the hyperboloid of one 

sheet ^ ~ -f 1 and the planes x = 0, x = a. Ans. % wabc* 

c* a* 0^ 

19. A solid is bounded by one nappe of the hyperboloid of two sheets 

^ ^ — 1 and the plane x = 2 a. Find the volume. Am. | Trabc. 

6 - 

20. Find the volume of the solid bounded by the surface 

^ ^ -h ^ == 1. Am. f irabc. 

62 

ADDITIONAL PROBLEMS 

1. Find the area of the loop of the curv'o 

= (x -f 4)(x2 - X + 2 y - 4). Am. 

2. A point moves along a parabola in such a way that the radius 
joining it to the focus generatt^ area at a constant rate. If the point moves 
from the vertex to one end of the latus rectum in 1 sec., what will be its 
position at the end of the next 8 sec.? 

Ans. Distance from focus = | latus rectum, 

3. Find the perimeter of the figure bounded W the line y = 1 and the 

curve 4 y = ^ ^ 2 j^ 4> li^ (2 4- V3) = 3.05. 

4. The arc OP of the curve xy ^ x — y joins the origin to the point 
P(xi, 1/1), and bounds with the x-axis and the line x = Xi an area A. The 
same arc bounds with the y-axis and the line y = yi an area B. Prove that 
the volumes obtained by revolving A about the x-axis and B about the 
y-axis are equal. 

5. The area bounded by the curve 16 y® = (x + 4)* and its tangent 

at the point (12, 16) is revolved about the x-axis. Find the volume 
inclosed. Ana. ir. 

6. The base of a solid is the area bounded by the parabola y^ = 2 jox 

and its latus rectum. Every section of the solid made by a plane at right 
angles to the latus rectum is a rectangle whose altitude is equal to the 
distance of the section from tihe axis of the parabola. Find the volume of 
the solid Ans. | p** 
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7. Given the ellipse 9 ar® -f 26 = 226. A solid is formed about this 

curve in such a way that all plane sections perpendicular to the x-axis are 
ellipses whose foci are on the pven ellipse. The major and minor axes of 
each section are proportional to those of the given ellipse. Find the 
volume of the solid. Arts. rr. 

8. Let (x, y) be a point on the curve of Art. 159, O being the origin 
and OA the x-axis. Show that (D) may be written 

(1) Area if (x dy — y dx), 

by using the transformation (6), p. 4. The limits are determined by the 
codrdinat^ of the extremities of the curve. 

9. Derive the formula of the preceding problem directly from a fig- 
ure, making use of (B) and (O, Art. 158. 


The formula (1) of Problem 8 is useful for parametric equations. Find 
the following areas by (1). 

10. The area between the involute of a circle 

X = r cos 6 rO 8in 0, y = r sin 0 — rO cos 0 
and the x-axis produced to the left, in the figure of Chapter XXVI, 
p. 637, 

11. The entire area of the hypocycloid 
of three cusps 

X = 2 r cos 0 -h r cos 2 0, 

2 / = 2 r sin 0 — r sin 2 0. 

(See figure.) A ns. 2 

12. A straight uniform wire attracts a 
particle P according to the law of gravita- 
tion. The particle is in the line of the wire 
but not in the wire. Prove that the wire 
attracts the particle as if the mass of the 
wire were concentrated at a point of the 
wire whose distance from P is the mean 
proportional of the distances from P to the ends of the wire. 

IS. Find the area of the loop of the folium of Descartes, 
x* + =r 3 axy. 

Hint. Let then x = 



tr« 


SflP 
l + P' 


and dx • 


1 -2P 
(l-fP)* 


ZadL 


The limits for f are 0 ^d oo* 
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166. Introduction, 
the use of a table 
found in the table 
to transform the 1: 
tables. The devi< 

(a) in/ 

(b) a 

(c) I 

We procee 

167. Integ 
tion the nur 
functions, tl 
tional expor 
than that i 
mixed quar 
example. 


The la> 
the degree 
readily ap) 
we need c< 

In oreh 
fraction, i' 
tions, that 
such that 
sible when 
factors is shov. 

Case I. When u. 
degree and none are 


«8m Chapter XX ) 



CULUS 

such as X — o, there corre- 


can be expressed as a 
■how the method. 


1» X -f 2, we assume* 


)a?. 


the like powers 
d Coethdcmts, 


In c 


» following : 


-i- 

Tiber of comtarUa to 

ir. 


en dltTer^ntla} neither 
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Case II. When the faetora of the denominator are all of the firti 
degree and aome are repeated. 

To every n-fold linear factor, such as (x — o)*, there will corre- 
spond the sum of n partial fractions, 


+ 


B 


(x — a)" (x — a) 


L 

- O)"-! ^ 


+ 


in which A, B, ■ ■ L are constants. These partial fractions are 
readily integrated. For example. 




A 

(1 — n)(x — o)"~‘ 


+■ C. 


' x ( x - T)^ 

Solution. Since x ~ 1 occurs three times as a factor, we assume 
x^ -f 1 ^ A B C D 

X{X-lp X (X-l)3'^(X-l)3'^X-l‘ 

Clearing of fractions, 

x^ 4- 1 = A(x - 1)» -f Bx -f Cx(x -1)4- Dx(x - I)*. 

1 = 4- D)x^’ 4- (~ 3 A + C - 2 D)x^ 4- (3 A 4* B - C + D)x - A. 

Equating the coelhcients of like powers of x, we get the simultaneous equations 


A 4-0 = 1, 
- 3 A 4- C - 2 O = 0, 
3A4B-C4-0 = 0, 
- A = l. 


Solving, A = — 1, B = 2, C = 1, D = 2, and 


x^ 4- 1_ ^ _ i ^ 


I 2 

^ • A ■ 


X\X — 1)^ X (X— 1)3 (X— 1)3 X— 1 


■■■i 


'„£l±JL 

x(x - 1) 


dx = - In X - 


1 


I 


(X-l)3 X-1 


■4 2 In (X- 1) +C 


^ + In C. .4n», 


(X- 1)^ 


PROBLEMS 

Work out the following integrals. 

(4 X - 2)(Lr - 2 X 


, r 4 J- - 2)(Lr x-^ -2 X 


2 . 


(x + D* 


s C-Jll 


.r» - Shir 
X 

(4 X -f 3)(ir 


In 


8 X* + 3 * 2 (2 X + 1)(2 * + 3) 


+ C. 
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4. ^ t " = X + 1 in g C. 

J 4 -X 2 X® 


“■/(r=^ =■”<'- »- 


1 


Z-1 2(2-1)* 


+ c. 


M = £!. 

«* + 2 y* 2 


2 1/ - ^ + 2 In (y* + 2 y) + C- 


8. = 4ln|-| = - 0.3492 

Ji x^ + x^ 3 2 

'“•JT? 

"i: 

'-£ 


-h 3 X* -f 2 X 10 

, ' f~ = In U = 0.0125. 

2jr + ix^ + 3x 80 


(3 J* + 7 x)dx 
'o (x + l)(x + 2)(x + 3) 


: In ^ = 0.2877. 


13. 


, (x* - 

Vo (x + 2) 


/. <, + 2,(, + :,. = '"2-5 = -«•““• 


‘^1(2- 


9x*dx 


;=51n3 -4 = 1.4930. 


(2x+ l)(x + 2)* 

Work out each of the following integrals. 
8dx 


16./. 


16. 


17 


■/ 


X* — 4 X 
r (5 X* - 9)dx 
j x*-9x 

(3 2 + 7)d2 


28./ 


23 


(5x* + 14 X + 10)dr 
(x+2)(x+l)* 
r (24 y* 4- 10 y + 5>(iy 
V (2y- l)(2y+ 1)* ' 


(2+ 1)(2 + 2H^ + 3) 
(3 X* + 11 X + 2)(ix 
(X + 3)fx* - 1) 

ifi r . 

J f2x + 3)(4 x^- 1) 

2./^. 


25 


26. 


27 


(2 y 

fx -f 2)dx 
x‘ + 2x^ + x*’ 
(r* - 2 X - 4)d:x 
X* + 2 X* 

(2 X* + l)dlx 
(x- 2 )* 


21 


■/ 




Sldx 


X* + 5 X* 


28 


■/. 

■/ 

'/ 

V (y» - l)(y - 2) 

■/ 


(y* 

(2 1* 4- 3 <* - 20 1 
(<*-4)(2f- 


28)df 


1 ) 


Case in. WAen denomiiuUor contains factors of the second degree 
but none are repeated. 
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To every nonrepeated quadratic factor, such asx^ + px-j-q, there 
corresponds a partial fraction of the form 

Ax+B 
x^ + px + g' 

The method of integration of this term is explained on page 209 
(Illustrative Example 2). 

If p is not zero, we complete the square in the denominator, 
x- + px + \ p- + q-\p‘ = {x + hp)^ + \{4q-p^). (4g> p*) 

Let X + I p = tt. Then x = u— ^p, dx = du. Substituting thes^ 
values, the new integral in terms of the variable u is readily integrated. 

lixrsTRATivE Example 1. Find f ^ — 

J +4x 

Solution. ABsume — — — = — + 

x(x» + 4) z X’ + 4 

Clearing of fractions, 4 = + 4 ) x(J5j + C) = (A + B)x' + Cx + 4 A. 

Equating the coefficients of like powers of x, we get 

A + JJ = 0. C = 0, 4 A = 4. 


This gi ves A = 1 , B = - 1 , r = 0, so that 


■■■/ 


4 dz 

x(x^ + 4) 


/f-/ 


xdx 

2+4 


X(x2 + 4) 


. 1 
‘ X 




= In X - ~ In (X'* + 4) + In r = In — p==:;- .4n«. 
^ Vx- + 4 

Illustratu K Example 2. Prove 

/: 

Solution. Factoring, x^ + 8 = (x + 2)(x^ - 2 x + 4). 


dx _ . 

X'** + 8 24 - 2 X + 4 


+ < 

X ~ 1 


(X + -) ^ ^ 

V3 


1 


Ax-i B 


C 


Then 

Hence 

(4) 


x3 + 8 x*~2x + 4 x + 2 

l-(Ax-i- B)(x + 2) + C{x^ ~ 2 X + 4), 

1 = (A + C)x^ + (2 A + B - 2 Ox + 2 B + 4C. 

A = -tVB = LC=iV 

dx „ r — 


f -JEL. ~ f ZJilJLLLdx ‘h C 

jx»+8 Jx^^~2x + 4 


X r 1 

12 J x» - 


2x + 4 
4 — X 


x+2 
1 




Now x» - 2 X + 4 = (x - D* + 3 = tt* + 3. if X - 1 = It. 
Then x = u -i- 1 , dz = du, and 


J X* -2x + 4 Jtt* + 3 


du = arc tan 


u 


-|ln{u»+3). 


Subatitutiag bade uesx — 1, using (4), and reducing, we have the answer. 
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Case IV. Whm the denomiiuUor contains factors of the second degree 
some of which are repeated. 

To every n-fold quadratic factor, such as (x^ + px + ?)", there 
will correspond the sum of n partial fractions, 

A.X B I Cx •4~ JD , _ I Lx M 


To carry out the integration, the "reduction formula" 


( 6 ) 


/ 


du 




2(n-l)o»L{M* + aa)--‘ 

+ (2»-3)/5?r:^} 


proved in the next chapter, is necessary. If n > 2, repeated applica- 
tions of (5) are necessary. If p is not zero, we complete the square, 
I* -1- px -h 9 = (x -f ^ p)2 + 1 (4 g — p2) = -f- 0 -, etc., as before. 


IixusTRATivE EXAMPLE. Prove 


I'*" ■“ * + 


Solutioti* Since a;’ 1 occurs twice as a factor, we assume 


2ap* -f X -f 3 _ Ax B Cx ^ D 
(x*-f 1)» x»4-r 

Clearing oC fractimm, 

2 X* •4" X 4* 3 — Ax 4" 5 4' (Cx 4“ D)(x* 4* !)• 


Equating the coefficients of like powers of x and solving, we get 
= B = 3, C = 2, D=:0. 


Hence 


/ 


2 3r*4-x-f 3 
(*» + D* 


dx = f^JL±J dx + f 


Zxdx 
Jr> + 1 




dx 


The first of these two integrab is worked out by the power fonnuis (4), the 
second by (6) above, with a = z, o = 1, n = 2. Thus we obtain 

1 


J (z* + l)» ^^^2(z3 + 1)^21 

Redudiif , we have the answer. 


,z* + I 


-f arc tan z 1 4- C. 


Ctmdtiskm. Since a rational function may always be reduced to 
the quotient of two integral rational functions, that is, to a rational 
ftactmn, it follows from the above discussion that any rational 
function whose denominator can be broken up into real quadratic 
and linear fisctors may be expressed as the algebraic sum of integral 
rational functions and partial fractions. The terms of this sum have 
fntos aU of wiuch we have shown how to int^pnte. H«ice the 
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Theorem. The integral of every rational function tohoee denominator 
can be broken up into real quadratic and linear factors may be found, 
and is expressible in terms of algebraic, logarithmic, and inverse trigono- 
metric functions, that is, in terms of the elementary functions. 


PROBLEMS 


Work out the following integrals. 


(4 X* -i- 6)<tt 
i* + 3x 


= In x*(x* + 3) + C. 


(X- l)(x^ + l) 
8)dl 

(t - 2)(/» + 4) 


= In (x — 1) + arc tan x + C. 




4 r (-r^ + -r - 10)<fj ^ 1 4 ■ nrg fan . g 

(2x-3)(x" + 4) 2 2x-3^ “ 2^^’ 


6 

J 4x^' + 9x 


j^ + 3i/^ + 2 


+ 5 arc tan — -f C. 

D O 

= In (y* + 2) + arc tan y + C. 


r(x* 4- 9 x--' - 9 x» - 9)dx _ xf _ , ,, , , 


r (x* 4- 9 x-^ — 9 x^ - 
"J x-’ + 9 X 

r(4 X* + 2 X + 8)dx 


x(x* + 2)» 
/» dl P 


- In x(x» + 9)* + C. 




r dx 

X* + X* + X 


il„£l±4±l_^„Un^-i^+C. 


= I '» (-• + 2) + 54^. + c. 

18. r == 1“ "" T — 2 arc tan X + C. 

J X* — 1 X + 1 


f* + 2)(*» + 2f + 2) 


: 2 In (* + 2) — arc tan (c + 1) 4- C. 
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18.ri5^L±^ = 31„4 =4.1589. 

Jl JF® + 4 X 

'■X' 

'•X 
■X 


^c. 


19 


20 


21 


(x + 2)(x® + l) *”§■^4 

‘i2il+£±31l<£ = In 4 4- ? = 2.171. 
(x+l)(x®+l) '"^^4 

> (4 T® 4- 2 x)Ar _ £ , 1 
(x3 4- 1)(X4- 1)®“ 4 "^2 
^ (5 <» - 4 f)d< _ 12 3 , , 

,4 _ 16 -‘''5^2 13 ~ 

-• u’® 4- 2 z® 4- 6 r 4- S)ih 
(z-‘ + 4)^ 


■ In 2 = 0.592. 


23. = 1 In 2 + ^ 4- J = 1.257. 

Jo -f- 4)- 2 4 8 

Work out each of the following integrals. 

24. 

“fi 


“■/ 

«./ 

88 ./ 


(6 X® 4-3x4- 4 )(ix 
x ' 4- 2 X 

29. 

r(4x'-f 4- 18 x4-12V/x 

/ IX® 4- 4)® 

■ (z* 4- .3)<L 

30. 

ri H >/ dll 

{z 4- 4- 1) 

/o (2 1/ 4- 1 (i4 (/® 4- 1) 

33 X® 4- 3x4- Ddx 

31. 

r' (2 X' - 1 i(ix 

4- 3 x" 

Jo (x* 4 1 u/ 4 lj“ 

33 X® 4- X® 4- 3)f/x 

32. 

p'* /'x -f KOf/x 

x* 4- 3 X® 

A x-* 4- 2 X ® 4- 5 X 

35 X® 4- 12 X 4- 9)(fx 

33. 

r® (2 x' 4- 18u/x 

-f 3 4- 3 X 

Jo (x 4- 3)(X® 4- 9>‘ 


168. Integration by substitution of a new variable ; rationalization. 
In the last article it wa.s shown that all rational functions whose 
denominators can be broken up into real riuadratic and linear factors 
may be integrated. Of algebraic function.s which are not rational, that 
is, such as contain radicals, only a small number, relatively speaking, 
can be integrated in terms of elementary functions. By substituting 
a new variable, however, these functions can in .some case.s be tnins- 
formed into equivalent functions that are either in the list of standard 
forms (Art. 128) or else rational. The method of integrating a func- 
tion that is not rational by substituting for the old variable such 
a function of a new variable that the result is a rational function is 
sometimes called integration by rationalization. This is a very im- 
portant artifice in integration, and we shall now take up some of the 
more important cas^ coming under this head. 
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Differentials containing fractional powers of x only. Such an expres- 
sion can be transformed into a rational form by means of the substitution 

X = 2", 

where n is the least common denominator of the fractional exponents of x. 

For X, dx, and each radical can then be expressed rationally in 
terms of z. 

Ilh!STRATIve Exampi.e 1 . Prove f - ^ = 5 - 5 In (l + a:^) C. 

1 +r* ^ 

Solution. Here yi ~ i. Hence let x ~ z^. 


Then 

Then 


r dx 


X 





dx = 4 dz. 



4 z * dr — 4 




dz 

I In (1 -h z’O -f C, 


Substituting back 2 “ x^, we have the answer. 


The general form of the irrational expression here treated is then 


r{x')(Ix, 

where H denotes a rational function of 


\ 


Differentials containing fractional powers of a + only. Such an 
expression am be transformed inJo a rational form by mmyis of the 
substitution ^ ^ ^ 

where n is the least comnum denominator of the fractional exponents of 
the expression a + bx. 

For X, dx, and each radical can then be exi>ressed rationally in 
terms of 


lu.rsraATivE Fxamcle 2., Find J 
Solution. Assume I 4* x == *5. 


dx 


(I -f x)^ -f (1 -bx)i 


Then 


dx=:2zdz, (l-fx)^=:z^, and (1 -f x)^ = z. 




(Ir 


(1 + r)i> + (1 + x) 


r^= 2 f- 

J -b z J z 


dz 


+ 1 


= 2 arc tan z -f C = 2 arc tan (1 4* x)^ 4- C 
when we substitute back the value of 2 in terms of x. 


The general integral treated here has then the form 
r[i, (o + 6a!)"]<ix, 

where R denotes a rational function. 
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PROBLEMS 


Work out the fonowing integrals. 

1. ^ = -^ + 2ln ^~^ + C. 

(x-9)x* Vx + 3 


*’/x» + 5 


Vxdr _li_'V'x — 1 Vs * 

~r — r r — = t ‘H — ;= HFC tan 


Jx» + 2x*-3x 4 Vr + l 6 

3. r -^ = 31n_£i.^^ (, 

J x-x^ 1 - I* 

^ R 


Jil - ±L 4. r 

27 13 ^ 


>| + C. 


* dx _ 6 -f 6 X -f- 1 

(4x + l)^ 12(4 x+1)* 

* dx 8 x®. „ , ; 


A r ■ = ^ + 2 In 4 — ^ + 4 arc tan X* + C. 
•'x^-x* 3 

7 r _ 2(2 a + bx) ^ ^ 

•'(a + fer)* 6*Vo + hx 

8. J* v'v'oTlfdy = ^ (4 i; - 3 a)(a + y)^ + C. 


^x + 1 - 1) + C. 


> I ...-i..- — j I A I I M. */ I V/-. 

VxTl- 1 

— ^ - = I (x + a)* - 3(x + a)^ + 3 In (1 + Vx Va) + C. 

+ Vx + o ^ 

= 2 V< + 2 + V2 arc tan \j^-~ + 

! 4. 4- 2 >< 2 




■ TTiTT. — ▼** » 

’ (( + 4) vr +2 

r* % = 2M»tai.2-f 

'o (X + 2) Vx + 1 2 


« 1 + Vx 


= 4-21n3. 


14.p_JKjU = |^^- 

V2 + 4 g 2 

18. r* * = 

V^<(9 + ’tTi) 


'ix^dx ir 4 


3 — 9 arc tan 


I- " X 


x + 1 2 8 

dt _ . 
j — 5.31. 

2V(+ vi 


18. f” fe- ^ ^ =8 + 1 T\^. 

(x - 2)* + 8 2 
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Work out each of the following integrals. 


19./ — 
x + 

30./ 


dx 


2Vx + 6 
dx 


xil-y/i) 
(x 2)dx 
xVx - 3 


■f 


22 


JUbL 


( 21 / + 3 )* 


34./- 


dx 


{X - 2)* - (X - 2)* 

(x + 6) VI + 4 

26 ^(2 ~ ^^2 X 4- 3)<ix 
1 - 2 X 


27. Find the area bounded by the curve y = x + Vx + 1, the x-axis, 

and the ordinates x = 3 and i = 8. Ans. 404. 

28. Find the volume generated by revolving about the x-axis the area 
of the preceding problem. 

29. Find the volume generated by revolving about the x-axis the area 
in the first quadrant bounded by the coordinate axes and each of the 
following curves. 

(a) y = 2 - Vx. (c) y = a- Vox. 

(b) y = 2 — Vx. (d) y = 4 — x®. 

30. Find the area bounded by the curves y = 2 x -b ,V2 x -1- 1 and 
y = X — V2 X -b 1 and the ordinates x = 4 and x = 12. 

31. Find the area bounded by the curve 

(x-l)y*=(x-bl)(2y-l) 

and the ordinates X = 3 and X = 8. Ann. 4|^V2 -b In 


169. Binomial differentials. A differential of the form 

(1) x"(o -b 6x")'’ di, 

where a and b are any constants and the exponents m, n, p are rational 
numbers, is called a bimmial differential. 

Let x = 2 *: then dx — ca“~^dz, 

and x"(o + fex")" dx = + fez"”)” dz. 

If an integer a be chosen such that ma and na are also integers,* 
we see that the given differential is equivalent to another of the same 
form where m and n have been replaced by integers. Also, 

(2) z"(o + ftx")” dx = x"+ "»'(ox- " -f- ft)" dx 


^ It b always poaalbla to ehooae a so that ma and na are integers^ for we can take a aa 
tJia L.C.M* of the denominatora of m and n. 
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transforms the given differential into another of the same form where 
the exponent n of x has been replaced by — n. Therefore, no matter 
what the algebraic sign of n may be. in one of the two differentials 
the exponent of x inside the parentheses will surely be positive. 

When p is a positive integer the binomial may be expandetl and 
the differential integrated termwise. In what follows p is regarded 

as a fraction ; hence we replace it by -» where r and s are integers.* 

8 

We may then make the following statement. 

Every binomial differential may be reduced to the form 

r 

x^ia + bx'')’dx, 

where m, n, r, s are integers aiui n is positive. 

In the next section we prove that (1 ) can l)e rationalize<l under the 
following conditions. 

Case I. When — = an integer or zero, by nssuminq 
n 

a + 

Case IL When — — - + - = integer or zero, bg assuming 
n s 

, a + = z^x”. 

iLLUSTRATn-E EXAMPLE L f — — = f r’(a 4- bx^)^ hix 
^ {a ^ bx^)i 

_ 2 g 4- hx'^ ^ 

b^ \ a 4 bz^ 

Solution, m =r 3, n = 2, r = ~ 3, = 2 ; and heir — 2, an licence 

this comes under Case I, and we assume ” 

a 4- bx^ = 2^ ; whence x = f — - 7 ~ \ • dx = -- — — - * and (a 4 bx^)^ = 

/ x^dz _ r/£Lz-2\^. gfjg . JL 
(a 4 - ^ b / ^^.3 _ r’ 

= + «■')+ C 

1 2a + hz’ ^ P 

^ Va + lw» 

Illustrative Example 2. f — ^r=r:= = ( . ? , ? ■ ?„- . 4. g. 

•I x*Vl + z> 

SoiutioiL t» = -4, n = 2, - = -l: and here + f = - 2, an integer. 

s 2 n ff 

* TYie case where p Is aii intefer ki not excluded* but appears as a special case, namely* 

f s p, t » 
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Hence this comes under Case II, and we assume 

1 4 . X* = z = , 

X ' 

whence x* == r t » l+x» = -j^— -• Vl + x* = — 

also x = — X* = , ^ ; and dx = 

(^2 ^ (2^ - D" (^» >. i)f 


/ dx 
X* \ 1 + X' 


( 2 ’ - D* 


- J U’ - l)dz 


, 2’ , p (2z>-l)(l +X»)i . p 

_,__ + C- 4-C. 


PROBLEMS 

Work out the following integrals. 

1 ,/^ Vr+Fdx = ^ c. 

„ /•' x’‘ dx __ 2(x* — 2»V'l + r* , ^ 

2-J vTT-xS - 9 + 

3.p^8 + = ?g/;-w«± ^» + c. 

4 f = 2(2 g + f;x») ^ ^ 

g. r — <k. — = _ H+J^+c. 

X^{1 + x’)^ ^ 


6. = _ liJ 

x^tCl 4- x»)* 

7 . = _ iLi 


(1 + x*)> 


8 . f «£ = _ lLt-£"J.JL + c. 

J i (n-l)x"-‘ 

X*(l + X")" 

9 . f ^ - _ I 4- 3 y* ^ ^ 


y^d + ya)l 2 x»{l + i»)* 

10.J* — ~ In (x« + vTT?) - + C. 
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Work out each of the following integrala. 

14. r. ( £i ±2/ .! ^ . 16. f^(i + x»)»dx. 

170. Conditions of rationalization of the binomial differential 

r 

(A) x”(a + bx”ydx. 

Case I. Assume a + bx'' = z*. 


Then 

also 


(o + 6i")* = 2 , and (a + 6z")* = z^ ; 


=(^y 


* and at" 






dz. 


hence 

Substituting in (A), we get 

a:"(a + 6at")*<fat = ^ dz. 


m -f I 


-1 


The second member of this expression is rational when 

m + 1 
n 

is an integer or zero. 

Case II. Assume o + hz" = 

Then 


jn = . ■ , and a + 6z" = z*z"= 


Hence 
also 
and 

Substituting in (A), we get 


z>-b — z*-6 

f f _ r 

(a 4- fez")* = a*(z* — b) •z'; 


1 —1 2 —2 
X = o*(z* — b) •, ac" = a" (z* — b) " ; 

* i -i-i 

dx = — -a^~^{if — b) " dz. 
n 


t - a+J+t -/a±l+i+i\ 

it*(o + te*)*di* * — - a • •(*•--6) ' * ■ 
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The second member of this expression is rational when + - 
is an integer or zero. ” * 

Hence the binomial differential 

f 

af*(o + hx'^ydx 

can be rationalized in the cases given in the preceding article. 

171. Transformation of trigonometric differentials. 

Theorem. A trigonometric differential involmng sin u and cos u 
rationally only can be transformed by means of the substitution 

(1) tan I = z. 


or, whcU is the same thing, by the substitutions 


( 2 ) 


sin u = 


2 z 

1 + z^ 


■rZ 


t cos u = 


l + z" 


du = 


2 dz 
l + z2 


into another differential expression which is rational in z. 


Proof. From the formula for the tangent of half an angle in (6), 
Art. 2, after squaring both members, we have 

. 1 1 — cos « 

tanz - u = — 

2 1 + cos w 

Substituting tan \ u = z, and solving for cos «, 

1 - z- 


(3) 


cos u 


1 + 



l-«» 


one of the formulas (2). The right triangle in the figure shows the 
relation (3) and gives also sin u as in (2). Finally, from (1), 

u = 2 arc tan z, 


and hence 


du = 


2dz 
l + z’’ 


Thus the relations (2) are proved. 

It is evident that if a trigonometric differential involves tan it, 
ctn tt, sec tt, CSC u rationally only, it will be included in the above 
theorem, since these four functions can be expressed rationally in 
toms of sin u, or cos u, or both. It follows, therefore, that any rational 
trigonometric differential can be integrated, prodded the transformed 
differential in terms of z can be separated into partial fractions (see 
Art. 167). 
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IliUSTBATIVB Example. Prove f . ‘ f*. -,r - = | arc tan + C. 

J6+4sin2x3 \ 3 / 

Salution. Let 2 x = u. Then x = | i«, dx = | du. Substituting these values, and 
then using (2), we have 

/ 2d2^ 

1 4- _ r dz 

®+riT» 


arc tan 


l-f C. 


Substituting back -c = tan J u = tan x gives the above result. 


PROBLEMS 

Work out the following integrals. 


n = ln(i tan ■+■ C* 

J 1 -r sin & -f cos 6 \ 2/ 




’•/siKTTSir; = 5 5 - i “"’5 + 

3.r — ^ 

J 0 + A 


2 4 


^ = I arc tan (| tan + C. 


«•/ 


COS 4> 

dx 


4 - 1-5 cos X 3 
da 


i tan ^ + 3 ^ 

= |ln 


ltan| - 3i 


+ C. 


5 . r arc tan/-^ tan + C. 

3 + cos a V2 ' V2 ^ / 

6. f—. — — r = arc tan (l + 2 Ian 5) 4 - C. 

J 2 ami — cos x + 3 V 2 / 


7.fr^ 

Jo — 


2 sin X — cos x + 3 

ccmSdO _ 9,5 

K — = - 5 + » arc tan 
0 — 0 cos u 6 b 


(2tanD 


+ C. 


I 


tan I - 3 ^ 


*'/i — = I arc tan (tan 1)+:^ In ^ + c, 

J48ecx+5 5 \ 2/ 15 (tanf + a/ 

- r d9 _ T : . 

* Vo 4 - 


3 COB 0 V? 




= -ln|- 

0 12 + 13 cos ^ 5 2 




11 c ^ ^ 

Jo 2 + ain X 3V^* 

ir 

12. r*_^^ = lln8. 

.'0 3 4 - 5 sin a 4 
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Work out each of the following integrala. 




dx 


4- sin a; — cos x 

de 


ctn 0 + CSC d 


“■/is 


d4> 


13 — 5 cos 0 
dx 


+ 4 sin d 


4- 2 sin x' 
sin Odd 


16./ 

”•/; 

“■/ 


dl 


di 


5 + 3 cos X 


5 sec < — 4 

'2t rfx 


13 cos ^ — 5 
dx 

■■■ # 

2 cos X + 1 

da 
2 + Bin a 

23 . r, 




0 3 + 2 cos B 


24. 

Jo 


da 


2 + cos a 


172. Miscellaneous substitutions. So far the substitutions con- 
sideretl have rationalized the given differential expression. In a 
great number of cases, however, integrations may be effected by 
means of substitutions which do not rationalize the given differential, 
but no general rule can be given, and the experience gained in work- 
ing out a large number of problems must be our guide. 

A ver>' useful substitution is 


X 



dx = — 


dz 

2*’ 


calle<l the reciprocal substitution. Let us use this substitution in the 
next example. 

r \ 

— - dx. 


1 


Solution. Making the substitution x = dx = 

(a^z^ - D* 


dz ^ 

— . we get 


dx = -\)\zdz = 


3 a* 


^ 3 a^x* ^ 


PROBLEMS 

Work out the following integrals. 

1. c = In ( -V 

= I + c. 

j xVx* - X + 2 V2 Wx* - X + 2 + X -f V2' 

J xVx» + 2 X - 1 


Let X = - • 
z 


Let Vx* — X + 2 = z — X. 

= 2 arc tan (x + Vx» + 2 x C. 

Let Vx* + 2 X — 1 = « — a; 
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I r dx _ 1 / V2 + 2 ar — V2 ~ j; \ I ^ 

xV2 + X ~ V2 ” \ V2 + 2 * + V2 - 1 / 


S. J = -^arc t&nJ lf C. 

J xV^5 T — 6 — \ 3 V 3(x — 2) 


Let V2 4- X — X* = (x + !)*• 


Let V6 X ~ 6 — X* = (x — 2)«. 


»./-==&= = - .rc «„ (lii) + C. 
xV3 I* - 2 X - 1 V 2 X / 


Let x = -* 


»•/ 


• dx 


xVl 4- 4 X 5 X* 
dx 

xVx* 4- 4 X — 4 
dx 




«•/ 

X* Vl + 2 X + 8 X* 


= — ^ arc8in/= — C. 
Vx\/2/ 


1 

2 


Let X = — 

X 

Let X = i- 
z 


,_\/l±Y7±^ 

X 


+ ln(t + ^.t. Vl + 2£±.3.?.»^^ C. 


Let X = -• 

X 


10. f — jzzzM ' . -,:=^ = _ 3 arc8m(i-T-^) + C. 

J x*V27x» + 6x-l * \ 6x / j 


x* 

12./* 

Jo 


f ^ . ^^-arctane-y 
0 e* 4- e * 4 

dx 


Vox — X* 

14* r*V2T+15(C = Vs - i In (2 4- V3)* 
Jo 

Work out each of the following integrals. 


Let I = -• 
z 

Let x = i* 
z 


Lete*=*. 
Let X = o ain*e. 
Let f + 1 = 2 . 


>•/ 

«•/ 


4dx 


xVx* - 2 X + 3 
4 xdx 
(x*-2x+3)* 
2 dx 
V5 X -> 6 - X* 
2 xdx 

■. M iip.i I ■ ! M l ■■ n* I a 

V6x— 6— »• 


Let Vx* — 2 X + 3 = 2 — X. 
Let Vx* — 2 X + 3 = 2 — X. 
Let V6 X - 6 - x» = (x - 2)*. 
Let V6x~6 — X* s= (x — 2)i 



CHAPTER XVII 

REDUCTION FORMULAS. USE OF TABLE OF INTEGRALS 


173. Introduction. In this chapter formal integration is completed. 
The aim is eventually to lay down directions for using a table of in- 
tegrals. Methods of deriving certain general formulas, called reduc- 
tion formulas, given in all tables are developed, since these methods 
are typical in problems of this sort. 

174. Reduction formulas for binomial differentials. When the bi- 
nomial differential cannot be integrated readily by any of the methods 
shown so far, it is customary to employ reduction formulas deduced 
by the method of integration by parts. By means of these reduction 
formulas the given differential is expressed as the sum of two terms, 
one of them not affected by the sign of integration, and the other 
an integral of the same form as the original expression, but one 
which is easier to integrate. The following are the four principal 
reduction formulas. 


/ Xm - n + 1 j. ifx»\P + 1 

x'"(o+ 6x"P<fx = ^ ox ) — 


(B) 


y* x'"(o 


+ bx"ydx = 


(np + m + l)b 

_ ~ n + l)g 

+ m + l)l>, 

xw-n(a ^ bx")^ 


J' x"'-"(a 


+ br'ydx. 


np+m + I 

-i — - f x” (a + bx")^^ dx. 

np + m+lj 


x’”'*'*(g + 6x"P_*^ 


(m+Dc 

- 5M+!l±a±i)5 ”(. + 

(m + 1)0 J 

r x" + ‘(a+ 

(B) J + W). rfx 

f + 6x")» »■<!«. 

n{p + 1)0 J 
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While it is not desirable for the student to memorize these for- 
mulas, he should know what each one will do and when each one fails. 
Thus: 

Formula (A) dim i nishes mbyn. (A) fails when wp + rw + 1 = 0. 

Formula (B) diminishes pbyl. (B) fails when np + tn + 1 = 0. 

Formula (C) increases m by n. (C) fails when m + 1 = 0. 

Formula (D) increases p by 1. (D) fails when p + 1 = 0. 

I. To derive formula (A). The formula for integration by parts is 


r du. 


(1) J'udv — uv—J't 

We may apply this formula in the integration of 

x"(a + 6ar")'’dx 


(A), Art. 136 




by placing = and dr = (o + dxr 

then d« = (m — n + l)x"~"dx and v = . 

nb{p + l) 


Substituting in (1), 


(2) 


I 


x^ia + bx’^ydx — 


nf)(p+l) 

«6(P+1)J 


But J x'"~"(o + 6x")’’^*dx x"~"{o-fto")’’(a+^)dx 

•Fbj x"(a -f bxf*ydx. 

Substituting this in (2), we get 

Transposing the last term to the first member, combining, and 
solving for J* rf"{a -f bx^ydi, we obtain (A). 


* In order to Sntufnite dr by th« power formulA it in ne«;iMMury that x outalde tho 
ptremheaii abaU have tbe axpoiioiit a 1. Subtraetiiig a -- 1 from m leavao m -- a 4* 1 for 
Ilia aapoiMiit of a in ^ 
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It is seen by formula (A) that the integration of x”*(a 4- bx*ydx is 
made to depend upon the integration of another differential of the 
same form in which tn is replaced by m — n. By repeated applications 
of formula (A), m may be diminished by any multiple of n. 

When np + m + 1 = 0, formula (A) evidently fails (the denomi- 
nator vanishing). But in that case 


hence we can apply the method of Art. 169, and the formula is net 
needed. 


11. To derive formula (B). Separating the factors, we may write 


(3) 


J'x”'(a -f bx'^ydx^J' x”{a 4- 4- bx’')dx 

= a/x-(a + 6^).-*: 


4 - & J'x^^’'(a + bx’‘y~^dx. 


Now let us apply formula (A) to the last term of (3) by substi- 
tuting in the formula m -f n for m, and p — 1 for p. This gives 


bj x”“"(a4- = 


np + m -h 1 


o(m -f 1) 
np -}- ffi 4- 1 



br”)’’~'dx. 


Substituting this in (3), and combining like terms, we get (B). 
Each application of formula (B) diminishes p by unity. Formula 
(B) fails for the .same case as (A). 

III. To derive formula (C). Sohnng formula (A) for 


f 


x'”~"(o 4- bx*ydx, 


and substituting m -4 n for m, we get (C)- 

Therefore each time we apply (C), wi is replaced by m 4- n. When 
ni 4 1 = 0, formula (C) fails, but then the differential expression can 
be rationalized by the method of Art. 169, and the formula is not 
needed. 

IV. To derive formula (D). Solving formula (R) for 
f x”(a 4 dx. 


and substituting p 4 1 for p. we get (D). 
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Each application of (D) increases p by unity. Evidently (D) fails 
when p + 1 = 0, but then p = — 1 and the expression is rational. 

Formula (6) of Case IV, Art 167, is a special case of (D), when 
TO = 0, p = — n, n = 2, o = o*, 6 = 1. 


IlXUSTKATIVE EXAMFLK 1. f ; (x» + 2)(1 — + C. 

VI -x» 3 

Solution. Here to = 3, n = 2, p = — a = 1, 6 = - 1. 

We apply reduction formula (it) in this case because the intesration of the dll* 
fcrential would then depend on the integration of J' x(l — x'^)~ldx, which comee 
under the power formula. Hence, substituting in (A), we obtain 


J i*(l - 1*)- 




»-*•« l(3-2 + l) 

l(-l+3 + l) _l(-i+3 + l) 

= + ? fx(l-*ridx 


J x3-»(l-x>)-l(te 


= -Jx*(l-x>)i-?(l-i>)l + C 
= -J(x> + 2){l-x»)l + C. 


IlXUSntATIVE E.KAUFUB 2. f — = _ /I x3 + 1 o>x\ Va* - X* 

•'(tt>-x>)* \4 8 / 


Q X 

4-*a^arc8in~ + C\ 
o a 


Hint. Apply (A) twice. 

ILLCSTRATIVE EXAMPLE 3. J (a* + = | \ a» + 

+ Y In (x + Va» +x'‘) + C. 

Hint. Here m = 0, n = 2, p = J, a = a^, b = 1. Apply (5) once. 


iLLUSTRATTVB EXAMPLE 4. f ~:==z = 

J - 1 

Hint. Apply (Q once. 




- D* . 1 


2x' 


-f ^ arc sec X 4- C. 


PROBLEMS 

Work out each of the following integrals. 
X* dx 


= ? Vo^ — X* 4* ^ arc sin ~ -f C. 

Va2 x^ 2 2 a 


’•/vSfe = ^ .■) v=5Tr> + c. 

8. f-^M=z = - rz (3 X* + i x’ + 8)Vr^ + C. 

VHTx* 15 

4.J"x*Va* — z* dx = I (2 X* — a*) Vo* — x* + ^ arc sin ~ + C. 

, 6. ;r~,r4 r. + «»« - + C. 

J (o* + X*)* 2 o*(o* + X*) ~ 2 o* c 
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a r dx _ Vo* — I* , 1 1 _ O — Vo* — X* , ^ 

S 

(o* + x»)* Vo^Tx* 

B.f 

(0* - 1*)’ 3 a«(o* - X*)’ 

9. J* (x* + o*)^ dx= 4x(2x* + 5o*)Vx* + o* + f ff* In (x + Vi* + o* ) + C. 

10. J* X* Vx* + o* dx = Jx(2x* + a*)Vx* + a* — i a*ln (x+ Vx* + o*) + C. 

n. r £!’jL?_ =. - (*; . + a «)y2 . «x _^ ^ 3|f ^ _ x\ _ 

V2 ox - X* 2 2 \ a) 

Hint, f —====. = f x ^(2 a — xy ^dx. Apply (A) twice. 

J V2 ox - X* ^ 

12. / = - I (y* + 6 y + 30) V4 y - y* + 20 arc cos (l - + C. 

13. f , , - + o .yJ'l - y + arc tan - + C. 

J (a^ 4- Aa^ia^-4 8^V Sa^Ca^ + a-^) 8 a* a 


^ ~ ? L 4 . ^ o-p £ 4 . P 

(a^ 4- 4 a^(a-' 4 - 8 ^)^ ^ 8 + «^) ^ 8 a* 


arc sin ^ + C. 


15, f - X (-2 (» _ 1) vTTTi* + c. 

Vr+Tf* 24 

'I6./ y*V4 - 9 y* </y = ^ y(9 y* - 2) V4 - 9 y* + ;^ arc sin ^ + C. 

17 r _ 9 <" + 2 

'•'(l + Ot*)^ 8 lVl + 9 <* 

18 ./ (» VI + 4 t* dt = * /(! + 8 «*) Vl + 4 (* - * In (2 < + Vl + 4 <*) + C. 


Work out each of the following integrals. 


r X* rfx 
(o* - X*)*’ 
^ d!x 

x'd + !■)* 


i.r-ps=. 

J V4 — X® 


(0 + h8«)» 

r 2* <iz 

26 . 1 - 4 = 5 ^. 
V 5 -X* 


1./:^ 


^ rix 




(1 + 4 X*)* 
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176. Redaction fonnulas for trigonometric differentials. The method 
of the last article, which makes the given integral depend on another 
integral of the same form, is called meces»ive reduction. 

We shall now apply the same method to trigonometric dilTeren- 
tiaLs by deriving and illustrating the use of the following trigonometric 
reduction formulas ; 


(£) 

in 

(G) 

im 




sin^xcos"^*!* = 


sin"* ■'■‘x cos" '•‘x 


m + n 


n-1 r . 

j SI 

m + nj 




sin^x cos"xdx = 


m 

sin"* 'x cos" ^*x 


sin^x cos"''*xdx. 


m 4- n 


m 


/ 

f 


m + 




sin"' *xcos"xdx. 


, „ _ . sin"* + * X cos" * * X 

sm^x cos"x ax = % 


n + 1 
m + n + 2 


! + n + 2 . 

1 SI 

n + 1 J 


sin^x cos" *xdx. 


sin"'xcos"xdx = 


sin"* ' *xcos"^*x 


+ 


m+ 1 
m + 


m -f 


n + 2 r 

+ 1 J 


sin"*^ *xcos"xdx. 


Here the student should note that 
Formula (E) diminishes n by 2. 
Formula {F) diminishes m by 2. 
Formula (G) increases n by 2. 
Formula {H) increases m by 2. 


(E) Jails when w + h = 0. 
(f ) Jails when wi + « = 0. 

(G) Jails when n -f 1 0. 

(H) Jails when m +1 = 0. 


To derive these we apply, as before, the formula for integration 
by parts, namely, 

( 1 ) 

Let 

sin^+'x 


J" udv = uv— J vdu. (A), Art. 136 

u = cos“"> X, and dv = sin"*! cos x dx ; 
then du = — (» — l)cos"~2x sin xdx, and v - 
Substituting in (1), we get 


nt + 1 


( 2 ) 




Mn"‘xcos’*xdx = + 


sin 


«+ 1 


cos"" 


TO + 1 


n-1 f 
TO+ 1 J ' 


sin" + * X cos" “ * X dx. 
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In the same way, if we let 

u — sin””* *, and dv = cos"a: sin x dx, 

we obtain 

sin^'^ajcos"^** 


( 3 ) 




sin"x cos"xdx = ■ 




n+ 1 

gin”»- 2a; cos"'^ ^a; 


But J' sin”'^^xcos”~^xdx= J'sin"‘x(l — co&^x)co&’^~^xdx 

— J' sin"xcos”“2x(ii:— J'sm”xcos”xdx. 

Substituting this in (2), combining like terms, and solving for 

I sin^x cos"xdx, we get (£). 

Making a similar substitution in (3), we get (f). 

Solving formula (E) for the integral on the right-hand side, and 
increasing >i by 2, we get (G). 

In the same way we get (H) from formula (f). 

Formuhrs (£) and (£) fail when m -f n = 0, formula (G) when 
n + 1 = 0, and formula (AT) when m -h 1 = 0. But in such cases we 
may integrate by meth(xls which have been explained previously. 

It is clear that when m and n are integers, the integral 

j' sin^x cos"xdx 

may be made to depend, by using one of the above reduction for- 
mulas, upon one of the following integrals : 

J" dx, J' sinxdx, J' cosxdx, j'&inxcosxdx, J' j' esc x dx, 

CjIL-— f secxdx, f — » f t&nxdx, f ctnxdx, 

J cos X J J cos X sin X J J 

all of which we have learned how to integrate. 

IU.U8TRAT1VE EXAMPLE 1. Prove 

r , , sinxcoB'x , sinxcoe** , 1 

j sin’xcoe^xdxss g H — («nxcoBX+x) +u 

Solution. First applying formula (P), we get 


( 4 ) 


/ 


«in*« co»*xdx^ — 


sinxcos^x , 1 


6 




xdx. 


[Here m »= 2, » » 4 J 
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Applying formula (£) to the integral in the second member of (4), we get 

(5) fees* X dr = + g jeos^ ^ dr. 

{Here m = 0. n =s 4.) 

Applying formula (£) to the second member of (5) gives 

^ j sin X cos X . X 

(6) J co8» X dx = ^ ~ . 

Now substitute the result (6) in (5), and then this result in (4). This gives the 
answer as above. 


Illustrative Example 2. Prove 

rt* 9 


£ dx = 7 sec 2 X tan 2 x — - in (sec 2x4* tan 2 x) 4- C. 

J co62x 4 4 

^ tan* 2 X sin* 2 x 1 sin* 2 x 

SolutiOlL r = — — = * 

cos 2 X cos* 2 X cos 2 x cos^ 2 x 

Let 2 X = «. Then x = J u. dx = i du, and 

(7) y* sin* 2 X co8~* 2 x dx = sin* m co8~* u du. 

Apply (G) to the new integral in (7), with m = 2, « = - 3, replacing x by u. 

(8) J sm* 14 cos * u di4 = 4- — ^ J “ cos * u du. 

Apply (F) to the new integral in (8), with m = 2, n = - 1. 

(9) ** COS"* u du = — sin 14 4-^* cos "* u du = — sin u 4- In (sec u 4- tan u). 

Substituting from (9) and (8) into (7), re<lucing, and setting u = 2 x, we have 
the answer. 


PROBLEMS 

Verify the following integrations. 

1. J sin^ X cos* X dx = sin X cos x|^| sin^ ^ ^ j ^ “I" 

2. J’tan3|dx = |tan>| + 3!ncoe| + C. 

8. Jctn«d(f0=-^^~ + ctnfl + (» + C. 

A J* aec* 1 dl = i aec < tan < + i In (sec t + tan t) + C. 

6.J CSC* I dx = — J CSC as ctn x + J In (esc x — ctn x) + C. 
6.fcac^0de=- - (esc* 0 + + | In (esc 0 - ctn 0) + C. 

T.^sln* ^ cos* d^ fs f sin 0 cos ^ (2 sin* ^ ~ H -f J ^ + C. 
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}. ~ ~ 7 20C8c 2(? — iln (CBC 2$ — ctn 2 d) + C. 


iTS^ 4 
dx cos X 


9 r - * 

"*J sin^x ~ 3 


2 coax 

sin® X 3 sin x 


+ C. 


10. f coaHdd = — [8 C08«fl + 10 C08*<i + 15] + ^ + C. 

V 

11. f\in*0de = ^^ 

Jo 


56 


12. f eoB*zdx = 
Jo 


16 
3 T 
8 ■ 


14. f''an^<f)dd} = 
Jo 


35 IT 
128* 


13. r\in«2 ede = 
Jo 


5 TT 


Jo 32 

Work out each of the followng integrals : 

’ain®xdx 


16. 

' Jw 81 


^c os^xdx _ 5 _ 3 rr 
sin^x ““4 8 


le, fain^2 0dO. 18. f 

17. f CSC’ ? tf^. 19. 

J 2 J sin* 


</6 


sin* 0 cos* 0 


20. r*tan®|d0. 

•/o 2 

21 . f^ain^xdx. 

Jo 


22. f *8in’ 0 cos’ 0 d0. 23. f (1 + sin 0)* d0. 

Jo Jo 


176. Use of a table of integrals. The methods of integration de- 
veloped in Chapters XII, XVI, and XVII have been directed to re- 
ducing a given integral to one or more of the Standard Elementary 
Forms in Art. 128. Various devices have been elaborated to this 
end, such as 

iniegration by parts (Art. 136) ,* 

integration by partial fractions (Art. 167) ; 

integration by substitution of a 7ieu' variable (Arts. 168-172) ; 

use of reduction formulas (Arts. 174-175). 

When, however, a more or less extensive table of integrals is 
available, the first step in any problem in formal integration is to 
search for a formula in the table by which the problem can be solved 
without the use of any of these devices. Such a table is given in 
Chapter XXVII. Some examples will now be given. 


IlxusTlUTtVB ExAkiPLB 1. Ptovc, by the Table of Integrals, 


/ dx 1_ 

»»(2+x)~ 2 s 


+ jln 



+ C. 


MutfaMi. Uae 14, with a a 2, 6 s 1, and u a z. 

TUa asasqda, without th* tabia. would be worked out aa in Case U, Art. 167. 
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liXUSTRATivB ExAMFUS 2. Verify, by the Table of Integrals, 

f dx \ i C 

J x(9 4 x-*) 18 \9 -f 4 x V 

Solution. Use 22, with a = 3, 6 = 2, and m = x. 

This example, without the table, is solved as in Case III, Art. 167. 

Illustrative Example 3. Verify, by the Table of Integrals, 
f dx ^ 1 Vl 4^ 3 X - 2 ^ 

J xV4 Hh 3 X 2”vTTTx-h2 

Solution. Use 31, with a = 4, 6 = 3, and u = x. 

This example, without the table, is workeii out by the substitution 4 -f 3 x -- 
as shown in Art. 168. 


Illustrative Exampi^e 4. Verify, by the Table of Integrals, 


/ 


rdx 


V3x^+4x-7 


V3x^4x-7 2 _^i„(6^+4+2V3V3x:T4x-7) +C. 

3 3x^3 


Solution. Use 113, with a = — 7, 6 = 4. c := 3, and u = x. 

Without the table the example would l>e solved by completing the s(iuare :ils 
in Illustrative Example 2, p. 206. 


Illustrative Example 5. Verify, by the Table of Integrals, 


/■ 


e cos 2 X dx = 


sin 2 x -f 3 cos 2 x) 
13 


-h C. 


Solution. Use 154, with a = 3, n = 2, w ~ x. 

Without the table the example would l)e solved by integration by parts. 
Illustrative Example 6, Art. 136, 


S(.»e 


In many problems the given integral cannot be idontifiwl with 
one in the table as easily as in the preceding examples. In such ca.sc*.s 
we search for a formula in the table similar to the given integral, 
and such that the latter can be transformed into the forinei- by a 
simple change of variable. This methotl has been used constantly 
in Chapter XII and in all integration problems hitherto. 


IiXUSTRATlv'E EXAMPLE 6. Verify, by the Table of Integral,., 

+ C. 


/: 


dx == i In 2x 

xVi x' -f 9 ^ 3 -f V4 x^ ^9 


Solution. Formula 47 is similar. Let u = 2 x. Then x = J u, dx = J dw, and, 
substituting the values in the given integral, we obtain 


f dx ^ r ^ r_ 

J xVTx**T9 ^ 4 u 9 u 


du 


4-9 J J u ^ 9 tt Vu^ -f 9 
Hence, applying 47, with 0 = 3, and substituting back u ^ 
dx 


2x, a 3, we have 


/: 


x>/4*» +9 


= - I In (l±J^t±l\ + C. 
3 \ 2x / 


W^bottt tables we sbtmld proceed as in Illustrative Example 2, Art. 135. 
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Illustrative Example 7. Verify, by the Table of Integrals, 
■ V 9 2 — 4 X* j 2 (9 X — 4 


/■ 


' dX : 


27 


■ *f C, 


Solution. Formula 84 is similar. I>et u = 2 x. Then x ~ | dx = ^ dtt. 
Substituting, we obtain 

f = 

This is now M with ii =’|. Hence, applying 84, and substituting back 
M = 2 X, we get tile reuuired result. 


If no fonnula from the table can be applied as in the preceding 
two oase.s, there remains the po.ssibility that the use of one or more 
of the devices mentioncHl at the beginning of this article will lead 
to new ini ('gnds solvable by the table. No general directions can be 
given otlier ilian the rules already develojjed in the text for the 
emi)!oynu>nt of these devices. 

'I'he student should stiuly the arrangement of the table. He will 
find th:if the Standard I'ormsof Art. 128 appear in their proper places. 
'I'lie rcMluction formulas of Art. 174 are given, with motlifications, by 
fh! Kil. Also, the nsluction formulas of Art. 175, with additional 
one.^ for various cases, are numbered 157-174. Increased ix>wer 
in I lie l(vhni(jue of inteirration will come from familiarity with the 
Uible and pnu liee in using it. 


PROBLEMS 

Work out tin- f(jllowing integrals, 
l.j a-' Vj“r, <U - I0)vx- + 5)^ + C. 


iif 


-f r. 


^■j _ .} V I - 4 

3. = :jLV<)x 2 -4 + |; In (3 X + V9 X'* - 4) + C. 

•/VDx^ - 4 11^ 

. r — , =:r --.t arc tan ( Vii tan 9) + C. 

J 2 — ros 2 d -yJii 

arc sin + C. 


-- '4 

dL 

cos 2 0 

r X^ dx yf 1 

• j (1 _ '■ 2Vi^’ “■ 2 


(a»-x“)^»/x fx* + 2 a») - x* 3 a* x . ^ 

■JS ^.rc8.nj + C. 

' - 1 .. 


-f 

7,J* e* sin^ | ^ 4 — sin f — cos i) + C, 
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g rmn pje 2 In (1 + coe ff) - 2 coe 0 + C. 
Jl + coeff 

+ (* + !) + c. 

lO. J*x* sin I* dx = i sin X* — J X* cos x* + C. 


llJ-7= 

J Vu 


dx 


V(x-l)(2-x) 


= 2 arc sin Vx — 1 + C. 


12. = V97^ - 2 In ( 2+ V9<»-t-4 ^ 

1 <» C + 2 M^) VP " 

uWa^ — u* ~ 2 o^M® 

ta r dx _ 1 / V4 - X - 2 \ 

Jx^VT^ 16 \V4^ + 2j 


+ C. 


V4 


4x 


; + c. 


Work out each of the following integrals. 

X® dx AA rV4 x» - 25 dx 


15 


/s 


5 + 4x» 

16. J* (a* — M*)^du. 
dx 

X® + 4 x + 2’ 

ctn i df 
a + bain f 


so./ 


X^ 

X® dx 


‘■/= 


dfl 




Va + bx® 

22. f— 


25 

26. r 

^ Vjr^ -f a« 
X (lx 


3 -f 5 sin 2 0 
dx 




H 

19. 


“‘•/i 


/nI 


f 3 -hx® 
2 + x® 

(!$ 


X dx. 


5 -f 3 sin 2 6 


27. 

28 

29 


Vx^ 4“ 2 X 4- 4 
X dr 


■/: 

V4 + 2 X - X®' 
’•/( 


(1 + e')® 


30 

31 


Vx® — 1 dr . 


/ 

■m 


4 dx. 


32. J e' cos® < d<. 

33 rctnffdfl 
J 4 


4 + sin® 0 


Evaluate each of the following definite integrals. 


34. 

36. 

36 


r 

-x 


.$ 


xdx 
a + x)» 

dx 


■■ 0.636. 


_ 4 


37 


d< 


; 0.277. 


x*V25 - 9x» 25* 

dx 

+ 9)« «• 


- 1 ») 

38. j[* (4 X® + 9)* dx = 112,9. 


I. r* — ^ 

Jo (4 X* 


39. r /irj! 


dtt = ira. 
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40.f *1^ 

•'1 V9 - 2 x* 


1.338. 


42. ^ — 1.467. 

X 


41 - 2 x» dx 

Vi X* 


44.J 

f* •iy 

1 y»V4 1/* + 6 


T 


f^coB* 0 sin^ 0 d0. 
0 


1.129. 

43. r<*e- 
Jo 

= 

0.1605. 

46./ 

Jo 

■2 x^dx 

48. 

n dx 

(4 + 9)2 

xV4 x* 4* 1 

47./ 

Jo 

1 / 

1 cos i tt/ dt. 

49. 

l<f> cos § <f} dfl>, 
Jo 


ADDITIONAL PROBLEMS 


1. Verify the following results. 

dx 




z(l + In x) 


= In 3 ; 





2. A parabola with its axis parallel to the y-SLXia passes through the 
origin and the point (1, 2). Find its equation if the area between the 
parabola and the x-axis is a maximum or a minimum. 

Ans. y = 6 -p — 4 gives a minimum. 

3. Sketch the curve j/Vx = lnx. Find the volume of the solid of 

revolution formed by revolving about the j-axis the area bounded by the 
curve, the x-axis, and two ordinates, one through the maximum point 
and the other through the point of inflection. Arts. tt. 

4. A solid right circular cone of metal is formed so that the density at 
any point P is 20(5 — r) lb. per cubic foot, where r is the distance in feet 
of the point P from the axis of the cone. Find the weight of the cone if 
its altitude and the radius of the base are each 3 ft. Ans. 630 tt lb. 

Note. The weight of an element of uniform density is its volume times ita 
density. 


5. A hollow metal sphere has an inside radius of 6 in. and an outside 
radius of 10 in. The density of the metal at any point varies inversely as 
the distance of the point from the center of the sphere, and at the outside 
surface the density is 2 oz. per cubic inch. Find the weight of the sphere, 

An$. 2560 t oz, 

6. If n is an even integer, show that 


«* 


r 


r*8in" xdx= r*co8" x dx ■ 
Jo Jq 


(n - l)(n - 3) . • • (I) T 
n(n — 2) • • • (2) 2 


7. If n is an odd integer, dnd the value of 


dn" X dx. 



CHAPTER XVIII 

CENTROmS, FLUID PRESSURE, AND OTHER APPLICATIONS 


177. Moment of area ; centroids. The centroid of a plane area is 
defined in the following manner. 

A piece of stiff, flat cardboard will balance in a horizontal position 
if .supported at a point directly under its center of g?“avity. This 
point of support is the centroid of the area of the flat surface of the 
cardboard. 

For certain area.s considered in elementary geometry' the cen- 
troids are obvious. For a ret;tangle or a circle the centroid coincides 
with the geometrical center. In fact, if a plane ti.gure iK)s.sesses a 
center of symmetry, that point is the centroid. Furthermore, if a 
plane figure has an axi.s of .symmetry, the centroid will lie on that a.xis. 

The following considerations lead to the determination of the 
centroid by mathematical means. It i.s beyond the purpose of 
this book to justify the argument by ^ 
mechanics. i 


Consider the area AMPXB of the 
figure. Divide it into « recUingles. each 
with base Ax, as heretofore. The figure 
shows one of these rectangles. 1 .et dA be 
its area, and C(h, k) its centroi«l. Then 

(1) dA~ydx, h = x, k~ly. 

The moment of area of this elementary 



rectangle about OX (or OY) i.« the product of its area by the per- 
pendicular distance of its centmid from OX (or OF). If these 


moments are, respectively, dM, and dM„, then 


(A) dM^ = k dA, dM^ = h dA. 

The moment oj area for the figure A M PX B is obtained by applying 
the Fundamental Theorem (Art. 15f>) to the sum of the moments of 
area of the n elementary rectangles. Thus we obtain 

(R) M,=^JhdA, M,=^JhdA. 
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Finally, if (x, 5) is the centroid of the area AMPNB, and A its 
area, then the relations between the moments of area (B) and x 
and y are given by 

(C) Ax=^My. Ay = M,. 

To calculate (7, y), find the moments of area and My. From 
(1 ) and (R), these are, for the above figure, 

(2) Mj,= y^dx, My=J^ xydx, 

in whicli the value of y in terms of x must be substituted from the 
equation of the cui^'c 

If the area A is known, we have, from (C), 


(3'. 



u ~ 


Ms 

A 


If A is not known, it may be found by integration, as in Art. 145. 


Illtsthativk KxAMrLE 1. Find the centroid of the area under one arch of the 
aine curve „ 



The limiU ur*' j* 0 , / ^ tt. Hence 

(6 ) A - ■ r Hinxdr “ 2, 3/^ “ \ f s\n"x(Lr~ \ tt, M . ~ f xsin xdx~7r. 
Then, from -'2 ', 7 -■ ] — J r. Ans, 

The value of 7 mi^ht have lunm anticij>fdfHi, since the line x = J tt is an axis of 
Symmetry. 


I LLi’STHAT! vt: K\ amfi.k 2. In the figure the curve OP A is an arc of the parabola 
2 px. Find th<' centn»id of the area OPAB, 


Solution. Draw an elementary rectangle, as in 
the figure, and mark its centroid Oi, h. Then 

d.\ ^ X dy, k -- i X, y. 

Using (>l). dMs - kdA -- xydtj, 
dM^ - hdA = ] 

Finding x in terms of y from = 2 px, and 
integrating the limits y 0, y — h, we find 





h* 

8 ?)’ 


M, 


40 ;)2‘ 



3 


3 


w. S — 7 6. But X = a» y = 6 satisfy the equation y* = 2 pat 
20 p 4 


Hence x 

Hence ^2 pa, and x ==: a. The centroid is therefore a, j 6). Tins, 



S22 


INTEGRAL CALCULUS 


I^OBLEMS 


Find the centroid of each of the areas bounded by the following curves. 

1. = 2 px, x = h. Am. (? h. 0). 

2. y = x^, X =: 2, y ~ 0. (f . ^)- 

8. y = 35®, y = 4 X. (First quadrant.) (it, fi). 

4. X = 4 y — y®, y = X. (Vt §)• 

8. y* = 4 X, 2 X — y = 4. (I, !)• 

8. y = X®, y = 2 X + 3. (1. ¥)• 

7. y = X* — 2 X — 3, y = 6 X — X® — 3. (2, 1). 

8 . y = X®, y = 8, X = 0. 

9. y = 6 X — X®, y = X. 

10. y = 4 X — X®, y = 2 X — 3. 

11. y = X® — 3 X, y = X. (First quadrant.) 

12. y® = a® — ox, X = 0, y = 0. (First quadrant.) 

13. ^ = 1. y = 0, X = 2 a. (First quadrant.) 

a® 6® 

14. Find the centroid of the area bounded by the coordinate axes and 

the parabola V-r + Vy = Vo. A««. x = y = J a. 

15. Find the centroid of the area bounded by the loop of the curve 

1^* = 4 X® — X®. Ah.*!. X = ¥> y — il- 

ls. Find the centroid of the portion in the first quadrant of the ellipse 


^. = 1 . 


- 4 a- 


17. Find the centroid of the area bounded by the parabola y* = 2 px 

and the line y = mx. « = £. 

5 m ^ ^ tn 

18. Find the centroid of the area included by the parabolas y^ = ax 

and X* = by. x = ^ o^b^, y = A a^b^. 

19. Find the centroid of the area bounded by the cissoid y®(2 o — x) = x® 

and its asymptote x = 2 o. Am. x = 8 a, y = 0. 

20. Find the centroid of the area bounded bythewitchx®y = 4 a®(2o - y) 

and the x-axls. Ana. x = 0, y = i a. 

21. Find the distance from the center of the circle to the centroid of 

the area of a circular sector of angle 2 8. . 2 r sin g 


22. Find the distance from the center of the circle to the centroid (rf 
the area of a circular segment the chord of which subtends a central 
angle 2 9, 2 r sin® 9 

8(9 — sin 9 coe 9)* 
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88. Find the centroid of the area bounded by the cardioid 

p = a(l + cofl 6). Ans. i = | o, ji = 0. 
24. Find the centroid of the area bounded by one loop of the curve 
p = 0 C 082 <i. Distance from origin = 

105 IT 


26. Find the centroid of the area bounded by one loop of the curve 


p = a cos 3 0. 


Aii8» Distance from origin = 


81 aV3 


178. Centroid of a solid of revolution. The center of gravity of 
a homogeneous solid is identical with the centroid of that body 
considered as a geometrical solid. 

The centroid will lie in any plane . 
of symmetry which the solid may r ' 

possess. l| 

To achieve a mathematical def- | 

inition of the centroid of a solid |p| | 

of revolution, it is necessary to 

modify the discussion of the pre- ^ 

ceding article only in the details. ^ lyf ■' ] ^ ^ 

Let OX be the geometrical axis p3.- i — 
of the solid. The centroid will 
then Ue on this axis. Let dV be an 

element of volume, that is, a cylin- i ' 

der of revolution with altitude Ax 
and radius y. Then dT = iry* Ax. 

The moment of volume of this cylinder with respect to the plane 
through 01’ perpendicular to OX is 

( 1 ) dMy = xdV=vxy^Ax. 

The momeni of volume for the solid is then found by the Funda- 
mental Theorem, and i is given from 

(2) Vx ==M^=J' TTxy* dx. ^ 

Illustrative Example. Find the centroid ^ ^ 

of a »olid cone of revolution. 

Solution. The equation of the element OB is 

U=:M = L, or v = CF. 

X OA k * k — yl—k-4 — .t 

Htnct Mg — I rx ^ dx = 4 irr*h*. ! / 

Jo n* 4 I f 

Sinct F * I £ s | fc. Ana. ^\J/ 
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PROBLEMS 

Find the centroid for each of the following solids. 

1. Hemisphere. (See 
figure.) Am. x ^ | r. 

2. Paraboloid of rev- 
olution. (See figure.) 

Ahs. X == 5 

The area bounded by 
OX and each curve given 
below is revolved about 
OX. Find the centroid of 
the solid of revolution 
generated. 

3. X* — X = 2 a. 

4. 2 xy = a-, X = i a, X = 2 a. 

6. ay =: x^ X = a. x — I a. 

6, = 4 X, X = 1, X = 4. 

7. -h = 4, X = 0, X = 1. X = ii. 

3. 1 / = a sin x, x = J tt. 

The area bounded by OY and each of the curves given below is re- 
volved about OY. Find the centroid of the solid of revolution generiit<*d. 

9. = 4 ox, 1 / = h. y - b. 

10. X— 2/2 = 1, fy = 0, 1/ ^ 1. 7 / ^ iV 

11 . ay^ = x\ y = a. 

12. The radii of the upper and lower bast's of a frustum of a cone of 

revolution are, respectively, 3 in. and G in., and the altitude is 8 in. 

Locate the centroid. 

13. Find the centroid of the solid formed by revolving about the ^/-axis 

the area in the first quadrant bounded by the lines ?/ r-r o, x — u. and the 
parabola — 4 ox, A Tf — ^ a. 

14. Find the centroid of the solid formed by revolving about the x-axis 

that part of the area of the ellipse — -f p — I which li^'s in the first 
quadrant. ^ x — 3 a. 

13. Find the centroid of the solid formed by revolving about the x-axia 
the area in the first quadrant l>ounded by the line's y = 0. x — 2 a, and 

the hyp«rboUi ^ — 15 = 1. 
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16. Find the centroid of the solid formed by revolving about the z-axis 
the area bounded by the lines i = 0, x = a, y = 0, and the hyperbola 

' + 1 = 0 . 


5!_ILV 


5 » 

17. Find the centroid of the solid formed by revolving about the z-azis 


the area bounded by the lines y 


: 0, X = ^ , and the curve y = sin 2 z. 
4 


18. Find the centroid of the solid formed by revolving about the z-axis 
the area bounded by the lines x = 0, x = a, y = 0, and the curve y = e*. 

19. The area bounded by a parabola, its axis, and its latus rectum is 
revolved about the latus rectum. Find the centroid of the solid generated. 

Am. Distance from focus = ^2 of latus rectum. 


Surface of fluid 


PiX^) 


179. Fluid pressure. We will now take up the study of fluid pressure 
and leam how to calculate the pressure 
of a fluid on a vertical wall. 

Let ABDC represent part of the 
area of the vertical surface of one wall 
of a reservoir. It is desired to deter- 
mine the total fluid pressure on this area. 

Draw the axes as in the figure, the 
y-axis lying in the surface of the fluid. 

Divide AB into n subintervals and 
construct horizontal rectangles within 
the area. Then the trea of one rec- 
tangle (as EP) is y Ax. If this rectangle 

was horizontal at the depth x, the fluid pressure on it would be 

Wxy Ax, 



[ The prenure of a fluid on any given horiiontal surface equals the weightl 
of % column of the fluid standing on that surface as a base and of height | 
equal to the distance of this surface below the surface of the fluid. J 

where W = the weight of a unit volume of the fluid. Since fluid pres- 
sure is the same in all directions, it follows that Wxy Ax will be ap- 
proximately the pressure on the rectangle EP in its vertical position. 
Hence the sum n 

2 ^ WziViAxi 
<*1 


represents approximately the pressure on all the rectangles. The 
pressure on the area ABDC is evidently the limit of this sum. Hence» 
by the Fundamental Theorem, 

Urn 


J^Wxydx. 
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Hence the fluid pressure on a vertical submerged surface bounded 
by a curve, the x-axis, and the two horizontal lines x = a and x 6 
is given by the formula ^ 

(D) Fluid pressure = I yxdx, 

where the \^lue of \j in terms of x must be substituted from the equa- 
tion of the given curve. 

We shall assume 62 lb, (= IF) as the weight of a cubic foot of water. 

Illustrative Example 1. A circular water main 
6 ft, in diameter is half full of water. Find the pres- 
sure on the gate that closes the main. 

Solution, The equation of the circle is x® j/* = 9. 

Hence ^ = v 9 ~ 

\V = 62, 

and the limits are from x = 0 to r ~ 3. Substituting 
in (D), we get the pressure on the right of the 
sr-ajos to be 

Pressure = 62 f 9 - x^ * xdx = [~ ■" = 558. 

*/o 

Hence Total pressure = 2 x 558 =: 1116 lb. Ans. 

The essential part of the above reasoning is that the pressure 
(=K dP) on an elementary horizontal strip is equal (approximately) 
to the product of the area of the strip (= dA) by its depth (— h) 
and the weight (= IF) of unit volume of the fluid. That is, 

(£) dP^WhdA. 

With this in mind, the axes of coordinates may be chosen in any 
convenient position, 

Illustrativ'K Exampi>e 2. A trappxoidal gate in a dam is shown in the figure. 
Find the pressure on the gate when the 
surface of the water is 4 ft. above the 
top of the gate. 

Solution. Choosing axes OX and OY 
as shown, and drawing an elementary 
horizontal strip, we have, using (£>, 
dA = 2 X dy, 

dP = W78 — y)2 x dy. 

The equation of AB is y = 2 x - 8. 

Solving this equation for x, and substi- 
tuting, the result is 

dP = 1F(8 - y)(y 4- 8)dy = IF(64 - y*)dy. 

Integrating with limits y — 0 and y == 4, we obtain 
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PROBLEMS 

In the following problems the p-axis is directed vertically upward, and 
the x-axis is at the surface level of a liquid. Denoting the weight of a 
cubic unit of the liquid by W, calculate the pressure on the areas formed 
by joining with straight lines each set of points in the order given. 

1. (0, 0), (3, 0), (0, - 6), (0, 0). Ana. 18 W. 

2. (0, 0), (3, - 6). (0, - 6), (0, 0). 36 W. 

3. (0, 0), (2, - 2), (0, - 4), (- 2. - 2). {0, 0). 16 W, 

4. Calculate the pressure on the lower half of an ellipse whose semi- 
axes are 2 and 3 units respectively, (a) when the major axis lies in the 
surface of the liquid ; (b) when the minor axis lies in the surface. 

Am. (a) 8 U'; (b) 12 W. 

6. Each end of a horizontal oil tank is an ellipse of which the horizontal 
axis is 12 ft. long and the vertical axis 6 ft. long. Calculate the pressure 
on one end when the tank is half full of oil weighing 60 lb. per cubic foot. 

Am. 21601b. 

6. The vertical end of a vat is a segment of a parabola (with vertex 
at the bottom) 8 ft. across the top and 16 ft. deep. Calculate the pressure 
on this end when the vat is full of a liquid weighing 70 lb. per cubic foot. 

Arts. 38,229 lb. 

7. The vertical end of a water trough is an isosceles 

right triangle of which each leg is 8 ft. Calculate the 
pressure on the end when the trough is full of water 
(IV = 62.5). Am. 3771 1b. 

8. The vertical end of a water trough is an isosceles triangle 5 ft. 

across the top and 5 ft. deep. Calculate the pressure on the end when the 
trough is full of water. Ana. 1302 lb. 

9. A horizontal cylindrical tank of diameter 8 ft. is half full of oil 
weighing 60 lb. per cubic foot. Calculate the pressure on one end. 

Arts. 25601b. 

10. Calculate the pressure on one end if the tank of Problem 9 is fuD. 

1 1. A rectangular gate in a vertical dam is 10 ft. wide and 6 ft. deep. 

Find (a) the pressure when the level of the water (H’^ = 62.5) is 8 ft. above 
the top of the gate ; (b) how much higher the water must rise to double 
the pressure found in (a). Atui. (a) 41,250 lb. ; (b) 11 ft. 

12. Show that the pressure on any vertical surface is the product of 
the weight of a cubic unit of the liquid, the area of the surface, and the 
depth of the centroid of the area. 

13. A vertical cylindrical tank, of diameter 30 ft. and height 50 ft., is 
full ot water. Find the pressure on the curved surface. Ana. 3682 tons. 
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180. Work. In mechanics the work done by a constant force F 
causing a displacement d is the product Fd. When F is variable, this 
definition leads to an integral. Two 
examples will be considered here. 

Work done in pumping out a tank. 

Let us now consider the problem of 
finding the work done in empljing 
reservoirs of the form of solids of rev- 
olution with their axes vertical. It 
is convenient to as-sume the x-a.xis of 
the revolved cun’e as vertical, and the 
^axis as on a level with the top of 
the reser\'oir. 

Consider a reservoir such as the one 
shown ; we wish to calculate the work 
done in empt>ing it of a fluid from the depth a to the depth b. 

Divide AB into n subinterv^als, pass planes perpendicular to the 
axis of revolution through these points of division, and construct 
cylinders of revolution, as in Art. 160. The volume of any such 
cylinder will be iry-i\x and its weight H'ir^*Ax, where ir= weight 
of a cubic unit of the fluid. The work done in lifting this cylinder 
of the fluid out of the reservoir (through the height x) will be 

WTy-xlx. 

[Work done in lifting: e<|uals the weijrht multiplied by the vertical height.] 

The work done in lifting all such cylinders to the top is the sum 

N 

Ax.. 

i = 1 

The work done in emptjdng that part of the reservoir will evi- 
dently be the limit of this sum. Hence, by the Fundamental Theorem, 



lim ^H’lry.^x.Ax,- 



The^fore the work done in empt)ring a reservoir in the form of a 
solid of revolution from the depth a to the depth 6 is given by the 
formula 


{F) 


W<»k = 



where the value of y in terms of x must be substituted from the 
equatioB of Uie revolved curve. 
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IIXUSTRATIVB ExAMPtB L Calculate the work done in pumping out the watei 
filling a hemispherical reservoir 10 ft, deep. 

Solution. The equation of the circle is 

= 100 . 

Hence y® = 100 - x®, 

IT = 62 , 

and the limits are from x = 0 to x = 10. 

Substituting in (F)» we get 

J r. 10 

(100 - X®)x(fr = 155,000 r ft-lb. 

0 

The essential principle in the above reasoning is that the element 
of work (= dw) done in lifting an elementary volume i=dV) through 



a height (= h) is 


dw = WhdV, 


where W — weight of unit volume of the fluid. With this in mind, 
the axes of coordinates may be chosen in any convenient manner. 


Illustrative Example 2. A conical cistern is 20 ft. across the top and 16 ft 
deep. If the surface of the water is 5 ft. be- 
low the top, find the work done in pump- 
ing the water to the top of the cistern. 

Solution. Take axes OX and OY as in 
the figure. Then 

dV = TX® dy, 

= 15 ~ y. 

duf =: H^(15 — y)irx® <fy. 

The equation of the element OA is 
X = } y. Substituting, 

dw = tW(15 ~ y) J y® cfy = J irir(15 y® - y®)(/y. 

The limits are y = 0 and y = 10, since the water is 10 ft. deep. Integrating, 

t (7 = ^ rW f *^(15 y® — y®)cfy = 216,421 ft.-lb. ,4ns. 

Jq 

Work done by an expanding gas. If a gas in a cylinder expands 
against a piston head from volume ro cu. ft. to vi cu. ft., the external 
work done in foot-pounds is 

(G) Worker pdVf 

Jv^ 

where p = pressure in pounds per square foot. 

Proof. Let the volume increase from p to p -f dr. 

Let c area of cross section of the cylinder. 

Then y =» distance the piston moves. 
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Since pc — force caiising the expansion dv, 

Element of work done = pc • — = pdv. 

c 

Then (G) follows by the Fundamental Theorem. To use (G), the 
relation between p and p during the expansion must be known. This 
relation has the form 

(1) prf' = constant, 
the exponent n being a constant. 

Isothermal expansion occurs when the temperature remains con> 
stant. Then n = 1, and the pressure- volume relation is 

(2) pp = poro = Pii'i. 

If a graph of (1) is made (pressure-volume diagram), plotting 
volumes as abscissas and pressures as ordinates, the area under this 
curve gives, numerically, the work done, as calculated by (G). In 
isothermal expansion the graph of (2) is a rectangular (equilateral) 
hyperbola. 

PROBLEMS 

1. A vertical cylindrical cistern of diameter 16 ft. and depth 20 ft. is 

full of water (U' = 62.o). Calculate the work necessary to pump the 
water to the top of the cistern. Ans. 800,000 rr ft. lb. 

2. If the cistern of Problem 1 is half full, calculate the work necessary 
to pump the water to the top. 

3. A conical cistern 20 ft. across the top and 20 ft. deep us full of water 

(tv = 62.,5). Calculate the work necessarj' to pump the water to a height 
of 15 ft. above the top of the cistern. 2,500,000 r 

3 

4. A hemispherical tank of diameter 10 ft. is full of oil weighing 60 lb. 

per cubic foot. Calculate the work necessary to pump the oil to the top 
of the tank. A ns. 9375 tt ft. lb. 

6. A hemispherical tank of diameter 20 ft. is full of oil weighing 60 lb. 
per cubic foot. The oil is pumped to a height of 10 ft. above the top of 
the tank by an engine of H.P. (that is, the engine can do work at the 
rate of 16,500 ft. lb. per minute). How long will it take the engine to 
empty the tank ? 

0. Find the work done in pumping out a semi-elliptical reservoir full 
of water (W = 62). The top is a drcle of diameter 6 ft., and the depth 
iaSft. Ans. 8487^ ir ft. lb. 

7. A conical reservoir 12 ft. deep is filled with a liquid weighing 80 Ib. 
per cubic foot. The top of the reservoir is a drcle 8 ft. in diameter. Cal- 
culate the work neoeaaaiy to piunp the liquid to the top of the reservoir. 

' An$. 16,860 ir ft. lb. 
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8 . A water tank is in the form of a hemisphere, 24 ft. in diameter, sur- 
mounted by a cylinder of the same diameter and 10 ft. high. Find the 
work done in pumping it out when it is filled within 2 ft. of the top. 

9. A bucket of weight M is to be lifted from the bottom of a shaft 
h ft. deep. The weight of the rope used to hoist it is m lb. per foot. Find 
the work done. 

10. A quantity of air with an initial volume of 200 cu. ft. and pres- 

sure of 15 lb. per square inch is compressed to 80 lb. per square inch. 
Determine the final volume and the work done if the isothermal law bolds, 
that is, pv = C. Am. 37.5 cu. ft. ; 723,000 ft. lb. 

11. Determine the final volume and work done in Problem 10 if the 
adiabatic law holds, that is pp" = C, assuming n = 1.4. 

Am. 60 cu. ft. ; 648,000 ft. lb. 

12. Air at pressure of 15 lb. per square inch is compressed from 

200 cu. ft. to 50 cu. ft. Determine the final pressure and the work done if 
the law is pv = C. Am. 60 lb. per square inch ; 599,000 ft. lb. 

18. Solve Problem 12 if the law is pv** = C, assuming n = 1.4. 

104.5 lb. per square inch ; 801,000 ft. Ib. 

14. A quantity of gas with an initial volume of 16 cu. ft. and pressure 

of 60 lb. per square inch e.xpands until the pressure is 30 lb. per square 
inch. Determine the final volume and the work done by the gas if the 
law is pv = C. Am. 32 cu. ft. ; 95,800 ft. lb. 

15. Solve Problem 14 if the law is pv** = C, assuming n = 1.2. 

Am. 28.5 cu. ft. ; 75,600 ft, lb. 

16. A quantity of air with an initial volume of 200 cu. ft. and pressure 
of 15 lb. per square inch is compressed to 30 cu. ft. Determine the final 
pressure and the work done if the law is pr = C. 

17. Solve Problem 16 if the law is pr" = C, assuming n = 1.4. 

18. A gas expands from an initial pressure of 80 lb. per square inch and 
volume of 2.5 cu. ft. to a volume of 9 cu. ft. Find the w*ork done if the 
law is pv** = C, assuming n = 1.0646. 

19. Solve Problem 18 if n = 1.131. 

20. Determine the amount of attraction exerted by a thin, straight, 
homogeneous rod of uniform thickness, of length I, and of mass M upon 
a material point P of mass m situated at a disUince of a from one end of 
the rod in its line of direction. 

Solution. Suppose the rod to be divided Into equal infinitesimal portions (ele- 
ments) of length dx. ^ 

y 2 = mass of a unit length of rod ; 

if dxsx maaa of any element. 


hence 
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Newton’s law fw meanuring the attraction between any two maasee is 

Force of attraction = Fodu^of mas|^ 

(distance between them)* 

therefore the force of attraction between the particle at P and an element of the rod is 


[X -f 



which is then an element of the force of attraction required. The total attraction 
between the particle at P and the rod being the limit of the sum of all such elements 
between x = 0 and j = I, we have 


Force of attraction 


Ifm rl 

I Jo I 


•/O (x-fa)» I Jo(x + a)» a (a -f f) 

21. Determine the amount of attraction in the last example if P lies 
in the perpendicular binector of the rod at the distance a from it. 

Ans. ^ ^ 

22. A vessel in the form of a right circular cone is filled with water. 
If A is its height and r the radius of the base, what time will it require 
to empty itself through an orifice of area a at the vertex ? 

Solution. Neglecting all hurtful resistances, it is known that the velocity of dis- 
charge through an orifice is that actjuired by a body falling freely from a height 
equal to the depth of the water. If, then, x denotes the depth 

of the water, , /r — r ^ 

r = \ 2 firx. ^ 

Denote by dQ the volume of water discharged in time f 

df, and by dx the corresponding fall of surface. The volume i 

of water discharged through the orifice in a unit of time is Vl l- f 1 

av2^, \ /it 

being measure d as a right cylinder of area of base a and \ / i I 

altitude p(= v^2 qx). Therefore in time di VL ,.Li. 

(1) dQ ^ a \2ffx di. 

Denoting by S the area of the surface of the water when the depth is r, we have, 
from geometry, ^ 

— = p. or S = — . 

But the volume of water discharged in time dl may also be considered as tbe 
votume of a cylinder AB of area of base S and altitude dx; hence 


dQ^Sdx^ 


wr^x^dx 


Equating (1) and (2) and solving for df, 

irr^x^dx 

al^ -Tsrs:* 

ah^V2^ 

Therefore , » 

dfi aA*V2 gx SaV2g 
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181. Mean value of a function. The arithmetic mean (or average 
value) of n numbers yu yn, • • •, yn, is 

(1) 1/ = - (j/l + 1/2 + • • • + l/n). 

n 

We proceed to establish the formula 

%{x)dx 

^ ~ ^ ' ' ' • 

from * = a to Jt = bj h — a 

The figure shows the graph of 

(2) y = d>(r). 

The mean Malue (= y) of the ordinates of the arc PQ is to be de- 
fined. Divide AB into n equal parts each equal to Aa: and let yu 
Vi, • • ■, Vn, be the ordinates at the n points of division. Then (1) will 
give an approximate value for the mean value required. Multiply 
numerator and denominator of the right-hand member of (1) by Ax, 
Then, since n Ax = 6 — a, we get 


(H) Mean value of <^(x)l 



y (approximately) = 


But the numerator in (3) is, approximately, the area APRQB. 
The average value of y (or «^(x)) is defined as the limit of the right- 
hand member in (3) when n -+ oo. This gives (H). 

In the figure the mean value of <^(x) equals CR if area rectangle 
ABML = area ABQRP. 

Taking y as the function (dependent variable), then (^0 becomes 


ydx 


Illustrative Example. Given 
the circle 

(4) X* + V* = r*. 

Find the average value of the or- 
dinates in the first quadrant 

(a) when y is expressed as a func- 
tion of the abscissa x ; 

(b) when y is expressed as a func- 
tion of the angle d = Z MOP. 

Solution, (a) Since y = — x*, 

the numerator in (/) is 




j^Vr»-»*<bs:iirr*. Thsa f = J »r = 0.T85 r. Am. 
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(b) Since y = r sin 0, and the limits are d = 0 = a, d = Jir = 6, the numerator 
in (/) is 


i 


!»■ - 2 r 

r sin 0 dd = r. Since b — a = J t, we have p = — ; 


: 0.687 r. Ans. 


Thus we have quite different values of y, depending upon the independent 
variable with respect to which the mean value is taken. 


As shown in the above example, the average value of a given 
function y will depend upon the variable chosen as the independent 
variable. For this reason, we write (/) in the form 

f ydx 

Ja 


(5) 


= 


in order to indicate e.xplicitly the variable with respect to which y 
is averaged. 

Thus, in the Illustrative Example, we have = 0.785 r, and = 0.637 r. 


PROBLEMS 

1. Find the average value of y = from x = 0 to x = 10. Ans. 33J. 

2. Find the average value of the ordinates of = A x from (0, 0) to 

(4, 4) taken uniformly along the x-axis. Ans. 2§. 

3. Find the average value of the abscissas of ^- = 4 x from (0, 0) to 

(4, 4) when uniformly distributed along the y-axis. Ans. IJ. 

2 

4. Find the average value of sin x between x = 0 and x = tt. Ans. — 

TT 

6. P'ind the average value of sin^ x between x = 0 and x = tt. (This 
average value is frequently used in the theory of alternating currents.) 

Ans. 

6, If a particle in a vacuum were thrown downward wnth an initial 
velocity of r© ft. per second, the velocity after t sec. would be given by 

( 1 ) Vc=:VQ + gt 

The velocity after falling s ft. would be given by 

(2) V = Vro^ -h 2 ys. (Take g = 32) 

Find the average value of v 

(a) during the first 5 sec., starting from rest ; Ans. 80 ft. per second* 

(b) during the first 5 sec., starting with an initial velocity of 36 ft. 

per second ; Ans. 116 ft. per second. 

(c) during the first 2§ sec., starting from rest; Ans. 40 ft. per second. 

(d) during the first 100 ft., starting from rest ; Ans. 63^ ft. per sec. 

(e) during the first 100 ft., starting with an initial velocity of 60 ft. 

per sec^d. Ans. 81} ft. per seeoncL 
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7. In simple harmonic motion s = a coe n/. Find the average value 
of the velocity during one quarter of a period (a) as to the time ; (b) as 
to the distance. 

8. Show that in simple harmonic motion the average kinetic energy 
with respect to the time for any multiple of a quarter period is half the 
maximum kinetic energy. 

9. A point is taken at random on a straight line of length a. Prove 
(a) that the average area of the rectangle whose sides are the two seg- 
ments is i o* ; (b) that the average value of the sum of the squares on 
the two segments is § a*. 

10. If a point moves with constant acceleration, the average as to the 
time of the square of the velocity is + rori + rj^), where fo is the 
initial and ri the final velocity. 

11. Show that the average horizontal range of a particle projected 
with a given velocity at an arbitrary elevation is 0.6366 of the maximum 
horizontal range. 

Hint. Take a = 0 in the formula of Problem 35, p. 114. 


The formulas 

( 6 ) 



where (x, y) is any point on a curve for which ds is the element of arc, 
define the ceiUroid of the arc. They give, respectively, the average 
values of the abscissas and ordinates of points on the curve when 
distributed uniformly along it. (Compare Art. 177.) 


12. Show that the area of the curved surface generated by revolving 
an arc of a plane curve about a line in its plane not cutting the arc equals 
the length of the arc times the circumference of the circle described by 
its centroid (6). (Theorem of Pappus. Compare Art. 250.) 

Hifrr. Use (£.), Art. 164. 

13. Find the centroid of the arc of the parabola y® = 4 x from (0, 0) 

to (4, 4). Am. X = 1.64, y = 2.29. 

14. Find the centroid of an arc of the circle p = a between — d and + 6. 

t - a sin 0 
im. x = — - — • 
d 

16; Find the centroid of the perimeter of the cardioid p = a(l + cos 0). 

Arts. X = I o, ii = 0, 

16. Find by the Theorem of Pappus the centroid of the arc of the cirde 
x» + y» = r» which lies in the first quadrant. j 
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17. Find by the Theorem oi Pappus the surface of the torus generated 
by revolving the circle (x — 6)* + y® = o* (6 > a) about the y-axis. 

18. A rectangle is revolved about an axis which lies in its plane and is 
perpendicular to a diagonal at its extremity. Find the area of the surface 
generated. 


ADDITIONAL PROBLEMS 


1. An area is bounded by the lines y = x*, x + y = 6, y = 0, and x = 3. 

Find its centroid. Arw. x = , y = f j^. 

2. The abscissa of the centroid of the area bounded by the curve 

2 y = X® and a certain line through the origin is 1. Find the ordinate of 
the centroid. A ns. |. 


3. Find the centroid of the area bounded by y = x"(n > 0), the x-axis, 
and X = 1. Discuss the locus of the centroid as n varies. 

n + 1 n + 1 


A ns. 


X = • 


y = ; 


n + 2 " 2(2 n + 1) 

4. Find the equation of the locus of the centroid of the area bounded 
by the x-axis and the parabola y = cx — x® when c varies. An«. 5 y = 2 x®. 


8. Given the parabola x* = 2 py and any oblique line y = mx + 6 meet- 
ing the parabola in the points A and B. Through C, the midpoint of 
A B, draw a line parallel to the axis of the curve meeting the parabola at 
D. Prove that (a) the tangent to the parabola at D is parallel to the line 
AB; (b) the centroid of the area ACBD lies on the line CD. 


6. Let P be a point on the parabola y = x®, and let C be the centroid 
of the area bounded by the parabola, the x-axis, and the ordinate through 
P. Find the position of P so that the angle OPC’ is a maximum. 

Ans. Ordinate = 

7. A cistern has the form of a solid generated by revolving about its 

vertical axis a parabolic segment cut off by a chord 8 ft. long, perpendicu- 
lar to the axis and at a distance of 8 ft. from the vertex. The cistern is 
filled with water weighing 62.6 lb. per cubic foot. Find the amount of 
work required to pump over the top of the cistern one half the volume of 
water it contains. 16,000(V^ - 1) | = 6937 ft.-lb. 

8. A hemisidierical dstem of radius r is full of water. Two men, A 
and B, are to pump it out, each doing half the work. If A starts first, what 
will be the depth d the water whm he has finished his s hare of th e work ? 

Ans. ^ = 1 - = 0.469. 
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9. A tank in the shape of an inverted drcular cone is full of water. 
Two men are to pump the water to the top of the tank, each doing half 
the work. When the first man has finished his share of the work, let z 
denote the ratio of the depth of water left in the tank to the original depth. 
Show that z is determined by the equation 62?* — 8z* + l = 0. Calculate 
the value of 2 to two decimals. Ans. 0.61. 

10. A well is 100 ft. deep. A bucket, weighing 3 lb., has a volume of 
2 cu. ft. The bucket is filled with water at the bottom of the well and is 
then raised at a constant rate of 5 ft. per second to the top. Neglecting 
the weight of the rope, find the work done in raising the bucket if it is 
discovered that the water is leaking out at a constant rate of 0.01 cu. ft. 
per second. (A cubic foot of water weighs 62.4 lb.) Ans. 12,156 ft.-lb. 

11. The area OAB is divided into elements such as OPQ by lines from 
O. Show that the area A and the momenta of area 
M X and Af „ are given by 

A = jJ* iiy' - y)djr. y{xy' - y)dx, 

My — hf x(iy' - y)djr. 

(The centroid of a triangle is on any median at 
two thirds of the distance from the vertex to the 
opposite side.) 

12. Find the centroid of the hyperbolic sector bounded by the equi- 
lateral hyperbola x=:aaec0, y = a tan d and radii from the origin to the 
points (a, 0) and (x, y). 

tan $ r:_2^ seed— 1 
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182. Defixiitions. A sequmte is a succession of terms formed ac- 
cording to some fixed rule or law. 


For example, 
and 


1, 4, 9, 16. 26 
- *3 r* X* 

2 ' 3 ' 4 ' 5 


are sequences. 

A scries is the indicated sum of the terms of a sequence, 
from the above sequences we obtain the series 


Thus 


and 


1 + 4 + 9 + 16 + 25 


1 - 




5 ' 


When the number of terms is limited, the sequence or series is 
said to be finiie. WTien the number of terms is xmlimited, the sequence 
or series is called an infinite sequence or infinite series. 

The general term, or nth term, is an expression which indicates 
the law of formation of the terms. 

Illustrative Example 1. In the fint example (fiven above, the Ktneral term, 
at nth term, is rO. The first term is obtained by setting n = 1, the tenth term by 
setting n = 10. etc, 

Illustrativt. Example 2. In the second example given above, the nth term, 
(_ xi"'* 

except for n = 1, is ^ ‘-p-- 

n — 1 

If the sequence is infinite, this fact is indicated by the use of dots, as 
1, 4, 9, • • •, n'^, • • •. 

Fadorial numbers. An expre8.sion which occurs frequently in con- 
nection with series is a product of successive integers, beginning 
with 1. Thus, Ix2x3x4x6is called 5 factorial and is indicated 
by [5 or 5 ! 

In general, In = lx2x8x--x(n-l)xn 

is called n factorial. It is understood that n is a positive integer. The 
expression (n has no meaning if n is not a posiUve integer. 

888 
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188 . The geometric series. For the geometric series of n terms, 
(1) Sn = a + ar + ar2H — -H-or""*, 

it is shown in elementary algebra that 


( 2 ) 




or 




the first form being generally used if |rj < 1, and the csecond form 
if |r| > 1. 

If |rl < 1, then r" decreases in numerical value as n increases and 

lim (r") = 0. 

n-*x> 

From formula (2) we see, therefore, that (Art. 16) 

(3) lim Sn = 

Hence if lfl< 1 the sum S„ of a geometric series approaches a 
limit as the number of terms is increased indefinitely. In this case 
the series is said to be convergent. 

If |r| > 1, then r" will become infinite as n increases indefinitely 
(Art. 18). Hence, from the second formula in (2), the sum S„ will 
become infinite. In this case the series is said to be divergent. 

A peculiar situation presents itself if r = — 1. The series then 
becomes 

(4) o — o + a — a + a — a---. 

If n is even the sum is zero. If w is odd the sum is a. As n increases 
indefinitely the sum does not increase indefinitely and it does not 
approach a limit. Such a series is called an oscillating series. 


Illustrative Example. Consider the geometric series with 

0 = 1. r = J, 

(6) Sn = l+ 3 + 7 + *"" + • 

We find, by (2), that S, ^ = 2-~. 

Then 

(6) lim Sn = 2, which agrees with (3), when a =: 1, r = 

n 

It Is interesting to dis- ? L ^ 

cuw (6) geometrically. To 

do this, lay off successive values of S,* on a straight line, as in the figure. 

n 1 2 3 4, etc. 

Sn 1 ij l} etc. 

Each point thua determined bisecta the segment between the preceding pdnt and 
tiie point 2. U^ce (6) is obvious. 
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PROBLEMS 

In each of the following series (a) discover by inspection the law of 
formation ; (b) write three more terms ; (c) find the nth, or general, term. 


1. 2 -f- 4 -f‘ 84‘16 + **** 

Ana. nth term 

2. i-i + |- i + --*. 

kzini. 

n 

3 . — J- + 0 + I+ -J+J+***. 

n-2 
n + i 

4 ^ 4. 4. JL L '*• 4 . . • 

a. x-f 1+12 + 1. 2. 3 + 

nx" 

¥' 

, Vx . X , r Vx . X* . 

*■ 2 ■^ 2 - 4 ‘^ 2 - 4 - 6 ‘^ 2 * 4 - 6 - 8 '^ * 

n 

x» 

^[n 

3 5^7 9 ^ 

(- 0)" + * 

2 n + 1 ‘ 


Write the first four terms of the series whose nth, or general, term is 
given below. 


7 . 

8 . 
9 . 

10 . 

11 . 

12 . 


2 "-« 

v;i* 

n -f 2 
2n - 1* 
n 

3»-r 

x»-» 

(- 

[2 n — 1 

l» 


Ans. 1 + — ^ H — ^ + ' 

V2 V3 V4 

0.4 5 , 6 , 

1.2.3. 4 , 

^ 3 9 + 27 + * ■ ’• 

i+ 4 =+ 4 + 4 + 

V3 V4 

— n: -f 


2"|n 




14 . 


W » I 
2 2 

Vn + 2 


5 :rT 


2" |n-l 


184. Convergent and divergent aeries. In the series 

S, = tti + Us + U3 -) h U,., 


the variable Sn is a function of n. If we now let the number of terms 
(= n) increase without limit, one of two things may happen. 

Case I. Sn apiuoaches a limit, say u, indicated by 
(1) lim S, « tt. 

II # 
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The infinite series is now said to be convergent and to converge to the 
value u, or to have the value u. 


Case II. Sn approaches no limit. The infinite series is now said 
to be divergent. 

Examples of divergent series are 

l + 2 + 3 + 4f6 + --, 

1-H-1-1+--. 

As stated above, in a convergent series the value of the series is the 
number u (sometimes called the sum) defined by ( 1 ). No value is 
assigned to a divergent series. 

In the applications of infinite series, convergent series are of major 
importance. Thus it is essential to have means of testing a given 
series for convergence or divergence. 

185. General theorems. Before developing special methods for 
testing series, attention is called to the following theorems, of which 
proofs are omitted. 

Theorem I. If S„ is a variable that always increases as n increases 
but never exceeds some definite fixed number A, then as n increases 
without limit, S, will approach a limit u which is not greater than A. 

The figure illustrates the statement. The points determined by 
the values Si, Sj, S 3 , etc. approach the point u, where 

lim Sn = u, s, s, s, uA 

n^« ■ I r ) I ■ I I I » 

and u is less than or equal to A. 


Illustrative Example. Show that the infinite series 


(1) ^ + + ’ 
ii convergent 

Solution. Neglect the first terra* and write 

(2) Sn = 1 + y72 1 . 2.3 ^ * * 



1 -2 -3 


Consider the variable Sn defined by 

(3) = 1 4 . 1 ^ -f • • • + 2 ^* 

In which we have replaced all integers in the denominators of ( 2 ), except 1 , by 2 . 
Obviously Sn < Also, In (3) we have a geometric series with r = ^ and Sn < 2 
no matter how large n may be (see Art. 183). Hence Sn as defined by (2) is a vari* 
able which always increases as n increases but remains less than 2. Hence Sn 
proaches a limit as n becomes infinite, and this limit is less than 2 . Therefore the 
infinite series (1) is convergent, and its value is less than 3. 

We shall see later that the value of ( 1 ) is the constant e s=: 2.71828 * * % the 
natural base (Art. 61). 
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Theorem IL If Sn is a mriable that always decreases as n increases 
but is never less than some definite fixed number B, then as n increases 
without limit, tvill approach a limit which is not less than B. 


Consider now a convergent series 

Sn = «l + Ua + M3 + • • • + W|* 


for which lim Sn — u. 

n ~* 00 

Let the points determined by the values Sj, S 2 , S 3 , etc. be plotted 
on a directed line. Then these points, as n increases, will approach 
the point determined by u (terms in S„ all of the same sign) or 
cluster about this point. Thus it is evident that 

(A) lim Un — 0. 


That is, in a convergent series, the terms must approach zero as a limit. 

On the other hand, if the general (or nth) term of a series does 
not approach zero as n becomes infinite, we know at once that the 
series is divergent. 

(4) is not, however, a sufficient condition for convergence ; that 
is, even if the nth term does approach zero, we cannot state posi- 
tively that the series is convergent. For, consider the harmonic series 


Here 


‘■'■i + i+i+ ' + n 

lim {Un) = lim (-) = 0 ; 


that is, condition (A) is fuffiiled. Yet we shall show in Art. 186 that 
the series is divergent. 

We shall now proceed to deduce special tests which, as a rule, are 
easier to apply than the above theorems. 

186. Comparison tests. In many cases it is easy to determine 
whethw or not a given series is convergent by comparing it term 
by term with another series whose character is known. 

Test for convergence. Let 

(1) Ml + Uj H- Ma H 

be a series of positive terms which it is desired to test for convergence. If 
a series of positive terms already known to be convergent, namely, 

( 2 ) <*i + 02 + <*3 + ' • 

eon be found whose terms are never less than the corresponding terms in 
the series ( 1 ) to be tested, then ( 1 ) is a convergent series and its value 
dbes wd exceed that of ( 2 ). 
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Proof. Let 
and 

and suppose that 


»n**tti + W2 + «8+- 
S* = Oi + 02 + 03 + ' 
lim S„ = A. 

n-* • 


+ ®i»» 


Then, since Sn< A and «„ g S„, 

it follows that »„ < A. Hence, by Theorem I, Art. 185, 8„ approaches 
a limit and the series (1) is convergent and its value is not greater 
than A. 


IU.USTRATIVE ExAifPLB 1. Test the series 


(3) 


1 + — + — + — + — + ' 
2» 3» 4« 6‘ 


Solution. Compare with the geometric series 

(4) ’ 

which is known to be convergent. The terms of (4) are never less than the corre- 
sponding terms of (3). Hence (3) also is convergent. 


Following a line of reasoning similar to that applied to (1) and (2), 
we may prove the 

Test for divergence. Let 

(5) Ml + M2 + «3 H 

be a series of positive terms to be tested, which are never less than the 
corresponding terms of a series of positive terms, namely, 

(6) 61 + 62 + 63 + • • •, 

known to be divergent. Then (5) is a divergent series. 


iLLt'STHLATivB EXAMPLE 2. Show that the harmonic series 

(7) 1 -h i + J + 1 + • • • 
is divergent. 

Solution. Rewrite (7) as below and compare with the series written under it* 
The square brackets are introduced to aid in the comparison. 

(8) 1 + i + [J il + [i + i + 1 -I- 11 + ti + • • • + Al + • • •• 

(9) i + i + [i + 11 + [i + J + i + il + [A + • • • + A] + • • •- 

We observe the following facta. The terms in (8) are never less than the 
corresponding terms in (9). 

But (9) is divergent. For the sum of the terms in each square bracket is 4* 
and Sn will increase indefinitely as n becomes infinite. 

Hence (8) is divergent. 

IlxiJSTRATtVB Examplb 8. Test the aeries 

1 . 1 , I . 1 . 
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Solution. This series is divergent, since its terms nre grester than the cor- 
responding terms of the harmonic series (7) which is divergent. 


The "p series,” 

(10) + + ^ + + ^ + 


is useful in applying the comparison test. 

Theorem. The p series is convergent when p > 1, and divergent fof 
other values of p. 


Proof. Rewrite (10) as below and compare with the series written 
under it. The square brackets are used to aid in the comparison. 


( 11 ) 1 + 
( 12 ) 1 + 






If p > 1, the terms in (12) are never less than the corresponding 
terms in (11). But, in (12), the sums within the brackets are 

= 1111 ^ 4 ^ 2 ^^ 1 . 

2p ‘ 2'’ 2** 2'’'** ' 4r>~4p 4>> 2^’’ 

I4. , 1 8 23 1 

gpi 8^ 2 ^” 

and so on. Hence, to test (12) for convergence, we may consider 
the series 

( 13 ) 1 + (^) + (^) + • • •• 


When p > 1, series (13) is a geometric series with the common 
ratio less than unity, and is therefore convergent. Therefore (10) is 
also convergent. When p = 1, series (10) is the harmonic series and 
is divergent. When p< 1, the» terms of series (10) will, after the 
first, be greater than the corresponding terms of the harmonic series ; 
hence (10) is now divergent. Q.S.D. 

IixusTKATivB Exahfuc 4. Show that the Berk* 

^ I 4 I ® .1. 2 ji , 

^ ^ 2-8-4 8-4-6 4-6-6'^^ ^ ^(»+l)(n+2)(n + 8)‘’’"' 

fa convergent. 

Solotton. In (14), u.<^. or 

Uiat k, I k lem than the general term of the p eerki when p^2. Hence the 
eeriea each of whoee terms k half the oorresponding term in (14) k convergent 
and therelare (14) ako k convergent* 
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PROBLEMS 


Test each of the follomng series. 


V25'*' 

2- r + • 

^ V2 

1 2* 3» “n 


"Vn»‘^ 

Vn 


_3_ + ^ + _A_ 

1 • 2 ^ 2 • 3 ^ 3 • 4 


2-3^3-4^4-5 

e 3 5 7 

2-3. 4^3-4. 5^4-6-6^ 

^ 1 I 1 1 . 1 

5 10 15 5 n 


3 , 

n(n + 1) 

ii5 + .... 

(n + l)(n + 2)^ 

2n + l 

(n + l)(n + 2)(n + 3) 


‘■M-l— ; 

4 lO 28 ■'■ ■ ■ 

10. 5 + — ^ + -Xz + 

3 V3 ^3 

11. - + - + — + ••• 

4 ^ 7^ 12 

12. i + i + — H 

2 ^ 8 26 




3" + l 


n» + 3 


3"- 1 


12 3 

13. — i 1- — = — + — - — + 

2-2-32-3-42-4-5 


2-2-3 2-3-4 ■ 2-4-5 2(n + l)(n -f 2) ' 

14. l + i + 4 + * + * + * + *^-•••- 

1a2.1»l»^. ' ..1,1 


Ans. Convergent. 


Divergent. 


Convergent. 

Convergent. 

Divergent. 

Convergent. 

Divergent. 

Divergent. 

Convergent. 


Divergent. 


Convergent. 


Convergent. 

Divergent. 

Convergent. 


16- j + i + J + T^ + 


■ log 2 log 3 log 4 

18- i + i + * + * + •■ 


187. Cauchy’s test-ratio test In the infinite geometric series 
a + or -f or=* + • • * + or'* + or"+‘ + • • 

the ratio of the consecutive general terms or" and or"+' is the com- 
mon ratio r. Moreover, we know that the series is convergent when 
I r I < 1 and divergent for other values. We now explain a ratio test 
which may be applied to any series. 
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Theorem. Let 

(1) + tta + M 3 + • • ' + + M»+i 4* • • • 

be an infinite series of positive terms. Consider consecutive general 
terms u. arid u» 4 .i, and form the test ratio. 

Test ratio = 

“« 

Find the limit of this test ratio when n becomes infinite. Let this be 


I. When p < 1, the series is convergent. 

11. When p> \,the series is divergent. 

III. When p = \,the test fails. 


Proof. I. When p < 1. By the definition of a limit (Art. 14) we 
can choose n so large, say n = m, that when n ^ m the ratio will 

n 

differ from p by as little as we please, and therefore be less than a 
proper fraction r. Hence 

Um^i<Umr; m„+ 2 < < u„r- ; 

and so on. Therefore, after the term u„, each term of the series (1) 
is less than the corresponding term of the geometric series 

(2) u„r + u„r^ + u„r^ + ■ • •• 


But since r < 1, the series (2), and therefore also the series (1), 
is convergent (Art. 186). 

II. When p > 1 (or p — oo). Following the same line of reasoning 
as in I, the series (1) may be shown to be divergent. 

III. When p = 1, the series may be either convergent or divergent ; 
that is, the test fails. For, consider the p series, namely. 


1 + 1 + 1 + 1 + 


I 1 I 1 

n'’ (n + l)*’ 


The test ratio is 

u„ 

and limf^^W 

»-«\ Un ! 



Hence p = 1, no matter what value p may have. But in Art. 186 
we showed that 

when p > 1, the series converges, and 
, when 1, the smdes diverges. 



SERIES 


84? 


Thus it appears that p can equal unity both for conver^nt and for 
divergent series. There are other tests to apply in cases like this, 
but the scope of our book does not admit of their consideration. 

For convergence it is not enough that the test ratio is less than 
unity for all values of n. This test requires that the limit of the test 
ratio shall be less than unity. For instance, in the harmonic series 
tlie test ratio is always less than unity. The limit, however, equals 
unity. 

The rejection of a group of terms at the beginning of a series 
will affect the value but not the existence of the limit. 

188. Alternating series. This is the name given to a series whose 
terms are alternately positive and negative. 

Theorem. 7/ mi — M 2 + U 3 — U 4 + • • • 

IS an alternating series in u'hich each term is numerically less than the 
one which precedes it, and if jjjjj u =0 

« -* 30 

then the series is convergent. 

Proof. WTien n is even, may be written in the two forms 

(1) Sn - («1 - «2) + (M 3 - It«) -f • • • + (M„_i - «„), 

(2) = U, - («2 - M 3 ) - u»_,) - U„. 

Each expression in parentheses is positive. Hence when n in- 
creases through even values, ( 1 ) shows that increases and ( 2 ) shows 
that Sn is always less than ui ; therefore, by Theorem I, Art. 185, 
Sn approaches a limit 1. But Sn+i also approaches this limit I, 
since .S’„ m = S„ + u„^i and lim = 0. Hence when n increases 
through all integral values, — * I and the series is convergent. 

lLt.u.sT!UTivT. EXAMPLE. Test the alternating series 1 — l + l + 

Solution. Each term is leas in numerical value than the preceding one, and u» - - • 

w 

Hence \\m («n) = 0, and the series is convergent. 

n 

An important consequence of the above proof is the statement : 

The error made by breaking a convergent aUemating series off at. any 
term does not exce&l numerically the value of the first of the terms discarded. 

Thua, the sum of ten terms in the above Illustrative Example is 0.646, and the 
value of the aeries differs from this by less than one eleventh. 

In the above statement it is assumed, however, that the series has 
been carried far enough so that tiie terms are decreasing numerically. 
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189. Absolute convergence. A smes is said to be absohUely or un- 
conditionally convergent when the series formed from it by making 
all its terms positive is convergent. Other convergent series are said 
to be conditionally convergent. 

For example, the series + + ^ 


is absoluiety convergent, since the series (3), Art. 186, is convergent. 
The alternating series 



3 4 5 


is conditionally convergent, since the harmonic series is divergent. 

A series icith some positive and some negative terms is convergent ij 
the series deduced from it by making all the signs positive is convergent. 

The proof of this theorem is omitted. 

190. Summary. Assuming that the test-ratio test of Art. 187 holds 
without placing any restriction on the signs of the terms, we may sum- 
marize our results in the following 

General directions for testing the series 

Ul Uj -f- Us -f- U4 Un ■+■ Un+l -f- • * ’. 


When it is an alternating series whose terms never increase in numer- 
ical value, and if jj^ = 0 

then the series is convergent. 

In any series in which the above conditions are not satisfied, we deter- 
mine the form of u« and u,+i, form the test ratio, and calculate 
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I. When 1 p I < 1 , the series is absolutely convergerU. 

II. When \ p \ > \, the series is divergent. 

III. When i p \ = 1, the test fails, and we compare the series with 

some series which we know to be convergent, as 

a + ar + or* -f or* (r < 1) (geometric series) 

l + i + ^ + i + (P 


or compare the given series with some series which is known to be 
divergent, as *111 


2 3 4 

1 +^+^+^+ 


(harmonic series) 


(P<1) 


(p series) 
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ILLUSTRATIVB EXAMPLES 1. Teat the series 

1 . 1 . 1 . 1 


‘ + (T + g + (l + (i + "- 


Solution. Here 


ttn=i 

Hati: 

Un 




|n~l 


li" 


1 

n* 


1 


p = lim - = 0, 

n -'•00 W 

and the series is convergent. 

Illustrative Example 2. Test the series 

ti 12 [3 

Jbr -f ±=z. ^ Jr=. ^ . 
10 10* 10^ 


Solution. Here 


Ls 


|n + l 


10"’ 10""^* 
«... ^[lL±i.^^!L±l. 

M, 10"** 12 

P - Hm ^^ = oo, 

n >♦ oc 10 

and the series is divergent. 

Illustrative Example 3. Test the series 

111 

l*2'^3>4'^5-6 


Solution. Here u„ 


1 


(2n-l)2n' ~ (2 n + 1)(2 n + 2)' 

Un^i _ (2 n — 1)2 n _ 4 n* ~ 2 n 

■” (2 n -f 1)(2 n -f 2) ~ 4 n* + 6 n -f 2‘ 

4 n* - 2 n 


1 


lini ^ ^ 

n-.ac4n*4'6?i-h2 


= 1 . 


by the rule in Art. 18. Hence the test-ratio test fails. 

But if we compare the given series with the p series, when p = 2, namdy, 

we see that it must be convergent, since ita terms are leas than the correspondins 
temu of this p series, which was proved convergent. 


PROBLEMS 

Test each of the following series. 


An$. Convergent. 


Convergent^ 
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+ 

'*•2 2 - 2 * 

A I 4 .JL 24 .L 
3 ■'■ 3 -5 ■*■3 

5 i + Lll + l 


8 14 . 1-2 .1 

®’i+r:3+r 


3-2* 

2- 3 
5*7 

3- 5 


8 * 

4-2< 


4-7 

2-3^1 


l 2 


3-6-7 

1-3-5 


1.4.7 
.2.3.4 , 


( 2 n + l) 

( 2 «-l) 


(3 n - 2) 


3-5 ' 1 . 3.5 


7 . § + §!+5! + §!+.... 

8 . Uil + i + !4 + .... 

9 9’ 9® 9« 

B 1 4 . 1 4 . 1 4. 1 4. 

■ 3 ^ 3* ^ 3» ^ 3< 

,0 1 . 212 . 2^3 , 2^1i . 

13. - + — 
3 3 


Am, Divergent. 
Convergent. 
Convergent. 
Convergent. 
Convergent. 


11 

4 • 3 5 . 3 * 6 . 3 S 7 . 3 « 


Divergent. 

1 


12 . I + ^ ^ + 

0 5“* 5^ D® 


.3 + L 

6 3 


3 . 5.7 

6-9 ■ 3 . 6 . 9.12 




191. Power series. A series whose terms are monomials in ascend- 
ing positive integral powers of a variable, say x, of the form 

(1) Oo -1- aix + 02 Z* 4 . 03 l 3 + • ■ 

where the coefficients oo, 01 , 02 , • • ■ are independent of x, is called a 
power series in x. Such series are of prime importance in the study of 
calculus. 

A power series in x may converge for all values of x, or for no value 
except X = 0 ; or it may converge for some value.s of x different from 
0 and be divergent for other values. 

We shall examine (1) only for the case when the coefficients are 
such that 

lim 

m ■*«& 

where L is a definite number. To see the reason for this, form the 
test ratio (Art. 187) for ( 1 ), omitting the first term. Then we have 

H iiiMiin fcwiMsi 

Un a,x" o. 

Hence tor any fixed value of x, 

p as lim x) *s a: lim /2a±i\ -a 
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We have two cases : 

I. If L = 0, the series (1) will converge for all values of x, since 

p = 0. 

II. If L is not zero, the series will converge when xH= p) is nu- 
merically less than 1, that is, when x lies in the interval 

and will diverge for values of x outside this interval. 

The end points of the interval, called the interval of convergence, 
must be examined separately. In any given series the test ratio 
should be formed and the interval of convergence determined by 
Art. 187. 

iLLi sTHATivE EXAMPLE 1. Find the interval of convergence for the series 
/„ ■r* , *•’ X* 

Solution. The test ratio here ia 


Un^l 

Un 


(n -f 1) 


X. Also, lim 




n X (H -f 1)* 


= 1, 


by Art. 18. Hence? p = - x, and the series converges when x is numerically leas 
than 1 and diverges when x is numerically greater than 1. 

Now examine the end points. Substituting x = 1 in (2), we get 


1 . 1 


1 


22 42 ^ 

which is an alternating serif’® that converges. 
Substituting x = - 1 in (2), we get 


~ 1 


± 
' 22 


1 1 


which is convergent by comparison with the p series (p > 1). 

7’he series in the above example has [— 1, 1] as the inlerral of convergence. This 
may be written — 1 s x ss 1, or indicated graphically as follows: 


jT -1 0 1 5 * 

Illuotrative Example 2. Determine the interval of convergence for the series 

*3 ^4 2*3 n ^ a 

Solution. Omitting the first term, the test ratio is 

K..I ^ - - 1 

U, 


:X* = - 


x». 




|2n>f2 ’" (2n-fl)(2n4'2)' 

0. Hence the series converges for all valuoKrf a; 
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PROBLEMS 

For what values of the variable are the following Graphieai repreteniatiom 
series convergent? intertaU of contergeneo* 

1 . 1 + X + X* + a:* + • • •• Arts. — 1 < x < 1 . 





-l 0 -n 




Arts. All values of 0. 




1- 3 

2- 4 


j* 1 • 3 • 5 T-i 
5 2 • 4 • 6 ■ 7 

Arts. — 1 ^ X ^ 1. 



9 . x-f 2 x* 4 ' 3 x^-f 4 x^-f'***. 

Arts, — 1 < X < 1. 


- 1 ^x gl. 

.. X X* X» X* 

1-2 2 2 * ' 3 2 * A - 2 *^’ ' 

- 2 < X g 2 . 

19 3 x* . 4 x« . 

12 , x+ ^ +•••. 

All values. 

,, , , X* , l* 3 x« , 1 . 8 - 5 X* , 
'*’^'^ 2 - 2 *'*‘ 2 - 4 - 2 «'*' 2 . 4 - 6 - 2 «'^"'' 

- 2 < X < 2 . 

■1 M 1 Clf^UC^ 1 fl®X® g 1 fl**X** , f ^ fW 

**• 2 + — + 10 + - + ,"+l+ -- 

-i :£x <:i' 

a — — ^ 


* End peinta that sr« not indudod in the interval of eonverseneo have eirdea drawn 
ahonttiMsk 
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16. l + - + ^ + ^ + --'. (a>0) 

o 2 o* 3 o® 

, , 2®x , 3*x» , 4»x» , 

17. 1 + + .l£i. + _i£L + . . .. 

3 2 • 3® 2* • 3® 2» • 3^ 


Aru. — a ^ X < a. 


All values. 

- 6 < X < 6. 


18. X + 4 I® + 9 X® + 16 x* + 


19. 4. ..llL. 4. 3 x?-- + ^ . + 

< €->*rv<a o j* rti a ir • 


1-2 2.2-3 2®.3.4 2® .4.5 


1 X x^ x^ 

20. 4- J 4- ^ 4- ^ -f • • 

^ u 4 0 

10 X , 100 X* , 1000 X® . 

*'• — + -jr “1- 


22 1 - — 4. ^ + 

10^ 100 1000 

23. X + ^ ^ ^ 

6 O i 


24. 1 


2* ■*■ 42 6* 


192. The binomial series. This important series is 


( 1 ) 


1 + SiS^ ^2 ■!■ - 1K» - 2> + 


^ m{m - l)(w - 2) • • • (ffl - n -h 1) ^ . 

[re 

where rei is a constant 

If m is a positive integer, (1) is a finite series of m + 1 terms, since 
all terms following that containing x" have the factor m — m in the 
numerator and vanish. In this case (1) is the result obtained by 
raising 1 + x to the reith power. If m is not a positive integer, the 
series is an infinite series. 

Now test (1) for convergence. We have 


Un 


mjm — l)(ret — 2) • • • (rw — re -h 2) „_j, 


1.2.3..(n-l) 

and M , - - 2) • • • (m - re + 2)(m - n d- 1) 

anati,+.- 1 . 2 • 3 • • • (re- l)n ** 

Hence ^ = ("Lll _ i)^. 

Then, since lim - — l)= — 1, we see that p = — i, 
re / 


and the series is convergent if x is numerically less than 1, and di- 
vergent when X b numerically greater than 1. 
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Maclaurm's Series, Art. 194, implies the following statement. 

Assuming that m is not a positive integer and that |il < 1, the 
value of the binomial series is precisely the value of (1 + *)". That is, 

(2) (1 H- X)” = 1 + mz + + • • •• (|xl<l) 

If m is a positive integer, tfte series is finite and equals the value 
of the left-hand member for all values of ar. 

Equation (2) expresses the special binomial theorem. We may also 
write 

(3) (a -f 6)" = o^Cl + x)", if X = 

Thus the left-hand member of (3) may also be expressed as a 
power series. 

Examples of approximate computation by the binomial series are 
given below. 

IlXVSTRATI\'E Example. Find % 630 approximately, using the binomial series. 

Solution. The perfect square nearest to 630 Ls 625. Hence we write 
= V 625 + 5 = 25(1 + lb)'- 

Now write out (2) with m = The result is 

(1 + x)i = 1 + 4 X - i X’ + ^« X’ ~ , b x' + • • •. 

In this example, ^ J 5 = 0.008. Hence 

(1 + t b)* = 1 - 0.000008 + 0.000000ftl2 + • • •, 

(4) 25(1 + ^b)* = 26 + 0.1 - 0.0002 + 0.0000008 = 26.099801 (to the nearest 
figure in the sixth decimal place). Am, 

The aeriee in (4) \s an alternating series, and the error in the answer is \em 
than 0.0000008. 

193e Another type of power series. We shall frequently use series 
of the form 

(1) ■ ha -f 6i(x - o) + hix - 0)2 -f h 6n(x - o)" H 

in which a and the coefficients 6o, 6|, • • •, bn, ■ • • are constants. 
Such a series is called a power series in (x — a). 

Let us apply the test-ratio test to (b, as in Art. 191. Then, if 

lim = Af, 

S-w M Or 
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we shall have, for any fixed value of x, 


m 


p = Hm = (x — a)M. 

n -* 00 Un 

We have two cases : 

I. If M — 0, series (1) is convergent for all values of *. 

II. If M is not zero, series (1) will converge for the interval 

A convergent power series in x is adapted for computation when x 
is near zero. Series (1), if convergent, is useful when x is near the 
fixed value a, given in advance. 


for 


Illi strativk Example. Test the infinite series 


convergence. 

Solution. Neglecting the first term, we have 


•f ••• 


Abo, 


Un 4- I 

Un 


n 

n -f 1 


(X ^ 1). 



Hence I pi = |x ~ 1 1 , and the series will converge when x lies between 0 and 2. 
The end point x = 2 may be included. 


PROBLEMS 

1. Using the binomial series, show that 

= 1 - X + - x3 + • • 

1 -h X 

Verify the answer by direct division. 


Using the binomial series, find approximately the values of the loi- 


lowing numbers. 




2. V98. 

8. 

8.-^. 

11. 

\25 

3.V^. 

6.-1.. 

412 


12. */Il. 

\125 

4. ^680. 

7 -I-. 

V4l2 

10- -st- 

V30 

18. M. 
\16 
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For what values of the variable are the following series convergent? 


14 . (1 + 1)- ^^'^^^’ + ^*'^*^* - Am. -2<iS0. 


y/2 Vs V4 

l± 12 

17. 1 + (7 - 2) + 


0 ^ X < 2. 

All values. 


18. 1-2(2x-3) + 3(2x-3)»-4(2j-3)3-|-.. 


19 . 


x-3 

1-3 


+ 


(x - zy (x - 3)» (X - 3)« 
2-3* 3-3» 4-3* 



CHAPTER XX 

EXPANSION OF FUNCTIONS 


194. Maclaurin's series. In this chapter the question of represent- 
ing a function by a power series, or, otherwise expressed, developing 
(expanding) the function in a power series, will be discussed. 

A convergent power series in x is obviously a function of x for all 
values in the interval of convergence. Thus we may write 

(1) /(x) - do + aix ->r a<jx2 H [■ H . 

If, then, a function is represented by a power series, what must be 
the form of the coefficients oo, Oi, • • •, a„, etc.? To answer this ques- 
tion we proceed thus ; 

Set X = 0 in (1). Then we must have 

(2) m = 00. 

Hence the first coefficient no in (1) is determined. Now assume that 
the series in (1) may be differentiated term by term, and that this 
differentiation may be continued. Then we shall have 


(3) 


f'(^) = ni + 2 a>x 4 - 3 oax^ + • • • + nanX’^~' + • • • 

, /"(j) = 2 ohj + 6 03X 4 1- n(n — l)a„x"~3 4 

./'"(*) = 6 03 4- • • • 4- n(n — l)(n — 2 )OnX"“* 4- • . . 


etc. 

Letting x = 0, the results are 

(4) /'(0)=o,. /"(0)=l2o2, r'(0)=l3a3, •••, /<"’(0) = (no,. 


Solving (4) for oi, 02 , • • •, a,,, etc., and substituting in (1), weobtain 


iA) /(x)=/(0)4-/'(0)^4-/"(0)|4-- 


• +/<">(0)g4- • • •. 


This formula expresses /(x) as a power series. We say, "the function 
/(x) is developed (or expanded) in a power series in x.” This is 
Maclaurin’s series (or formula).* 


* Nam«d afUr Colin Madaurin (i69S~i746), and firat published in hia ''Treatiae ol 
Mttxioni*' (Edinburgh, 1742). The aeriea it rnUly due to Stilling (iS92~1770). 

8t7 
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It is now necessary to examine (A) critically. For this purpose 
refer to (G), Art 124, and rewrite it, letting o = 0, 6 = x. The result is 

(6) /(X) »/(0) +/'(0) |+/"(0) 1+ • • • +/<»-•> (0) jg + R, 


where 




(0 < xi < x) 


The term R is called the remainder aSter n terms. The right-hand 
memba* of (5) agrees with Maclaurin's series (A) up to n terms. If 
we denote this sum by Sn, then (5) is 


/(x) = Sn+ R, or /(x) - S„ = R. 

Now, assume that, for a fixed value x = xo, R approaches zero as a 
limit when n becomes infinite. Then will approach /^Xo) as a limit 
(Art. 14). That is, Maclaiuin’s series (A) will converge for x = x^ 
and its value is /(xo). Thus we have the following result : 


Theorem. In order that the series (A) shottld converge and represent 
the function f(x) it is necessary and sufficient that 

(6) lim R = 0. 


It is usually easier to determine the interv’al of convergence (as 
in the preceding chapter) than that for which (6) holds. But in 
simpie cases the two are identical. 

To represent a function /(x) by the power series (A), it i.s obviously 
necessary that the function and its derivatives of all orders should be 
finite. This is, however, not sufficient. 

Examples of functions that cannot be represented by a Maclaurin's 
series are 

In X and ctn x, 

since both become infinite when x is zero. 

The student should not fail to note the importance of such an 
expanrion as (A). In all practical computations results correct to a 
certain ntunber of decimal places are sought, and since the process 
in question replaces a function perhaps difficult to calculate by an 
ordinary polynomial with constant coefficients, it is very useful in sim- 
plifying such computations. Of course we must use terms enough to 
ipve the desired degree of accuracy. 

In the case of an alternating series (Art. 188) the csror made by 
stof^ping at any terpi is numerically less than that term. 
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IIXUSTRATIVK EXAMPLE 1. Expand cos X into an infinite power seriea and de- 
termine for what values of x it converges. 

Solution. Differentiating first and then placing x = 0, we get 


/(x) = cos X. 
/'(x) = - sin X, 
fix) = - COB X, 
fix) = sin X, 
fix) = cos X, 
/»(x) = — sin X, 
fix) = — cos X, 
etc.. 

Substituting in (d), 

(7) 


m = 1 . 
/'( 0 )= 0 , 
/"(O) = - 1, 
/'"( 0 )= 0 , 
fmo) = 1 , 
/’( 0 )= 0 , 
fiO) = - 1, 
etc. 


^ I2^li ‘ 

Comparing with Problem 6, Art. 191, we see that the series converges for all 
values of x. 

In the same way for sin x, 


( 8 ) 




which converges for all values of x (Problem 7, Art. 191). 

In (7) and (8) it is not difficult to show that the remainder R approaches aero 
as a limit as n becomes infinite, when x has any fixed value. Consider (7). Here we 
may write the nth derivative in riie form 


Hence 


/(-'(x) = cos^x + y)' 


Now cos ^Xi + ^ ^ never exceeds 1 in numerical value. Also, the second factor 
of K is the nth term of the series 

X* X^ X* 

which is convergent for all values of x. Therefore it approaches sero as n becomes 
infinite (see (A), Art. 185), Hence (6) holds. 

From the above example we see that 

lim ^ = 0. 

Also, on the page preceding, we had 


In 


(0 < afi < x) 


Hence lim /2 0 if P*^ixi) remains finite when n becomes infinite. 
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Illustrative Example 2. Using the series (8) found in the last example, cal- 
culate sin 1 correct to four decimal places. 

Solution. Here x = 1 radian ; that is, the angle is expressed in circular measure. 
Therefore, substituting x = 1 in (8) of the last example. 


sin 1 = 1 


i + i_i + i, 

13^15 11^19 


Summing up the positive and negative terms separately, 


1 = 1.00000 • • • 


i = 0.00833 • ■ • 

l2 

1.00833 • • ■ 


4 = 0.16667 • • • 

4 ; = 0.00020 • • • 

\1 

0.16687 ■ ■ • 


Hence . sin 1 = 1.00833 - 0.16687 = 0.84146 • • •. 

which is correct to five decimal places, since the error made must be less than ~ ; 

I? 

that is, less than 0.000003. Obviously the value of sin 1 may be calculated to any 
desired degree of accuracy by simply including a sufficient numl>er of additional 
terms. 

PROBLEMS 

Verify the following expansions of functions by Maclaurin's .series and 
determine for what values of the variable they are convergent. 

rn I 


1. ^ = l + x + | + | + ... 

2. sin X = X — — -f- .-T 4- 

Ll 12 


In - 1 




1 j-ln 


3. !n(l4'X)=x — — 

4.1n(l-x) = -i-77- — - — - • 


(- D" 


n 


All values. 
All values. 


I • 1 • 3 • 

5. arc sin X = X -f - — - 4* — — ■: — - 4- • • 
i • o c • A • b 


1 • 3 


f2 n - 3)x2" ‘ 


2-4 


(2n-2)(2n-~ 1) 

( 1 \n I 1 

6. tact&nx = r-j + ~ + 


-l^x<V 


Am. All values. 


8.1n(a + x) = Ina + ±-^, + 3^. 

; (n-l)o— ‘ 


— a < X ^o* 
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Verify the following expansions. 
9.tanx = x + j+^ + ^ + 
<A .. _ 1 L 5 ^ 1 61 X* , 

10 . sec X - 1 + 2 + 24 + 720 ‘ 




12. tan 


to 1 ^ 

13. arc tan - = — 

X 2 


l + 2x + 2x* + ^ + 


*+3 -T+ 


/|i.2 yA yA 

14. J(.^ + e-) = l+|+- + -+. 

X* . Ox* 


15. In (x + Vl + X- ) = X — ^ + 


Hi 15 


16. In cos X = 


2 12 45 


Find three terms of the expansion in powers of x of each of the fol- 
lowing functions. 


17. cos (x - 

18. sin (x -f 1). 


19. 

20. 


Compute the values of the following functions by substituting di- 
rectly in the equivalent power series, taking terms enough to make the 
results agree with those given below. 

21. 6 = 2.7182---. 


Solution. Let x = I in the series of Problem 1 ; then 




First term = 1 .00000 
Second term = 1. 00000 
Third term = 0.50000 
Fourth term == 0.16667 • • • 

Fifth term = 0.04167 • • • 

Sixth term = 0.00833 • • * 
Seventh term = 0.00139 • • • 
Eighth term = 0.00020 * • •, etc. 

Adding, e = 2.71826 • • • Ana, 


(Dividing third terra by 3.) 
(Dividing fourth term by 4.) 
(Dividing fifth term by 5.) 
(Dividing sixth term by 6.) 
(Dividing seventh term by 7.) 


28. arc tan (J) = 0,1978 • • • ; use series in Problem 6. 

83« cos I 0.5403 • • • ; use series in (7), Illustrative Example 1, 
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24. cos 10* = 0.9848 • • • ; use aeries in (7), Illustrative Example 1. 

88. sin 0.1 = 0.0998 • • • ; use aeries in Problem 2. 

20. arc sin 1 = 1.6708 • • • ; use aeries in Problem 6. 

27. ain 4 = 0.7071 • • • ; use series in Problem 2. 

28. sin 0.5 = 0.4794 • • • ; use aeries in Problem 2. 

02 03 

29. e» = 1 + 2 + ^ + + • • • = 7.3890. 

L“ 12 

80. V^ = l + |+g||+^+.-. = 1.6487. 

195. Operations with infinite series. One can carry out many of the 
operations of algebra and the calculus with convergent series just as 
one can with polynomials. The following statements are given with- 
out proof. 

Let do + Oix -f 02 x 2 + • • • + o.x'* + • • • 

and bo 6jx -f- b-jx^ • • • "I" hnX" -{-••• 

be convergent power series. Then we obtain new convergent power 
series from them as follows : 


1. By adding (or subtracting) term by term. 

(oo ± fto) + (oi ± 6i)a; H + (o- ± bjx’' H . 

2. By multiplication and grouping terms. 

adbo + {oobi -f- aibo)x -j- (oob'j + Oi6i + azho)!' + • • •. 


ItXUSTRATtVE EXAMPLE 1. C<»nputatum oj logarilhmg. From the series (Prob- 
leoas 3 and 4, Art. 194) 

In (1 + x) = * - J + J x’ - 1 j:‘ + • • •, 

In (1 - x) = - X - J X’ - J x'^ - i x* - ■ 
we obtain, by Bubtraction of corresponding terms, and using (2), Art. 1 , the new series 

( 1 ) ln|-±^ = 2(x + ix’ + ix» + M' + •••). 

I — X 

Thia series converges when ! x | < L 

To transform (1) Into a form better adapted to computation, let be a positive 
number. Then, If we set 

(o\ X =: ^ , whence i-i-5 ss , 

then I X i < 1 for all values of Substituting in (1), we get the formula 

(8) In (N + 1) = In ^ 4-2 [g + l + § (2 N + 1)* 6 (2 AT + ' ]’ 
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This series converges for all positive values of N, and Is well adapted to com- 
putation. For example, let AT = 1. Then 

ln(iV + 1) =ln2, 2 iV -f 1 3 ‘ 

Substituting in (3), the result is In 2 = 0.69316* 

Placing N = 2 in (3), we get 

It is only necessary to compute the logarithms of prime numbers in this way, 
the logarithms of composite numbers being then found by using formulas (2), 
Art. 1 . Thus. In 8 = In 2^ = 3 In 2 = 2*07944 • • *, 

In 6= In 3 -fin 2 = 1.79176 • ► •* 


All the above arc NapieriaUt or natural, logarithms, that is, the base is 
€ = 2.71828 • • •. If we wish to find Briggses, or common, logarithms, where the base 
10 is employed, all we need to do is to change the base by means of the formula 


Thus, 


log n = 


log 2 = 


In 2 ^ 
In 10 


In n 
In 10 
0.69315 
2.30258 


0.3010 • • •. 


In the actual computation of a table of logarithms only a few of the tabulated 
values are calculated from series, all the rest being found by employing theorems 
in the theory of logarithms and various ingenious devices designed for the purpose 
of saving work. 


Illustrative Example 2. Find the power series for e* sin x. 

Solution. From the series 

sin X = X — ~ 4- • Problem 2, Art. 194 

and Problem 1, Art. 194 

we obtain, by multiplication, 

e' sin X = X <f X* + ^ ^ 4* terms in x® etc. Ans* 

3 30 

3. By division, A special case is shown in the example below. 


Illustrative Exampi*b 3. Find the series for secx from the series for cosx 
(see (7). Art. 194). 

(4) 


cos X : 


^ 12^(4 16 ^ 


1 


Solution* From the formula sec x = — - — » we see that we have to carry through 

cos X 

the division of I by the series (4). This is best done as follows. 

Write (4) in the form cos x = 1 ~ where 


( 6 ) 

Then 

(6) 


* 2 24 720 


secx = 


1 - X 


= l4-«4' «* + «*+* 


if I f I < 1 (Piroblem I, Art* 198). 
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From (5), w« have the seriea 


** = V “ It + tenns of higher degree, 
4 Z4 


Substituting in (6), the result is 


sec X - 1 + i jf> + 2^ ** + ■ 


PROBLEMS 


Given In 2 = 0.69315, In 3 = 1.09861, calculate the following natural 
logarithms by the method of the example above. 


1, In 5 = 1.60944. 

2. In 7 = 1.94591. 


3. In 11 = 2.39790. 

4. In 13 = 2.56495. 


Work out the following aeries. 

5. e-‘ cos < = 1 - / + i f* - i ri + • • •. 


'1 - X* 


l-^x^ + 


10. c* tan x = x + x* + |x* + ,^x* + -*-, 

11. sec x = l — 

o d 

- 1 IQ*; 

12. « z an 2 f = 2 < - ^ + I + • • •• 

13. (l+x)coeV; = l + |x-|ix» + ^x*-gi|jX 

14. (1 + 2 1) arc sin X = X + 2 X* + ^ r’ + I X* 4 . 

b a 

18. Vl — X arc tan x = x — ^x* — ^x* + ^x* + -'n 

d d^ 4o 


la Vl - tan X = 1 




2^-8*' 


ti-xi — 

48 ^ 384 ^ 
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17. Vaecx = l + |x* + ^a:* + **'. 

18. =:a:-|x» + ^x»-||x« + .... 

1 + sin X 2 6 12 

V5^ 2^16 ^256 ^6144^^ 


19. 


20. V4 + sin = 2 + 70 -^ 
4 o4 


61 

1536' 


For the following functions find all terms of the series which involve 
powers of x less than x*. 


21. e s sin X. 

22. e* cos J Vx. 


23. 


sin X 
cos 2 X 


24. V3 + e ^ 

25. llllL±ji, 

VI + X 

26. V5 — C 08 X. 


196. Differentiation and integration of power series. A convergent 
power series 

(1) oo + oix 4- a 2 X^ + asr® + 1- a„x" H 

may be differentiated term by term for any value of x within the 
interval of convergence, and the resulting series is also convergent. 
For example, from the series 


sin I = X 





we obtain, by differentiation, the new series 


cos X 


= 1 - 



+ •••. 


Both series converge for ail values of x (see Problems 6 and 7, 
Art. 191). 

Again, the series (1) may be integrated term by term if the limits 
lie within the interval of convergence, and the resulting series will 
converge. 


Illustrative Exauplb 1. Find the series for In (1 + x) by intt-gration. 

Solution. Since in (1 + x) = — 4 — » we have 
ax 1 4- X 




a/o I *f 




—1— sl-.x-t-x*-x*+x«-*>v 
J ■T* X 
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when ix|< 1 (Art 192). Substituting in (2) and integrating the right-hand 
member term by terra, we obtain the result 

In (1 4- x) = X - I -f I X* - } -h • • 

This series also converges when lr| < 1 (see Problem 2, Art. 191). 


Illustrative Example 2. Find the power series for arc sin x by integration. 
d 1 

Solution. Since -r* arc sin x = — rrrzr— » we have 
dx V I _ 


(3) 


arc sin x 


-i: 



(x> < 1) 


By the binomial series ((2), Art. 192), letting m = — and replacing x by 
we have 


VI - x» 




-X* -f 


135 

2-4*6 


x« 4- 




This series converges when [xj < 1. Substituting in (3) and integrating terra by 
terra, we get 


arc sin x 


lx* 

^"^23*^ 


1 ♦ 3 r* 
2*4 6 '^ 


1 ■ 3 ♦ 0 X‘ 
2-467 


Ans. 


This series converges also when jx] < 1 (see Problem 8, Art. 191). 

By this series, the value of r is readily computed. For, since the series con- 
verges for values of x between — 1 and 4- 1, we may let x = |. giving 


or 


T 

6 


1 + 2 


1 1/iy 1-3 in » 

2 3\2/ ■^2-4 5\2/ 


3.1415' 


Evidently we might have used the series of Problem 6, Art. 194, in.stead. Both 
of these series converge rather slowly, but there are other series, found by more 
elaborate methods, by means of which the correct value of t to a large number of 
decimal places may easily be calculated. 


Illustrative; Example 3. Using series, find approximately the value of 
fdn x*d!x. 

Solution. Let z = x*. Then 

»inx = 2~g4'g~'*% Problem 2, Art 194 


Hence 


and 


“L3 42 ^1320 Jo 


dx, approximately, 

= 0il333 - 0.0238 + 0.0008 


«0J108. Alia. 
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PROBLEMS 

1. Find the series for arc tan x by integration. 

2. Find the series for In (1 — i) by integration. 

3. Find the series for sec* * by differentiating the series for tan x. 

4. Find the series for In cos x by integrating the series for tan x. 


Using series, find approximately the values of the following integrals. 


, r^coaxdx 4 

6. 1 

Jo 1 -f“ X 

0.3914. 

Am. 0.0295. 

Jo cos X 

^ r^Binxdx 
*Jo 1 — X 

0.185. 

10. f dr. 

Jo 

rh 

7.1 €'ln(l4-x)dx. 
do 

0.0628. 

IL r In (l -f Vx) dx. 

Jo 

•■J, Vl-^‘' 

0.4815. 

1 

12. r e* sin Vx dr. 

Jo 

13. f V4 - r* rix. 

Jo 

14. I e * 
Jo 

cos Vx dx. 15. 1 V2 — sin X dx. 

Jq 


197. Approximate formulas derived from Maclaurin’s series. By 
using a few terms of the power series by which a function is repre- 
sent^, we obtain for the function an approximate formula which 
possesses some degree of accuracy. Such approximate formulas are 
widely used in applied mathematics. 

For example, taking the binomial series ((2), Art. 192), we may 
write down at once the following approximate formulas. 

First approTimntion Second approximation 

(l + i)" = l + ttn = 1 + mx + ^ m(rn — l)x^ ; 

,, / ■ = 1 — mx = 1 — n»(m — l)z*. 

(1 + x)” 

In these |x| is small and m is positive. 

Again, consider the sine series 

x^ 

(1) sin X = I — g -f- g 

Then 

(2) sin X = X, 

(3) fflnx = x-^» 
etc. 

are approximate formulas. Let us exauiine the first 
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In the series in (1), assume values of x such that the terms de- 
crease. If the first term only is retained, the value of the remaining 
series is numerically less than its first term | (Art. 188). That is, 

sin a: = Of, with lerror|< x^). 

We may inquire. For what range of values of x will (2) hold to three 
decimal places? Then 

I i x3| < 0.0006, 

that is, Ix|< v'0.003 < 0.1443 rad. 

We then conclude that formula (2) is correct to three decimal places 
for values of x between — 0.1443 and + 0.1443, or, in degrees, for 
values between — 8®.2 and + 8°.2. 


PROBLEMS 

1. How accurate is the approximate formula sin x = x — — when 

(a)x = 30^? (b)x = 60^? (c)x = 90°? ^ 

Arts, (a) Error < 0.00033; (b) error < 0.01 ; (c) error < 0.08. 

2. How accurate is the approximate formula cos x = 1 — j when 

(a)x = 30°? (b)x=60'’? (c)x = 90°? " 

A»a. (a) Error < 0.0032; (b) error < 0.05; (c) error < 0.25. 

3. How accurate is the approximate formula c = 1 — x when 
(a) I = 0.1? (b)x = 0.5? 

4 . How accurate is the approximate formula arc tan x = x — ^ when 

(a) J = 0.1? (b) x = 0.5? (c) x=: 1? ^ 

Am. (a) Error < 0.000002 ; (b) error < 0.006; (c) error < 0.2. 

X^ x^ 

5. How many terms of the series 8inx = x — r^-fiTr — ••• must be 
taken to give sin 45® correct to five decimals? I— ^ Ans, Four. 

6. How many terms of the series cos x=l — r^ + rj — ••• must be 
taken to give cos 60° correct to five decimals? ■— L_ 

7. How many terms of the series In (1 -f x) = x — — -h ~ • must 

be taken to give log 1.2 correct to five decimals? Am. Six. 


Verify the following approximate formulas : 


a sin X . , 

S. = X + X*. 


C08X 


10. e^'^cos ® = 1 — ^ + 




ll.J*C08 y/xdx ‘ 




12./.-^d. = C + x-f + g. 

14. arc dn xdx = ^ ^ 

U.f(fdB0d0 = C + j + j- 
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198 . Taylor’s series. A convergent power series in x is well adapted 
for calculating the value of the function which it represents for smaU 
values of x (near zero). We now derive an expansion in powers of 
X — o (see Art. 193), where o is a fixed number. The series thus 
obtained is adapted for calculation of the function represented by it 
for values of x near o. 

Assume that 


( 1 ) /(x) = bo + hiix-a) + 62 (x - o)^ ^ 1- 6„(x - o)" H , 

and that the series represents the function. The necessary form of 
the coefficients 6o, bi, etc. is obtained as in Art. 194. That is, we dif- 
ferentiate (1) with respect to i, assiuning that this is possible, and 
continue the process. Thus we have 


/'(x) = + 2 — a) -f- • • • + nb„(x — a)" 

fix)- 2 62 -I -f-n(n- n 6 „(i-c)’'- 2 -l , 


etc. 

Substituting x = c in these equations and in ( 1 ), and solving for 
bo, bi, 62 , • • •, we obtain 


bo=fia). 6, =/'(«), &2 




n 


Replacing these values in ( 1 ), the result is 

(B) fix) = /(a) + f'ia) fia) + • • • 

+ /<n)(a) L^ ... ~ . ?) .-4. .... 

The series is called Taylm's series (or formula).* 

Let us now examine (B) critically. Referring to (G), Art. 124, and 
letting 6 = X, the result may be written thus ; 


where 


( 2 ) fix) = fia) +ria) -h • . . ia) + R, 

(a < Xi< x) 


n 


The term R is called the remainder after n terms. 

Now the series in the right-hand member of ( 2 ) agrees with 
Taylor’s series (B) up to n taros. Denote the sum of these terms 
by Sn. Then, from ( 2 ), we have 


f{x)=^Sn + R, or /(x)-S, = R. 


^PubHiihed by Dr. Brook Taylor (1685-1781) in hk ''Methodua Incrementorum * 
(London. 171 
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Now assume that, for a fixed value x = xo, the remainder R ap- 
proaches zero as a limit when n becomes infinite. Then 

(3) limS„=/(xo), 

ft-* 00 

and (B) converges for x = xo and its value is /(x©). 

Theorem. The infinite series (B) represents the function for those 
vodues of X, and those only, for which the remainder approaches zero as 
the number of terms increases without limit. 

If the series converge for values of x for which the remainder does 
not approach zero as n increases without limit, then for such values 
of X ^e series does not represent the function /(x). 

It is usually easier to determine the interv^al of convergence of the 
series than that for which the remainder approaches zero; but in 
simple cases the two inter\'als are identical. 

When the values of a function and its successive derivatives are 
known and finite for some fixed value of the variable, as x = a, then 
(B) is used for finding the value of the function for values of x near o, 
and (B) is also called the expansion of fix) in the neighborhood of x = a. 

IixusTRATt\’B Example 1. Expand In x in powers of (x - 1). 

Solution. /(*)=lnx, /(1)=0, 

fix) ■ /'(i) = i. 

/"'(x) = |. r'(i) = 2, 

etc., etc. 

Substituting: in (F), In x = x — 1 ~ J(x — 1)’ -f i(x ~ I)** - • — . Arw. 

Thia converges for values of x between 0 and 2 and is the exjximion of In x in 
the vkinity of x^\. See Illustrative Example, Art. 193. 

Illu8TBati\'E Example 2. Expand coe x in powers of ^ tenm 

Sotutioa. Here fix) = coe x and 0 = 7- Then we have 

/(X) = C«IX. /(f) = 7|' 

/'(x) = -8inx. /'(f) = “71' 
r(r) = -co.x, /"ff) = -:^. 

r'{*)=ri«x. /'"(f)=7|‘ 

etc.. «te. 
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The series is, therefim. 


/2\ 4/ V2 [2 71 13 


V 2 \/2\ 4 / V 2 [? ^ 13 

The result may be written in the form 

, 0 . . = 0.70711 [ 1 J) 1)-. . 

To check this result let us calculate cos SO"'. Then x — ~ = 5^ expressed in radians, 
or X - I = 0.08727, ^x - 0.00762, (x - 0.00066. With these values 

the series above g^ves cos 50® = 0.64278. Five-place tables give cos 50® = 0.64279. 

199. Another form of Taylor’s series. In (B), Art. 198, if we re- 
place a by xo and let x — o = A, that is, x = a + A = xo + A, the result is 

(C) /(xo + A) = / (xo) + /'(xq) jY + /"(xo) ^ ‘ ■ "h ^ 

In this second form the new value of /(x) when x changes from xo to 
Xo + A is expanded in a power series in A, the increment of x. 

Illustrative Example. Expand sin x in a power series in k when x changes 
from Xo to Xo + 

Solution, Here/(x) = sin x. and /ixo + h) = sin (xo + h). Differentiate and ar- 
range the work as below. 


Ax) = sin X, 
f'ir) = cos T, 
A'(x) = - sin X, 
etc., 

Substituting in (C), we obtain 


/(xq) = sin Xo, 

/"(Xo) = cos Xo. 

/"'(xo) = - sin Xo, 
etc. 


sin (xo + /i) — sin Xo 4- cos xo- — sin xo ~ — cos xo ~ Ana. 

* 2 6 


PROBLEMS 

Verify the following series by Taylor’s formula. 




1 + (x - a) 4- 


(X - . (X - 


2. alnx = 8ina + (x - a) cos a - sin o - cos o + • • 

3 . C08x = c08a- (x-o) sino-^i^Si^cosa +^^^^^ 2 ^sina + •••. 
4.1n(a+i)=li,a4S-^, + j^. + .... 
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8. cos (o + *) = cos a - X sin I 


X* 


6. tan (x + A) = tan x 4- A sec* x + A* sec* x tan x + • • •• 

7. (x + A)" = I" + nx"~'A + x"~*A* 

1 “ 


8. Expand sin x in powers of (x — ~) to four terms. 

(x_l)’ (^-IV 


Am. sin X = 

V2 


¥ 


¥ 


9. Expand tan x in powers of ^x — ^ to three terms. 


Am. tan x = 1 + 2 ^x — + 2 ^x — + • • •. 

10. Expand In x in powers of (x — 2) to four terms. 

11. Expand e* in powers of (x — 1) to five terms. 


12. Expand sin + xj in powers of x to four terms. 

13. Expand ctn (^ + x) in powers of x to three terms. 


200. Approximate formulas derived from Taylor’s series. Such 
formulas are provided by using some terms of series (B) or (C). 

For example, if /(x) = sin x, we have (see Problem 2, Art. 199) 

(1) sin z = sin a 4 -C 08 a(x — a) 
as a first approximation. 

A second approximation results by taking three tems of the series. 
This is 

(2) sin z = sin a 4- cos a(z — o) — sin o • 

From (1), transposing sin o and dividing by z — o, we get 


(3) 


sin z — sin o 

= cos a. 

z — a 


Since cos a is constant, this means that (approximately) 

The change in the value of the eine ie proportioned to the change in 
the angle for values of the angle near a. 

Formula (3) illustrates interpolation by proportioned parte. 
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Illustrative Example 1. For example, let a 80^ = 0.6236 radian, and sup- 
pose it is required to calculate the Bines of 31’’ and 32” by the approximate formula 
U). Then, since X — a = 1” = 0.01745 radian, 

sin 31” = sin 30” -f cos 30” (0.01746) 

= 0.6000 -h 0.8660 X 0.01746 
= 0.6000 -f 0.0161 = 0.6161. 

Similarly, sin 32” = sin 30” -f cos 30” (0.03490) = 0.5302. 

These values by (1) are correct to three decimal places only. If greater ac- 
curacy is desired, we may use (2). 

Then Bin 31° = sin 30“ + coe 30° (0.01746) -5^5^(0.01745)* 

= 0.60000 + 0.01611 - 0.00008 ^ 

= 0.51503. 

Bin 32° = sin 30° + cos 30° (0.03490) - 555^ (0.03490)* 
= 0.50000 + 0.03022 - 0.00030 ^ 

= 0.52992. 

These resulta are correct to four decimal places. 

tYorn (C) we derive approximate formulas for the increment of 
/(/) when X changes from xo to j© + h. For, transposing the first 
term of the right-hand member, we get 

(4) /(xo -f h) — /(xo) =/'(xo)ft -l-/"(xo) ^ 

The left-hand member expresses the increment of /(x) as a power 
series in the increment of x (= h). 

From (4) we derive, as a first approximation, 

( 5) /(X(, -f ft ) - /(xo) = /' (xo)ft. 

This fonnula was used in Art. 92. For the left-hand member is the 
value of the differential of /(x) for x = x© and Ax = ft. 

As a second approxiinaiion, we have 

(6) /(Xo -I- ft) - /(Xo) = /(xolft -}- /"(xo) j • 

Iij.i STRATIVK Example 2. Calculate the increment of tan x. approximately, 
when X changes from 46” to 46”, by (5) and by (6). 

Solution, Prom Problem 6, Art. 199, if x = Xo. we have 

tan (xo -f ^) = tan Jo + sec^ x^h -f sec* Xo tan Xo^* + • • •• 

In this example Xo = 46”, and tan Xo = 1, sec* x© = 2. 

Also, h = 1” expressed in radians = 0.01745. Hence, by (6), 
tan 46” - tan 45” = 2(0.01746) = 0.0349 ; 
by (6), Un 46” -- tan 46” = 0.0349 -f 2(0.01746)* = 0.0349 4- 0.0006 = 0.0365. 

From the second approximation we get tan 46” s 1.0355, which la correct to four 
places of dedmala. 
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PROBLEMS 

1. Verify the approximate formula 

In (10 + x) = 2.303 + 

Calculate the value of the function from this formula and compare 
your result with the tables, when (a) x = — 0.5 ; (b) x = — 1. 

Am. (a) Formula, 2.253; tables, 2.251. 
(b) Formula, 2.203 ; tables, 2.197. 

2. Verify the approximate formula 

sin (| 4- x) = 0.5 4- 0.8660 x. 

Use the formula to calculate sin 27®, sin 33®, sin 40®, and compare your 
results with the tables. 

3. Verify the approximate formula 

tan{j + x) = 1 -f 2 z + 2 X*. 

Use the formula to calculate tan 46®, tan 50®, and compare your 
results with the tables. 

4. Verify the approximate formula 

cos X = cos a — (x ~ a) sin a. 

Given cos 30® = sin 60® = 0.8660, 

cos 45® = sin 45® = 0.7071, 
and cos 60® = sin 30® = 0.5, 

use the formula to calculate cos 32®, cos 47®, cos 62®, and compare your 
results with the tables. 


ADDITIONAL PROBLEMS 


Given the definite integral In (1 4- x)dx. 

Jo 


(a) Obtain its value by series correct to four decimal places. Ans. 0.0009. 

(b) Obtain its value by direct computation and compare with the ap- 
proximate value derived in (a). 

(c) Prove that if n terms of the series are used in the computation the 


error is less than 


1 

2-^^(n4- l)(n4*7)’ 


2. Given /(x) = e^^cos |* 

(a) Show that /^^^(x) = — J /(x). 

(b) Expand /(x) in a Maclaurin series to six terms, 
(e) W^t is the ec^eient of in this series? 


An$. 


I 

64I12* 



CHAPTER XXI 

ORDINARY DIFFERENTIAL EQUATIONS * 


201 . Differential equations — order and degree. A differential equa- 
tion is an eqxiation involving derivatives or differentials. Differential 
equations have been frequently employed in this book. The illus- 
trative examples of Art. 139 afford simple examples. Thus, from the 
differential equation (Illustrative Example 1) 

( 1 ) 1 = 2 *. 

we found, by integrating, 

(2) ?/ = x2 + C. 


Again (Illustrative Example 2), integration of the differential equation 


(3) 

led to the solution 


dx y 


(4) i2 -f- y* = 2 C. 

Equations (1) and (3) are examples of ordinary differential equations 
of the first order, and (2) and (4) are, respectively, the complete 
solutions. 

Another example is 

(6) S + = 

This is a differential equation of the second order, so named from the 
order of the derivative. 

The order of a differential equation is the same as that of the doiva- 
tive of highest order appearing in it. 

The derivative of highest order appearing in a differential equa- 
tion may be affected with exponents. The largest exponent gives the 
degree of the differential equation. 

Thus, the differential equation 

(6) + 

♦ A f«w typeft only of differontinl ^uattons m treated In thia chapter, namely, auch 
typaa aa tha atudant to likely to encounter In elementary work in mechaniea and phyatoa, 

875 
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where y' and y” are, respectively, the first and second derivatives of 
y with respect to x, is of the second degree and second order. 

202. Solutions of differential equations. Constants of integration. A 
sobUion or integral of a differential equation is a relation between the 
variables involved by which the equation is satisfied. Thus 

(1) y = a sin x 
is a solution of the differential equation 

( 2 ) + 


For, differentiating (1), 
(3) 


^ = — o sin X. 
dx^ 


‘ Now, if we substitute from (1) and (3) in (2), we get 
— o sin X + a sin X = 0, 

and (2) is satisfied. Here o is an arbitrary constant. In the same 
manner 

(4) y = 6 cos X 

may be shown to be a solution of (2) for any value of b. The relation 

(5) y = Cl sin X + C 2 cos x 

is a still more general solution of (2). In fact, by giving particular 
values to Ci and cz it is seen that the solution (5) includes the solu- 
tions (1) and (4). 

The arbitrary constants Ci and C 2 appearing in (5) are calle<l con- 
stants of integration. A solution such as (5.i, which contains a num- 
ber of arbitrary essential constants equal to the order of the efjuation 
{in this case two), is called the complete or general solution.* Solutions 
obtained therefrom by giving particular values to the constants are 
called particular soltUiom. In practice, a particular solution is ob- 
tauned from the complete solution by given conditions to be satisfied 
by the particular solution. 

Illustrative Example. The complete solution of the differential equation 

(1) r + ir = 0 

isy=:Cicosx + eiBinz (see (6) above). 

Find a particular solution such that 

(2) p = 2, p' = — 1, when i = 0. 

* It is shown in works on differential equations that the K«ieral solution has n arbi* 
trarjr constants when the differential equation is of the nth <nder. 
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Solution. From the complete solution 

(3) y = ci cos X sin ». 
by differentiation, we obtain 

(4) y' = — Cl sin X -f COB x. 

Substituting in (3) and (4) from (2), we find Ci = 2, c* = — 1. Putting these 
values in (3) gives the particular solution required, y = 2 cos x — sin x. Ans, 

The solution of a differential equation is considered as having been 
effected when it has been reduced to an expression involving integrals, 
whether the actual integration can be effected or not. 

203. Verification of the solutions of differential equations. Before 
taking up the problem of solving differential equations, we show how 
to verify a given solution. 

iLLtSTRATIVE EXAMPLE 1. ShoW that 

(1) y = Cix cos In X -f C 2 X sin In x + x In x 
is a solution of the differential equation 

(2) x»^-x^ + 2|/ = xlnx. 

dx^ dx 

Solution. Differentiating (1), we get 

(3) ^ (C 2 Cl) sin In X 4- (ca 4 Ci) cos In x 4 In x 4 1, 
dx 

(4) g = + + 

Substituting from (1), (3), (4i, in (2), we find that the equation is identically 
satisfied. 

Illustrative Example 2. Show that 

(6) - 4 X = 0 

is a particular solution of the differential equation 

(6) *V^ - 1 = 0. 

Solution. Differentiating (5), the result is 

2 

yy' — 2 = 0, whence y' = -' 

Substituting this value of y* in (6) and reducing, we obtain 4 z — y* = 0, wbidi 
ia true by (6). 
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PROBLEMS 

Verify the following solutions of the corresponding differential equa- 
tions. 


Differential equations 

Solutions 

dr* X dr x 

y = n -f 2 X 4- CsX*. 

-f 

II 

p 

V = + f». 

f 


s = Cif ■** -1- 


X = 4- rar”‘ 4- raC^**. 


y = c(x — e)^. 


x|/ = 2 — 3 c *. 

« dH , . ^ 

« = (*1 cos (2/4- Ca). 


X = cos 2 / 4* 3. 


X 

y = ae^— 6. 


e, ct 

.. d« 1 + u* 

dv l + r*' 

1 — ft? 

d*it 

12. + 4 « = 8 f. 

8 = 2 sin 2 / 4- COS 2 / 4“ 2 t. 

dr* dx 

y = Cif*' 4- fac"' - J f*'. 

l^S + 9^ = 5coe2f. 
at* 

X = cos 2/4-2 cos 3 / 4- 3 sin 3 /. 

16. ^ + 9 z = 3 cos 3 L 
at* 

X = f 1 cos 3 / 4- ca sin 3 / 4- i / sin 3 /. 

18. ^ + zy = z*y*. 
ax 

^ = z* -f 1 -f cc**. 
y» 


204. Differential equations of the first order and of the first degree. 
Such an equation may be brought into the form 

U) Mdx+Sdy^O, 
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in which M and N are functions of x and y. The more common dif- 
ferential equations coming under this head may be divided into 
four types. 

Ty^ I. Variables separable. When the terms of a differential 
equation can be so arranged that it takes on the form 


(1) J{x)dx + F{y)dy = 0, 


where /(x) is a function of x alone and F{y) is a function of y alone, 
the process is called separation of the variables, and the solution is 
obtained by direct integration. Thu.s, integrating (1), we get the gen- 
eral solution 


( 2 ) 


J f{x)dx + J F{y)dy = c, 


where c is an arbitrary constant. 

Equations which are not given in the simple form (1) may often 
be brought into that form by means of the following rule for separat- 
ing the variables. 

F'irst Step. Clear of fractions; and if the equation involves deriva- 
tives, multiply through by the differential of the independent variable. 

Second Step. Collect all the terms containing the same differential 
into a single term. If the equation then takes on the form 


XYdx + X'Y'dy = 0, 

where X, X' are functions of x alone, and Y, 1" are functions of y alone, 
it may be brought to the form (1) b}/ dividing through by X'Y. 

Third Step. Integrate, each part separately, as in (2), 


Illustrative Example 1. Solve the equation 

d]i _ 1 + 

dx (1 + x’)xv 

Solution. First Step. (1 + x^^ixydy = (1 + |/’)dx. 

Second Step. (1 + y^)dx — x(l + x‘‘)ydy = 0. 

To separate the variables we now divide by x(l + x*)(l + |f*), giving 

lL i V..-Q 

x(l+x>) 1+K* 

Third Step. = 

/ dx c c n 

In X — i In (1 H- X*) — i In (I + y*) = C, 

In (I +»»)*81n*--2C. 


Art. 167 
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This result may be wntten in more compact form if we replace — 2 C by In c, 
chat is, give a new form to the arbitrary constant. Our solution then becomes 

In (1 -f x*)(l + = In X* + In c, 

In (1 +x»)(l =lncx3, 

(1 4- x*)(l -f Ana. 

Illustrative Example 2. Solve the equation 

a(xg + 2v) = x»g. 

Solution. First Step. axdy -^2 aydx = xydy. 

Second Step. 2 ay dx x{a — y)dy = 0. 

To separate the variables we divide by xy. 

2 g dx ^ (g - y)dy _ ^ 
z y 

Third Step. ~ 

2 g In X 4- g In y ~ y = C, 
a In x^y = ( ’ 4- y, 

In x*y = ~ 4- 
g g 

By passing from logarithms to exponentials this result may be written in the 
form 

x*y = e« 

c V 

or x’y = 

c 

Denoting the constant by e, we get our solution in the form 

E 

x^y = cc«. Ans, 

Type n. Homogeneous equations. The diiTerential equation 

(A) Mdx + Ndy = 0 

is said to be homogeneotis when M and N are homogeneous functions 
of X and y of the same degree.* Such differential equations may be 
solved by making the substitution 

( 3 ) y — vx. 

This will give a differential equation in r and x in which the vari- 
ables are separable, and hence we may follow the rule under Type I. 

^ A ftmctSon of x and y la lald ta be komoyeneous in the variable! if the result of repl*^<^ 
ing X and y by Xx and Xy (X being arbitrary) reducea to the original function multiplied by 
•omf power of X. Tbia powar of X la callad tha degree of the original function. 
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In fact, from (A) we obUun 


( 4 ) 

Also, from (8), 

( 5 ) 


M 

dx N 


^ _ 

dx 




The right-hand member of (4) will become a function of v only when 
the substitution (3) is used. Hence, by using (5) and (3), we shall 
obtain from (4) 


( 6 ) 




and the variables x and v may be separated. 


Illustrative Example. Solve the equation 


y 2 ^ 

dx 


■xy 


dx 


SolutioiL 


y* dx -f (x* — xy)dy = 0. 


Here Af = y®, N = x^ ~ xy, and both are homogeneoua and of the second degree 
in X and y. Also we have 

dx xy ~ X* 

Substitute y ^vz. The result is 

dp , 

X -7- “I" r ~ 9 

dx 1 — p 

or r dx 4 - x(l — r>dp = 0. 

To separate the variables, divide by px. This gives 
^ ^ (1 - t}dv ^ 




In X 4- In f — p = r. 

In PX = C 4 p, 

PX = ce*. 

Butp=:®- Hence the complete solution is 

X f 

y =r C«*. Ana. 


PROBLEMS 

Find the complete solution of each of the following differential equa- 
tions. 

1. (2 + y)dx — (3 — x)dy = 0. Ans. (2 4 |/)(3 — x) = c. 

2. ary dx — (1 4 x^)dy = 0. cy* = 5 1 4 x^. 

8. x(x + 3)dy — y(2 x + 3)dx = 0. y = cx(x 4 3), 
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4. VH- — Vl — d® = 0. An*. arcsiny = lnc(® + Vl+x*). 
b. dp + fi tan ddd = 0. p = e cos 0. 

6. (1 — x)dy — y'* dx = 0. 1 / In c(l — x) = 1. 

7. (x + 2 y)dx + (2 X - 3 y)dy = 0. x* + 4 xy - 3 = c. 

8. (3 X + 6 y)dx + (4 x + 6 y)dy = 0. (x + y)*(x + 2 y) = c. 

9. 2(x + y)dx + ydy = 0. 

An*. J In (2 X* + 2 xy + y*) — arc tan (^"^) = c. 

10. (8 y + 10 x)dx + (5 y + 7 x)dy = 0. (x + y)*(2 x + yP = e. 

11. (2 X + y)dx + (x + 3 y)dij = 0. 2 x* + 2 xy + 3 y* = c. 

12 . Vl-41»(is + 2Vl-«M/ = 0 . *Vl -Af^ + 2 < Vl -*» = <;. 


13. 2z(3 2 + l)<iit-+(l-2if)d: = 0. (2 w - 1)(1 + 3 z) = 3 «. 

14.2xdz — 22 dx = Vx* + 4 dx. 1 + 4 cz — r^x* = 0. 


15. (x + 4 y)dx + 2 X dy = 0. 

16. (2 x» + y*)dx + (2 xy + 3 y^)dy = 0. 


17. 


du _ 1 -f 


dc 1 + r* 

18. (3 + 2 y)x dx + (x- — 2)dy = 0. 

19. 2(1 + y)dx - (1 - x)dy = 0. 

20. (1 + y)x dx — (1 + x)y dy = 0. 

21. (ox + 6)dy — y* dx = 0. 


x^ + 6 x*y = c. 

2 x* + 3 xy* + 3 y* = c. 
r + c 


u = 


1 — cr 

22. (3 X + y)dx + (x + y)dy = 0. 

23. xy(y + 2)dx - (y + l)dy = 0. 

24. (1 + x*)dy - (1 - y*)dx = 0. 

25. (x — 2 y)dx - (2 x + y)dy = 0. 


26. (3 X + 2 y)dx + x dy = 0. 

27. 3(5 X + 3 y)dx + (1 1 x + 5 y)dy = 0. 

28. (x* + y*)dx + (2 xy + y^)dy = 0. 

29. 2 y dx — (2 X — y)dy = 0. 


In each of the following problems find the particular solution which is 
determined by the given values of x and y. 

30 ^ — 0; X = 4, y = 2. An*, x* + 4 y* = 32. 

y X 

31. (x* + y*)dx = 2 xy dy ; X = 1, y = 0. y* = x* — x. 

32. X dy — y dx = Vx* + y* dx;x=J, y = 0 . l + 4y — 4x* = 0 . 

33. (1 + y*)dy = ydx; x = 2, y = 2. 

34. Find the equation of the curve- whose slope at any point is equal to 
— (l + and which passes through the point (2, 1). An*, x* + 2 xy = 8 . 

85. Find the equation of the curve whose slope at any point is equal to 
- and which passes through the point (1, 0). An*. y(l + x) = 1 — x. 
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Type in. Linear equations. The linear differential equation of the 
first order in p is of the form 


iB) 




where P and Q are functions of x alone, or constants. 

Similarly, the equation 

(O 

dy 

where H and J are functions of y or constants, is a linear differential 
equation. 

To integrate (S), let 


(7) V = uz, 

where z and u are functions of x to be determined. Differentiating (7), 


(8) 


djl 

dx 


dz , du 


Substituting from (8) and (7) in (R), the result is 

We now determine u by integrating 

(10) g + P« = 0, 

in which the variables x and u are separable. Using the value of u 
thus obtained, we find r by solving 

( 11 ) »| = < 3 . 

in which x and z can be separated. Obviously, the values of ti and z 
thus found will satisfy (9), and the solution of (B) is then given by (7). 
The following examples show the details. 


Illustrative Example 1. Solve the equation 


( 12 ) = + 

Soliitioiie This is evidently in the linear form (B)» where 
P = --XT and Q = (x + l)t. 

X 1 
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SufaetituUnc in the given equation (12), we get 


(13) 




To determine u we place the coefficient of 2 equal to zero. This gives 


dx 


2 u 
1-f X 

u 


= 0, 

2 dx 


1 -f X 

Integrating, we get In a = 2 In (I 4- x) = In (1 + x)*, 

(14) /.a = (I -hx)^* 

Equation (13) now becomes, since the term in z drops out, 

ug=(X+l)i. 

Replacing u by its value from (14), 

I 

Integrating, we get dr = (x 4- D^dx. 

(15) z = 2(£_|_li* + c. 

Substituting from (15) and (14 ) in v = ur, we get the complete solution 
2::x + D’r 


y = ' 


3 


• 4- C(x -f 1)2. Ans. 


Iu.irsTRATi\Ti: ExAMPix 2. Derive a formula for the complete solution or (5)a 
Solution. Sohing (10;, we have 

Inu +Jf dx^ ink, 


where In Jk is the constant of integration ; 
whence u = 

Substituting this valu^of a in (11), and separating the variables z and x, the 


Integrating, and substituting in (?), we obtain 

,=«-/'’‘^(jQe/^‘^dr + c). Ana, 

It should be observed that the constant k cancels out of the final result. For 
this reason it is customary to omit the constant of integration in solving (10). 


^ For the fiake of simpUdty we have aieuroed the particular value zero for the constant 
of integration. Oiberwiae we ahould have a a e(l + x)’. But in the work that follows 
e finally cancels out. (See li|iustraUve Example 2.) 
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Type IV. Equations reducible to the linear form. Some equations 
that are not linear can be reduced to the linear form by means of a 
suitable transformation. One type of such equations is 

(D) ^-^Py=Qir, 

where P and Q are functions of x alone or constants. Equation (D) 
may be reduced to the linear form (B), Type III, by means of the 
substitution z = Such a reduction, however, is not necessary 

if we employ the same method for finding the solution as that given 
under Type III. Let us illustrate this by means of an example. 

iLLUsnunvE Example. Solve the equation 

(16) ^ K = o In I • 

Solution. This is evidently in the form (D), where 


Let 1 / = ur ; then 
Substituting in (16), we get 


Q = a In X, n = 2. 
dx dx^ dx 


dz , du , uz . , , 

= alnx' 

ax dx X 

To determine u we place the coefficient of z equal to ssero. This gives 

r + - = o- 

dx X 


Integrating, we get 


In u = — In X = In • 


Since the term in z drops out. equation (17) now becomes 


“ 3 ; = ® 
ax 


: a In X • 


Replacing u by its value from (18), 


dz , 

^ = a In X • — » 
dx X 

»■ X 
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Integrating, we get 
(19) 



Substituting from (19) and (18) in y = U 2 , we get the complete solution 
^ ~ X a(ln x)’ + 2 C’ 

or xy(a(ln x)’ + 2 C] 4- 2 = 0. An$. 


PROBLEMS 

Find the complete solution of each of the following differential equa- 
tions. 


1. x^-2y = 2x. 
dx 

Ans. y = cx* — 2 x. 

2.x^-2y = -x. 
dx 

y = X -H ex’. 

3.^-2y = l- 2x. 
dx 

y = X + ce’*. 

Ax^-3y = -2ni. 
dx 

y = nx + ex’. 

8. ^ - y = - 2 c“'. 
dx 

y = -{■ ee*. 

A ^ « ctn f = 1 — (f + 2) ctn t 

at 

8 = f + 2 4- c sin /. 

ee* 

II 

ex’y + 2 xy - 1 = 0. 

A ^ + 8 tan f = 2 f + f* tan t. 
at 

8 = f’ + C C08 f. 

9.x^-y=(x~ l)e*. 

y = e* + cx. 


cx*y* + 2 xy» - 1 = 0. 


8 = Binf + y 

12. nx^ + 2y = xy«+‘, 
ax 

cx*y" + xy* — 1=0. 

- d$ 

^ 'T a = cos t ^ mnL 

8 = COB f -b ee~*. 

lA^-8ctnf = «‘a -ctnO. 

8 s e* + 8 sin f. 
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16. 

x^-2p + 3x = 0. 
ax 


20. 

ds 

dt‘~ 

8 ctn f 4- CSC f = 0. 

16. 

^ + V = 2 + 2 X. 


21. 

2^ 

dx 

+ V= (x- l)y®. 

17. 

X ^ + V = (1 4- x)e*. 


22. 

x^ 

dx 

— y = x COB X — sin x. 

18. 

g-, = .-2x. 


23. 

dx 

— y 4- (x® 4- 2 x)y"+* = 0. 

19. 

X ^ + 2/ + = 0. 


24. 

-4- 

dl^ 

8 tan t — e~‘ (tan t — 1). 

In ' 

each of the following problems find the particular solution which is 

determined by the g^ven values 

of X 

and y 



25. 

4-2j = xV;x = l,, 

dx X 

= 0. 


i47is. 2/ = x^(e* — e). 

26. 

* + Sj!=i;X = I.V = 

dx X 

2. 



X -h 1 

27. 

^ 4- y tan x = sec x ; x = 

0, y 

= ~ L 


y = sin X — cos x. 

28. 

dx x-hl 

= 0, 

y = l. 


2y = {x4-l)"4-(x4-l)*. 


29. Find the equation of the curve whose slope at any point is equal to 

- and which passes through the point (1, 0). 

^ An-s. 2j/ = 3x* — 2x — 1. 

30. Find the equation of the curve whose slope at any point is equal to 

V and which passes through the point (1, 1). Am. p(l + In x) = 1. 


205. Two special types or differential equations of higher order. The 
differential equations discussed in this article occur frequently. 


(£) 




= AT, 


where X is a function of x alone or a constant. 

To integrate, first multiply both members by dx. Then, inte- 
grating, we have 


dx"-» 




Repeat the process (n — 1) tim^. Then the complete solution con- 
taining n arbitrary constants will be obtained. 
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lUVSTRATIVE EXAHFUt. Solve ^ : 


xe*. 


Solution. Multiplying both memben by cx nod integrating. 

g=/«*dx + C,. 

oar ^ - e* -f Cl. 

Repeating the process, 

xe^dx — J e»dx+y* Cidx + Ci, 

^ = xe* — 2 e* + CiX + Ct , 
ax 

y = xe* dx dx CiX dx Cfdx -f C# 

= xe* - 3 <f* + 4- Cjx + C3. 

Hence y = xe* - 3 e* 4- CiX^ 4- CaX + C3. An«. 

A second type of much importance is 

i!i=r. 


or 


if) 


dx» 


where F is a function of y alone. 

To integrate, proceed thus. Write the equation 

dy' — Ydx, 

and multiply both members by y'. The result is 

y' dy' = Y y dx. 

But y' dx = dy, and the preceding equation becomes 

y’dy’ = Y dy. 

The variables y and y' are now separated. Integrating, the result is 

\v’^=f Ydy + Ci. 

The right-hand member is a function of y. Extract the square root, 
separate the variables, x and y, and integrate again. The following 
example illustrates the method. 

llXUSTRATIVE EXAMPLE. Solve ^ + “*V = 0. 

Solution. Here ^ ^ = — a*y, and hence the equation bdonga to type (gj 

ax ax* 

Multiplying both memben by y'dx and proceeding as above, we get 
y' dy' ^ a*y dy. 
iy'* = -Ja»y»+C. 

»' * V2 C - a V. 

J«VC,-aV. 


Integrating, 
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getting 2 C sz Cl and taking the positive sign of the radical. Separating the vari- 
ables, we get 

— .Jy 

VCi - 


Integrating, 

or 


~ arc sin = x -f Ca, 
VCi 

arc sin = ox 4* aCa. 

VCi 


This is the same as 


or 

Hence 


— — sin({ix 4“ 

= sin ox cos aCa 4^ cos ox sin aCa, (4), Art. 2 

y = - — cos aCa * sin ox 4- ■ sin aCa • cos ox. 

a a 

y = Cl sin ax 4- Ca cos ax. Am. 


PROBLEMS 

Find the complete solution of each of the following differentia] 


equations. 


1 — /* 
d/> “ ‘ • 

/4 

Ana. X = — + nf + Cl. 

2 ^ = x 
dti 

X = cie^ 4- 

3- = 4 sin 2 f. 

X = — sin 2 ^ + <^ 1 ^ + ca* 

4 ^ 

d<» ■ 

f3< 

X = — + Cif + Cl. 

4 

, (i*« 1 

cf<> (a + D* 

c,(a4- 1)* = (c,/ + ci)» + l. 


3 f = 2 (1^ (s^— 2 Cl) (s^ + Ci)^ + Cl. 

7 ^ = iL. 
d<» »» 

CiV* = a + (ci< + Cl)*. 

8. ^ + 2! = 0. 
dz* tt* 



Ana. y/ciU^ 4- y 7= In (Vr^ + Vl 4- riv) = aci y/2x + c. 

Vci 


9. ^ + A = 0. Find f, having given that s = a, ^ = 0, when t = 0. 

(W* 

Atw. t = yj^ I Vos - 8* + a arc sin •\/^“}' 
10. § = z + ain X. 11. ^ = a cos nf. 12. ^ = 4 ». 
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306. Linear differential equations of the second order with constant 
coefficients. Equations of the form 


where p and q are constants, are important in applied mathematics. 

To obtain a particular solution of (G), let us try to determine the 
value of the constant r so that (G) will be satisfied by 


(1) y = e'^. 

Differentiating (1), we obtain 


( 2 ) 



^ - r-’e- 
dx-’ “ • 


Substituting from (1) and (2) in (G) and dividing out the factor 
c", the result is 

(3) r2 + pr + g = 0, 

a quadratic equation whose roots are the values of r required. 
Equation (3) is called the auxiliary equation for (G). If (3) has dis- 
tinct roots ri and n, then 

(4) y — and y=-€^ 

are distinct particular solutions of (G), and the complete solution is 
(6) y = cte'‘^ + 

In fact, (5) contains two essential arbitrary constants, and (G) is 
satisfied by this relation. 

Illustrative Example 1. Solve 

g-2g-3, = 0. 


SolntioiL The auxiliary equation is 

(7) r* - 2 r - 3 = 0. 

Solving (7), the roota are 3 and — 1, and by (6) the complete solution is 
y = Cif** + cj*"*. Ana. 

Check. Subetitudng this value of yin (6), the equation is satisfled. 

Roots of (3) imoiginary. If the roots of the auxiliary equation (3) 
are imaj^nary, the exponents in (6) will also be imaginary, A real 
complete solution may be found, however, by choosing imaginary 
values of ct and in (6), In fact, let 

(8) ri = o -f- r2 — a — 6V— 1 

be the pair of conjugate imaginary roots of (3). Then 

( 9 ) <•* ■■ wm *» 



ORDINARY DIFFERENTIAL EQUATIONS 891 

Substituting these values in (5), we obtain 

( 10 ) y = 

In the algebra of imaginary numbers it is shown that* 
gfciV-i = cos 6a: 4- sin 6x, = cos 6x — sin bx. 

When these values are substituted in (10), the complete solution 
may be written 

(11) y = e°^(A cos bx + B sin bx), 

if the new arbitrary constants A and B are determined from ci and Ca 
by A = Cl + C2, li = (ci — C’i) V— 1. That is, we now take for ci and ca 
in (5) the imaginary values ci = h{A — ), ca = ^{a + bV^). 

By giving to A and B in (11) the values 1 and 0, and 0 and 1, in 
turn, we see that 

(12) y — e’“ cos bx and y = e’^ sin bx 
are real particular solutions of (G). 


Illustrative Example 2. Solve 

(13) ^ f = 0. 

Solution. The auxiliary equation (3) is now 

T^+k‘‘=Q. r = ±jtV^. 

Comparing with (8), we see that a = 0, 5 = ik. Hence, by (11), the complete 
solution Is y ~ fcx -h jR sin lex. 

Check. When this value of y is substituted in (13), the equation is satisfied. 
Compare this method with that used for the same example in Art. 205 (ib = a). 


Remark. A diflferent form for the solution Is obtained by setting A = C cos <*, 
R ~ C sin a in the above value of y. Then y = C cos {kx ~ a). (By (4), p. 3). 


♦ Let i » and assume that the aeries for t* in Problem 1. Art. 194, represents 

the function when z is replaced by tbz. Then, since i> = — 1, i* = — t. i* = 1, etc,, 
we have 


(14) 


I + ibx - 


12 




Also, replacing ac by bar In (7) and (8), Art. 194, 

cos Iw = 1 - ^ ^ . sin bx = hx 

ii 


, b^z^ 
12 16 


Then, by Art. 1^6. 

Mr) . Mr* 

(16) cos 6x -h sin bx « 1 -f tbar — ^ — i 


b*x* 

li 


4- t 




11 


,iMuminc that the series repreeents the function. The right*hand membera of (14) and (15) 
are identleal. Therefore « coe bx 4* t sin bx. 
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Roots of (3) real and equal. The roots of the auxiliary equation (3) 
will be equal if = 4 q. Then (3) may be written, by substituting 

q=:\p^, 

(14) r* + pr + i P® = (r + ^ p)2 = 0, 
and ri = ra = — I p. In this case 

(15) y = and y = xc^'* 
are distinct particular solutions, and 

(16) y = e’'‘^(ci + C 2 x) 
is the complete solution. 

To corroborate this statement, it is only necessary to prove that 
the second equation in (15) gives a solution. But we have, by dif- 
ferentiating, 

(17) p = xe">^ ^ = + Tix), ^ = c'‘^(2 n + rr^). 

Substituting from (17) into the left-hand member of (C), the 
result is, after canceling e''^, 

(18) {rr + pr, -|- ?)x + 2 n -f- p. 

This vanishes, since ri satisfies (3) and equals — ^ p. 

Illustrative Example 3. Solve 

(19) g + 2f + e = 0. 

Find the particular solution such that 

« = 4 and $ = — 2 when t = 0. 
at 

Soltttioii. The auxiliary equation is 

r2-f2r*fl=0, or (r-fl)* = 0. 

Hence the roots are equal, ri = - 1, and, by (16), 

(20) 8 = e“*(ci + C 2 O. 

This is the complete solution. 

To find the required particular solution, we must find values for the constants 
Ct and C 2 such that the ipven conditions, 

» = 4 and ^ - 2 when t = 0 

are satisfied. 

Substituting in the complete solution (20) the given values s = 4, ( = 0, we 
have 4 s ci, and hence 

(21) r 


s = «-'(4 4- c*0. 
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Now differentiate (21) with respect to t. We get 
* ^ = e-'(c» - 4 - c,0. 

ds 

By the given conditions, - 3 : = — 2 when < = 0 . 
ul 

Substituting, the result is — 2 = C 2 — 4, and hence €2 = 2. Then the particular 
solution required is s = 4- 2 0* 

PROBLEMS 

Find the complete solution of each of the following differential equa- 


tions. 


dl> d( ^ 

Ans. X = cie ~ ' -f C2€^^. 


y =:Cie^ 


8 = Cie* -f CiteK 

4.|f + 16x = 0. 

X = ri cos 4 / -f C 2 sin 4 L 

».5^-4, = 0. 

8 = CiC^^ + C2e“^^ 


y = Cl -f C2C“'**. 


8 = c ^(ci cos t + r 2 sin t). 


s = e^(ci cos 2 / -f C 2 sin 2 f). 

9 .~-!i^ + 40 = O. 
di^ dt 

13.|^-3s = 0. 


14 ^ = 0 

d^» dx • 


15. ~ - 6 + 25 8 = 0. 

«/- dt 

d^s 

12.^* + 3» = 0. 

16. ^ + 2 § + 10 X = 0. 

at** ai 

In the following problems find the particular solution which satisfies 
the given conditions. 


= 0,^ = 1 , when! = 0. An«. 8 = c~‘ — «"•*. 
(U 


18. ^ = 0 ; x = a, ^ = 0, when < — 0. x = a cos nf. 

ai* of 
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19. ^-n>x = 0; x = 2,^ = 0,when< = 0. Ans. x = e’^ + e-**. 

ar at 

20. ^ + 2^-8y = 0; y = 0,$ = 24, when< = 0. 

^ Ans. » = 4(e“-e-«). 

21. ^-8^+16s = 0; s = 0,^=l,when< = 0. 8 = te*‘. 

dt^ at at 




x = — 1. 


23. ^ + 8^ + 258 = 0; a = 4, ^ = - 16, when < = 0. 

* ^ Ana. a = 4a-«‘co8 31. 

2A^-6^ + 10i = 0: j=l,‘;^ = 4.when< = 0. 

Arts, X = e^'(cos t -f sin (). 

/f2j3 fin 

25. ^ + 4a = 0; 8 = 0, = 4, when / = 0. 

at‘ at 

26. ^-4x = 0; x=10,^ = 0,when< = 0. 

at^ at 

^'^■^.+^ft=0-.y=l.f^=2,^hent^0. 

28.^-4^ + 4x = 0: x = 2,^^ = 5,when« = 0. 
dt^ dt at 

29- ^ - 4 ^ + 13 X = 0 ; X = 2. = 4. when t = 0. 

dr dt dt 

30- S + 4^ + 88 = 0; 8 = 0,^ = 8,when< = 0. 

dt* dt dt 


To solve the differential equation 


g+/>|+™=^. 


where p and q are constants and A is a function of the independent 
loanable x or a constant, three steps are necessary. 

First Step. Solve the equation (G). Let the complete aolulion be 

(22) v = u. 

Then u is called the complementary function for (H). 

Se(X)ND Step. Obtain a particular solution 

(23) y — v 
of (H) by trial. 

Third Step. The complete solution of (H) is now 
(24> i y = u-\-v. 
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In fact, when the value of y from (24) is substituted in (H), it is 
seen that the equation is satisfied, and (24) contains two essential 
arbitrary constants. 

To determine the particxilar solution (23), the following directions 
are useful (see also Art. 208). In the formulas all letters except x, 
the independent variable, are constants. 

General case. If y — X is not a particular solution of (G), if 

Form of X Form of 9 

X = a + bx, assume y — v = A + Bx; 

X = oc**, assume y = v = Ac*" ; 

X = ai cos bx + 02 sin bx, assume y = v = Ai cos bx + A 2 sin bx. 


Special case. If y = X is a particular solution of (C), assume for v 
the above form multiplied by x (the independent variable). 

The method consists in substituting y = v,as given above, in (H), 
and determining the constants A, B, Ai, A 2 , so that (H) is satisfied. 


Illustrative Exampi.f. 4. Solve 


(25) 


dx^ "dx 


— 3 V = 2 X. 


Solution. PirBl Step. The complementary function u is found from the com- 
plete solution of 


(26) 


dx^ dx 


~ 3 y = 0. 


By Illustrative Example 1, above, therefore 

(27) y = U = Cif -f C2€‘*. 

Second Step, Since y = X = 2 z is not a particular solution of (26), assume for 
a particular solution of (25) 

(28) y = c = A -f Bx, 

Substituting this value in (25) and collecting terms, the result is 

(29) -2B~3A~3Bx = 2x. 

Equating coefficients of like powers of x, we get 

-2B-3A=0, ~3/? = 2. 

Solving, A = B = - and substituting in (28), we obtain the particular 
solution 

(30) y = r = f-§x. 

Third SUp, Then, from (27) and (30), the complete solution is 
y 08 u + s ss 4- 1 - f An#. 
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IixusTRATiVB EXAMPLE 5. Solve 

»■> 

Solution. First Step. The complementary function is (27), or 

(32) y = M = Cte^* 4- € 26 ^. 

Second Step. Here v = X = 2 e * is a particular solution of (26), for it is 
obtained from the complete solution (32) by letting Ci = 0, C 2 = 2. Hence assume 
for a particular solution r of (31), 

(33) y = p =: Axe~*. 

Differentiating (33), we obtain 

(34) £ = Ae~’(l - I), = Ae--{x - 2). 

Substituting from (33) and (34) in (31), we obtain 

(35) Ae-^{z - 2) - 2 Ae~^{l - ar) - 3 Axe"* = 2 e”*. 

Simplifying, we get — 4 Ac~* = 2 c"', and hence A = — Substituting in (33) 
we obtain 

(36) y = p = — ^ X€~^. 

Third Step. The complete solution of (31) is, therefore, 
y = u 4- r = CxC^* 4- C 2 e~* ~ ^ ze~^. Am. 
iLLUSTRATtVE EXAMPLE 6. Determine the particular solution of 

(37) g + 4 8 = 2co82<, 

such that 8 = 0 and ^ = 2 when ( = 0. 


Solution. Find the complete solution first. 

First Step. Solving 

(38) g + 4 8 = 0, 

we find the complementary function 

(39) « = u = Cl cos 2 < 4- C 2 sin 2 f. 


Second Step. Considering the right-hand member in (37), we observe that 
f =r 2 coe 2 f is a particular solution of (38) resulting from (39) when ci = 2, cjr = 0. 
Hence for a particular solution s = r of (37) assume 

(49) « = p = f(Ai COB 2 < 4“ Aa sin 2 0« 


Differentiating (40), we obtain 


( 41 ) 


$ = Ai cos 2 < + As sin 2 1 - 2 f(Ai sin 2 f ~ Aa cos 2 t). 
dt 


dP 


sa -- 4 Ai sin 4 - 4 Aa cos 2 i — 4 i{At cos 2 1 4* Ag sin 2 0* 
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Substituting from (40) and (41) in (37), and simplifying, the result is 

(42) — 4 Ai sin 2 ( -f 4 Aj cos 2 ( = 2 cos 2 L 

This equation becomes an identity when Ai =0, Aa = i- Substituting in (40), 
we get 

(43) « = ® i < sin 2 

Third Step, By (39) and (43) the complete solution of (37) is 

(44) « = Cl cos 2 ( 4* ca sin 2 / -f i ^ sin 2 

We must now determine Ci and ca so that 

(45) 8 = 0 and ^ = 2 when t = 0. 

at 

Differentiating (44), 

(46) ^ - 2 Cl sin 2 f -f 2 ca cos 2 / 4 sin 2 ^ t cos 2 f. 

at 

Substituting the given conditions (45) in (44) and (46), the results are 

0 = Cl, 2 = 2 Co. Cl = 0, Ca = 1. 

Putting these values back in (44), the particular solution required is 

(47) 8 = sin 2 t -f J t sin 2 Ans. 


PROBLEMS 

Find the complete solution of each of the following differential equa- 
tions. 


1. ■— + X = a/ + 6. 
aF 

xf 2jr* 

2. ^^x = ae”‘. 

3. *77^ 4- X = 4 COS L 
dt^ 

d^x 

4. ^ + X = 4 am 2 
(It* 

= + 

8. ^ - 4 « = 2 COS 2 t. 

9. d^ + 9j, = 5x«. 


Ari-8. X = Cl cos f 4" C 2 sin f 4- at 4- 6. 

X = Cl cos t 4- C 2 sm ^ 4- { - x ; v • 

0^ 4- 1 

X = Cl COB f 4“ C 2 sin f 4- 2 f sin L 

X = Cl COB t + Ca sin t — J sin 2 t. 

8 = cic*' + cac"*' — 4(at + 6). 

8 = ciC*' + CaC” i c‘. 

8 = cic*' + cac" *' + i te*'. 

• 8 = CtC** + CaC"®' — i cos 2 t. 


y = Cl coe 3 X + Ca »in 3 X + f X* — 
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Arts. X = cie^* 4- + 1 — 2 <. 

X = ne* 4- C 2 t€* + 8. 




5 = Cie* 4“ C2€^^ — 6 e^^ 

3 r= e~ '(ci cos / -f ^2 sin 0 4- 1 


x = cic' 4“ — 2 /e^ 


16. 5 - 2 % + 5 1/ = 3 C03 
dj* d/ 

16. ^ - 2 ^ + 5 2 / = 3 sin 2 t. 
dt^ dt 


17. ^ + 9 s = 3 cos 2 <. 
dP 

18. ^ + 4 ar = 2 sin 2 <. 
dt* 

19. ^ = 2 + c'. 

20. ^ - 4 z = i - c*. 

21. ^ + 2 X = <* - 2. 


y = 6^(ri cos 2 / 4* (*2 sin 2 0 
4 f cos < ~ jrtj sin L 

y == c*(ri cos 2 / 4 C 2 sin 2 0 
4 H cos 2 < 4 sin 2 

22. 4^ + s = 5coe5- 

dt^ 2 

23. + 3 + 2 8 = 2 sin 

d/^ dt 

24-^-8^+16x = 4- 8<. 
d/-* d/ 

26.^-8^ + 25j/ = 5co82<. 

26, ^ + 6 + 10 8 = 5 sin 2 «. 

d^^ d/ 


In the following problems find the particular solution which satisfies 
the given conditions. 

'=l‘+ra- 


28*§ + 9« = 9«*‘: »=1. § = !' wheni = 0. 
di* d< 2 


At 18, 8 — ^(COS 3^4“ 8®*). 


29-§ + 9» = 5«»2«;8 = 1, ^ = 3, when < = 0. 
df* di 

Ans. 8 = sin 3 { + coe 2 (. 

80. § + 9 8 = 3 cos 3 t; 8 = 0, $ = 6, when t - 0. 
df** dt 

Alts. 8 = 2 sin 3 ( + i < sin 3 1. 


Ans. x = + — 6< + l). 
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82-^-6^+131 = 39; x = 4, ^ = 3, when < = 0. 

5 Am. x = e^‘coB2t + S. 

33. ^■f98 = 4 — 3<; s = 0, -j 7 = 0, when t = 0. 
ai* <M- 

84. ^ - 9 8 = 6 ( ; « = 0, ^ = 0, when t = 0. 
at^ at 

36. 4-^ — 2^ = 2x; j/ = 2, ^ = 0, when x = 0. 

dx^ dx dx 

38. •fx = 2co8 2<; x = 0, 47 = 2, when < = 0. 
at* (it 

fi'^o rlii 

37. ^ + 4 8 = 2 cofl 2 < : 8 = 0, ^ = 2, when t = 0. 

38. — 2 ^ + 2 X = 2 sin < ; x = 0, ^ = 0, when t = 0. 

ai'* dt di 

89- 4-^ + 54^ + 4j/ = 2e*; j/ = l, 4^ = 0, when x = 0. 
ox* ox dx 

40. 4"^ ■f44^+4j^ = 4c2^; y = 0, 4^ = 2, when x = 0. 
dx-* ox ox 


207. Applications. Compound-interest law. A simple application of 
differential equations is afforded by problems in which the rate of 
change of the function with resjject to the variable (Art. 50) for any 
value of the variable is proportional to the corresponding value of 
the function. That is, if =/(x), 

( 1 ) ^ = 

where it is a constant. In this differential equation the variables are 
separable as in Type I, p. 379. Solving, we get 

(2) y = ce*^, 

where c is an arbitrary constant. Thus the function y is an expo- 
nential function (Art. 62). Convensely, given (2), it is easily shown 
by differentiation that y satisfies (1). The connection of (1) with the 
name "compound-interest law” is shown as follows: 

Let y = a sum of money in dollars accumulating at compound interest ; 

1 = interest in dollars on one dollar for a year ; 

= an interval of time measured in years ; 

Ay = the interest of y dollars for the interval of time Af. 


Then Ay = ty A<. Therefore 
( 8 ) 



Equation (3) states that the average rate of change of y (Art. 50} for the period 
of time At is proportional to y itself. In business, interest is added to the principal 
at stated times only, — yearly, quarterly, etc. In other words, y changes die- 
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continuously with L But in nature, changes proceed on the whole in a continuous 
manner. So that to adapt equation (3) to natural phenomena we must imagine 
the sura y to accumulate continuously ; that is, assume the interval of time A/ 
to be infinitesimal. Then equation (3) becomes 



and the rate of change of y is proportional to y, agreeing with (1) if A: = i. 

In (1) the function y is said to change according to the compound- 
interest law. 

A second example is afforded by the complete solution of the 
equation 

( 4 ) ^ = + 

where k and c are constants not equal to zero. For let c = ak. Then 
(4) may be written 

(5) ^ (y + o) = i(j/ + o). 

This equation states that the function y + a changes according to 
the compound-interest law. The differential equation (4), or (5), 
is solved as in Type I, p. 379. The solution is 

(6) V = ce*' — a. 

Illustrative Example 1. The function y of x changt^s according to the 
compound-interest law. When x = 1, y = 4 ; when x ~ 2, y — 12. Find the law. 

Solution. By (1) we have 

(7) g = 

Separating the variables and integrating, we get 

In y = A:x -f C. 

We have to find the values of k and C, Substitute the given values of x and y. 
Then In 4 = A + r. In 12 = 2 i + C. 

Solving, A: = In 12 - In 4 = In 3 = 1.0986, C = In 4 - In 3 = In J. 

Therefore In y = 1.0986 x -f- In J, and Am. 

Illustrative Example 2. Wa$hing down a solution. Water is run into a 
tank containing a saline Cor acid) solution with the purpose of reducing its strength. 
The volume v of the mixture in the tank is kept constant. Us- f|uantity of salt 
(or acid) in the tank at any time, and x = amount of water which has run through, 
show that the rate of decrease of s with respect to x varies as «, and, in fact, that 

dx 9 

Solutioa. Since quantity of salt in the mixture of total volume s, the 
quantity of salt in any other volume u of the mixture is ~ u. 
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Suppose a volume Ax of the mixture is dipped out of the tank. The amount 

• a 

of salt thus dipped out will be - Ax, and hence the change in the amount of salt 
in the tank is given by ^ 

(8) As = - - Ax. 

Suppose now that a volume of water Ax is added to fill the tank to its original 
volume V. Then from (8) the ratio of the amoun^^^ of salt removed to the volume 
of water added is given by ^ 

Ax V 

Wlien Ax 0 we obtain the instantaneous rate of change of s with respect 
to X, namely, g 

T" = Ans. 

ax V 

Hence s changes according to the compound-interest law. 

PROBLEMS 

1. The rate of change of a function y with respect to x equals i y, and 
y = 4 when x = — 1. Find the law connecting x and y, Ans, y = 5.58 

2. The rate of change of a function y with respect to x equals 2 — y, 

and y = 8 when x = 0. Find the law. Ans. y = 6 e ' -f 2. 

3. In Illustrative Example 2, if r = 10,000 gal., how^ much water must 
be run through to wash down 50 per cent of the salt? Ans, 6931 gal. 

4. Newton's law of cooling. If the excess temperature of a body above 
the temperature of the surrounding air is x degrees, the time rate of de- 
crease of X is proportional to x. If this excess temperature was at first 
80 degrees, and after 1 min. is 70 degrees, what will it be after 2 min.? 
In how many minutes will it decrease 20 degrees? 

5. Atmospheric pressure p at points above the earth's surface as a 
function of the altitude h above sea level changes according to the com^ 
pound-interest law. Assuming p = 15 lb. per sq. in. when h = 0, and 10 lb, 
when h = 10,000 ft., find p (a) when h = 5000 ft. ; (b) when h = 15,000 ft, 

Ans, (a) 12.21b.; (b) 8.151b. 

6. The velocity of a chemical reaction in which x is the amount trans- 
formed in time t is the time-rate of change of x. 

Reaction of the first order. Let a = concentration at the beginning of 

j 

the experiment. Then ~ = k{a — x), since the rate of change is propor- 
at 

tional to the concentration at that instant. (Note that a — x, the concen- 
tration, changes according to the compound-interest law.) 

Prove that k, the velocity constant, is equal to - In • 

7. In the inversion of raw sugar, the time-rate of change varies as the 

amount of raw sugar remaining. If, after 10 hr., 1000 lb. of raw sugar 
have been reduced to 800 Ib.^ how much raw sugar will remain at the 
expiration of 24 hr. ? Ans, 5861b. 
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8. In an electric circuit with given voltage E and current t (amperes), 
the voltage E is consumed in overcoming (1) the resistance R (ohms) of 
the circuit, and (2) the inductance L, the equation being 

£=Ki+L$. or ^ = j{E-Ri). 
at at L 

This process therefore comes under equation (4) above, E, R, L being 
constants. Given L = 640, R = 250, E = 500, and i = 0 when t = 0, show 
that the current will approach 2 amperes as t increases. Also find in how 
many seconds i will reach 90 per cent of its maximum value. Am. 5.9 sec. 

9. In a condenser discharging electricity, the time-rate of change of 
the voltage e is proportional to c, and € decreases with the time. Given 
k = 40, find t if e decreases to 10 per cent of its original value. Ans. 92 sec* 

10. Building up a saline (or acid) solution by adding salt (or acid), 
maintaining constant volume, leads to the equation ^ V)* ^'here 

r = the constant volume, y = salt (or acid) in the tank at any moment, 
X = salt (or acid) added from the beginning. Derive this result and com- 
pare with Illustrative Example 2 above. 


208. Applications to problems in mechanics. Many important prob- 
lems in mechanics and physics are solved by the methods explained 
in this chapter. For example, problems in rectilinear motion often 
lead to differential equations of the first or second order, and the solu- 
tion of the problems depends upon solving these equations. 

Before giving illustrative examples it is to be recalled (Arts. 51 
and 59) that 


( 1 ) 



^ dt^ dt ^ ds^ 


where v and a are, respectively, the velocity and acceleration at any 
instant of time (= t), and s equals the distance of the moving point 
at this time from a fixed origin on the linear path. 


IixusTRATiVE EXAMPLE 1. In a rectilinear motion the acceleration is inversely 
proportional to the square of the distance s, and equals — 1 when « = 2. That is, 

4 

(2) Acceleration = a = — 

Also, f = 5, « = 8, when t = 0. 

(a) Hnd p when « = 24. 


Solutkm. From (2), using the last form for a, we obtain 


(3) 


_ A . 

ds 


Multiplying both members by d« and integrating, the result is 
( 4 ) ^ = - + C, or »»«5 + C'. 

At S S 
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Substituting in (4) the above conditions r = 6, « = 8, we find C' = 24. Hence 
( 4 ) becomes 

(6) »’ = ? + 24. 

8 

From this equation, if « = 24, r = | V 2 I 9 = 4.93. Ana. 

(b) Find the time which elapses when the point moves from s = 8 to d = 24. 

Solution. Solving (6) for r, we get 

( 6 ) * = 

at 8 

Separating the variables s and t and solving for i with limits as given, s = 8, 
9 = 24, we find, for the elapsed time, 

( 7 ) ‘ = f^-== = 3.23. Ans. 

2 V 8 + 3 s* 

Note. Using the first form in (1) for a, (2) is 

— — _ ^ 
dt^ 8 ^’ 

which is of the form (F), Art. 205. The method of integration here is the same as 
in Art. 206. 

An important type of rectilinear motion is that in which the ac- 
celeration and the distance are in a constant ratio and differ in sign. 

Then we may write 

(8) o = — k% 
where ~ magnitude of a at unit distance. 

Remembering that ^ force and the acceleration caused by it differ 
in magnitude only, we see in the above case that the effective force 
is directed always toward the point s = 0 and is, in magnitude, di- 
rectly proportional to the distance s. The motion is called simple 
harmonic vibration. 

From (8), we have, using (1), 

(9) § + = 0, 

a linear equation in s and t of the second order with constant coeffi- 
cients. Integrating (see Illustrative Example 2, Art. 206), we obtain 
the complete solution, 

(10) s = ci cos kt -f C 2 sin kt. 

From (10), by differentiation, 

(11) p = A:(— Cl sin It + C 2 cos A-/). 

It is easy to see that the motion defined by (10) is a periodic 
oscillation ^tween the extreme positions s — b, and s = — b, de- 
termined by 

(12) b = Vci» + ca*, period = 
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In fact, we may replace the constants ci and ca in (10) by other 
constants b and A, such that 

(13) ci — b sin A, C2 = b cos A. 

Substituting these values in (10), it reduces to 

(14) s = i> sin (A:f + A), by (4), Art. 2 

and now the truth of the above statement is manifest. 

In the following examples we give cases when the simple harmonic 
motion is disturbed by other forces. In all cases the problem de- 
pends upon the solution of an equation of the form (G) and (H), 
discussed above. 


Illustrative Example 2. In a rectilinear motion 

(16) a = — 5 8 — 

Also, p = 2, 8 = 0, when t = 0. 

(a) the equation of motion (s in terms of f). 


Soluti<m. Using (1), we have, from (15), 


(16) • 


d*8 , ^ 
dl 


+ J8 = 0, 


an equation of the form (C). The roots of the auxiliary equation f*-i-r-f|=0are 
fi = - ^ + vCTi^ f2 = - i 


Hence the complete solution of (16) is 

(17) « = e‘“i'(ci C 06 < + Cj sin 0. 


By the given conditions, a = 0 when f = 0. Substituting these values in (17), 
we find ci = 0, and hence 

(18) « = cje” sin f* 


Differentiating to find r, we get 

(19) V = J sin f -f cos 0. 


Substituting the given values r = 2 when f = 0, we have 2 = c*. 

With this value of Cj, (18) becomes 

(20) • = 2e~i*8inf. Ana. 

(b) For what values of t will r = 0? 

Solution. When a = 0, the expression in the parenthesis of the right-hand 
member of (19) must vanish. Setting this equal to zero, we readily obtain 

(21) tanf==:2. 


Far any value of t satifliying (21), v will vanish. These values are 

C^) I « 1.10 + ns*. (n s: an integer). Ana. 
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Successive values of t from (22) differ by the constant interval of time ir. 

DiBcuaaion, This example illustrates damped harmonic vibration. In fact, in 
(15) the acceleration is the sum of two components 

(23) Oi = - I a, 02 = ~ a. 

The simple harmonic vibration corresponding to the component Oi is now dis- 
turbed by a damping force with the acceleration 02 , that is, by a force proportional 
to the velocity and opposite to the direction of motion. The effects of this damping 
force are twofold. 

First, the interval of time between successive positions of the point where r = 0 
is lengthened by the damping force. In fact, for the simple harmonic vibration 

(24) a, = - J a, 

we have, by comparison with (8), = |\/6 = 1.12.‘and the half-period, by (12), is 

0.89 S'. As we have seen above, for the damped harmonic vibration the correspond- 
ing interval is rr. 

Second, the values of s for the successive extreme positions where f = 0, instead 
of being equal, now form a decreasing geometric progression. Proof is omitted. 

Illustrative Example 3. In a rectilinear motion 

(25) a = -48-f2co8 2f. 

Also, 8 = 0, t = 2, when t = 0. 

(a) Find the equation of motion. 

Solution. By (1), we have, from (26), 

2a 

(26) 4 8 = 2cos2f, 

The particular solution required was found in Illustrative Example 6, Art. 206, 
and is given by equation (47), p. 397. Hence 

(27) « = sin 2 / -f I ^ sin 2 f. Ans, 

(b) For what values of i will r = 0? 

Solution. Differentiating (27) to find r, and 
setting the result equal to zero, we get 

(28) (2 -f Ocos 2 ( + § sin 2 f = 0; 
or, dividing (28) through by cos 2 t, 

(29) i tan 2 / -f 2 + t = 0. 

The roots of this equation may be found as ex- 
plained in Arts. 87-89. The figure shows the curves 
(see Art. 88) 

(30) y = itan2f, y = -2-f, 

and the abscissas of the points of intersection are, approximately, 

t = 0.88, 2.36, etc. Ans, 

Discmsion, This example illustrates forced harmonic vibration. In fact, in (26) 
the acceleration is the sum of two components 

(31) ai = -4s, as ~ 2 cos 2 f. 

The simple harmonic vibration corresponding to the component ui with the 
period w is now disturbed by a force with the acceleration at, that is, by a periodic 
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force whose period (= ir) is the same as the period of the undisturbed simple 
harmonic vibration. The effects of this disturbing force are twofold. 

First, the interval of time between successive positions of the point where 
s = 0 is no longer constant* but decreases and approaches i ir. This is clear from 
the above figure. 

Second, the values of s for the successive extreme positions where = 0 now 
increase and eventually become, in numerical value, indefinitely great. 

PROBLEMS 

In each of the following problems the acceleration and initial conditions 
are given. Find the equation of motion. 

1. a = ~ k^s ; s = 0, r = fo, when i = 0, Ans. sin kt. 

2. a = — Jfc*s ; 8 = So, r = 0, when f = 0. s = so cos ki. 

3. a = — kh ; s = so,v=vo, when / = 0. 

4*0 = 6 — 8 ; 8 = 0, r = 0, when f = 0. s = 6(1 — cos 0. 

6. a = sin 2 f — 8 ; s = 0, r = 0, when f = 0. s = I sin t — J sin 2 L 

6. a = 2 cos f — 8; 8 = 2, r = 0, when f = 0. 8 = 2 cos f -f / sin L 

7, a = — 2r— 28; 8 = 3, r= — 3, when f = 0. s = 3 c * cos t. 

6. a = — kh + b; 8 = 0, t? = 0, when I = 0. 

9. a = — nr ; 8 =t), r = n, when t = 0. 

10. a = 8 f — 4 8 ; 8 = 0, r = 4, when t = 0. 

11. a = 4 sin f — 4 8 ; 8 = 0, r = 0, when t = 0. 

12. a = 2 sin 2 f — 4 8 ; 8 = 0, r = 0, when t = 0. 

13. a= — 2r — 58; 8 = 1, r = l, when t = 0. 

14. Given a = 8 — 4 8, and r = 0, 8 = 0, w hen i = 0. Show that the 
motion is a simple harmonic \ibration with the center at 8 = 2, w ith an 
amplitude 2 and a period ir. 

16. The acceleration of a particle is given by 
0 = 5 cos 2 f — 9 8. 

(a) If the particle starts from rest at the origin, find its equation of 

motion. Ana. s = cos 2 I — cos 3 L 

What is the greatest distance from the origin reached by the particle? 

(b) If the particle starts from the origin with velocity r = 6, find its 

equation of motion. Ans. 8 = cos 2 / -h 2 sin 3 f - cos 3 f. 

What is the greatest distance from the origin reached by the particle? 

16. Answer the questions of the preceding problem if the acceleration 
taglvenby a = 8c<»3<-9,. 

Ans. (a) s = itda3t; (b) 8 = i taiaS t + 2 dnS t. 
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17. A body falls from rest under the action of its weight and a small 
resistance which varies as the velocity. Prove the following relations : 

a = g — kv. 

p = 2(l-e-*'). 

« = - !)• 
fc, + „ + jein(i-|") = 0. 

18. A body falls from rest a distance of 80 ft. Assuming a = 32 — p, 

find the time. Ans. 3.47 sec. 

19. A boat moving in still water is subject to a retardation propor- 
tional to its velocity at any instant. Show that the velocity t sec. after 
the power is shut off is given by the formula r = where c is the ve- 
locity at the instant the power is shut off. 

20. At a certain instant a boat drifting in still water has a velocity of 
4 mi. per hour. One minute later the velocity is 2 mi. per hour. Find 
the distance moved. 

21. Under certain conditions the equation defining the swing of a 

galvanometer is . . . 

Show that it will not swing through the zero point if n> k. Find the 
complete solution if < k. 


209. Linear differential equations of the nth order with constant coef- 
ficients. The solution of the linear differential equation 


(0 


d”y 

dx" 


+ Pi 


d”~^y 

dxn~l 


+ Pa 




+ 


• • + /»ny = 0, 


in which the coefficienUs pi, P 2 , • • •, Pn are constants, will now be dis- 
cussed. 

The substitution of for y in the first member gives 
(r" -f pir"“' + p 2 r "“2 .|. . . . ..j. 

This expression vanishes for all values of r which satisfy the 
equation 

(1) r" -I- pir"-‘ + pir"-^ -| f- p^, = 0 ; 

and therefore for each of these values of r, e” is a solution of (/). 
Equation (1) is called the auxiliary equation, of (f). We obsawe that 
the coefficients are the same in both, the exponents in (1) correspond- 
ing to the order of the derivatives in (/)> and y being replaced by 1. 
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From the roots of the equation we may write down particular 
solutions of the differential equation (/). The results are those of 
Art. 206 extended to cases when the ordfflr exceeds two, and are 
proved in more advanced textbooks. 

Rule to solve the equation (I) 

First Step. Write dawn the corresponding auxiliary equation 

(1) r" + pir"-» + P2r""2-| f-p, = 0. 

Second Step. Solve completely the auxiliary equation. 

Third Step. From the roots o/ the auxiliary equation write dotvn the 
corresponding particular solutions of the differential equation as follows: 


Auxiuaky Equation 


Differential Equation 


(a) Each distinct real\ 

root ri J 

(b) Each distinct pair\ 
of imaginary roots a ±bi ) 

(c) A multiple root occur - 1 

ring s times ) 


gives a particular solution C'*. 

< two particular solutions cos bx, 
^*'^1 e-sinbx. 

s (or 2 s) particular solutions ob- 
tained by multiplying the par- 
ticular solutions (a) (or (b)) by 

. If Xf X-f * * *, X* *. 


Fourth Step. Multiply each of the n* independent solutions thus 
found by an arbitrary constant and add the results. This result set equal 
to y gives the co^nplete solution. 

Illustrative Example 1 . Solve ^ - 3^J-4j/ = 0. 

dx^ ox* 

Solution. Follow the above rule. 

First Step. H — 3 r* + 4 = 0, auxiliary equation. 

Second Step. Solving, the roots are — 1, 2, 2. 

Third Step, (a) The root ~ 1 gives the solution e~*. 

(c) The double root 2 gives the two solutions xe**. 

Fourth Step, The complete solution is 

y = cie~^ -f + Caxe**. Ans. 

Illustrative Example 2. Solve + = 

dx* dx^ dx* dx ^ 

Solution. Follow the above rule. 

First Step, r* — 4 r® -f 10 r* — 12 r -f 5 = 0, auxiliary equation. 

Second Step. Solving, the roots are 1, 1, 1 i: 2 i. 


e A check on the accuracy of the work is found in the fact that the first three steps 
mosA give n Independent soiqtkms. 
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Third Step, (b) The pair of imaginary roots 1 i; 2 i gives the two solutions 


e* cos 2 X, e* sin 2 «. (o = 1, d = 2) 

(c) The doubie root 1 gives the two solutions e*, xe*. 

Fourth Step. The complete solution is 

y = Cie* + CiXe* + CjC* cos 2 x + c^e* sin 2 x, 
or y = (ci + cax + cj cos 2 X + C 4 sin 2 x)e*. Am. 

The linear differential equation 


(/) 


</"y 


+ Pi 


d’'~^y 


+ /'8 


dx’-> 


• • • + Ptd! — Xt 


in which pi, p.., • • •, p„ are constants, and X is a function of x or a 
constant, is solved by methods like those used in Art. 206 for equa- 
tion {H). The three steps described on page 394 are to be followed 
here also. That is, we solve first the equation (/), obtaining 

(2) p = tt, 

the complete solution of (/). Then u is the complementary function 
for (d). 

Next we find in any manner a particular solution of (d), 

(3) y = p. 

Then the complete solution of (7) is 


(4) y = u-\-v. 

In finding (3), methods of trial may be used analogous to those 
given on page 395 for n = 2. The rules given there for the general 
case apply also for any value of n. In any case w’e may follow the 

Rule to find a particular solution of (7) 

First Step. Differentiate successively the given equation (7) and 
obtain, either directly or by elimination, a differeyitial equation of a 
higher order of Type (/). 

Second Step, Solving this new equation by the rule on page 408, 
we get its complete solution 

y = tt -f P, 

where the part u is the complementary function of (7) already found 
in the first step,* and v is the sum of the oddiHonal terms found. 

Third Step. To find the values of the constants of integration in 
the particular solution v, substitute 

y = p 

* From the method of derivation it is obvious that ev^ solution of the originil 
equation must also be a s<dution of the derived equation. 
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and its derivatives in the given equation (7). In the resulting identity 
equate the coefficients of like terms, solve for the constants of integration, 
and sub^itute their values back in 

y = u + v, 

giving the complete solution of (7). 

This method will now be illustrated by means of examples. 

Note. The solution of the auxiliary equation of the new derived differential 
equation is facilitated by observing that the left-hand member of that equation is 
exactly divisible by the left-hand member of the auxiliary equation used in finding 
the complementary function. 

Illustrative Example. Solve 

(5) V" — 3 v' + 2 y = Xf*. 

Soltttioii. We first find the complementary function u. Solving 

( 6 ) + = 
the result is 

(7) y = u = Cie** 4* 

First Step. We now differentiate (5), obtaining 

(8) y'" - 3 y" 4- 2 y" = xe* -f 
Subtracting (5) from (8), the result is 

(9) y'" - 4 y'' 4- 5 y' - 2 y = 

Differentiating (9), we obtain 

(10) yiv - 4 y'" -i- 5 y" - 2 y' = «•. 

Subtracting (9) from (10), we get 

(11) yi^ - 5 y"^ 4-9y''-7|/ + 2y = 0, 
an equation of Type (/)• 

Second Step. ^Ive (11). The auxiliary equation is 

(12) r*-5r3 4-9r»-'7r + 2 = 0. 

The left-hand member must be divisible by r* — 3 r 4- 2, since the auxiliary 
equation for (6) is r* — 3 r 4- 2 = 0, In fact, we find that (12) may be written 

(13) (r»~3r4-2)(r~ !)» = 0. 

The roots are r = 1, 1, 1, 2. Hence the complete solution of (11) is 

(14) y =2 Cie** 4- e*{c 2 4* CaX 4- CiX*). 

Third Step. Comparing (7) and (14), we see that 
(16) y:=iV — e*(C3X 4* 

will be a particular solution of (5) (or suitable values of the constants ci and Ci« 
Differentiating (15), we obtain 

(16) If' « ^*(eg 4- (Cf 4- 2 C4)af 4* <?♦**)! 

If" m ••{2(Cf -f Ci) 4* (ei + i Ci)* 4- 
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Substituting in (6) from (16) and (16), dividing both members by e* and reduc- 
ing, the result is 

(17) 2 C4 — Ca — 2 C4X = X. 

Equating coefficients of like powers of x, we obtain ~2c4 = l, 2c4~C3 = 0, 
whence we find ^3 = — 1, C4 = — Substituting these values in (16), the particular 
solution is 

(18) 1/ = p = e'(- X - i X*), 
and the complete solution is 

y = M -f P = -f C2^ — e*(x -f \ X*). Arts. 

PROBLEMS 

Find the complete solution of each of the following differential equa- 
tions. 


1 . 

d^V 

dr3 

+ 4? = 0. 
dx 

Ana 

• y = 

Cl + C 2 cos 2 X + C 3 sin 2 x. 

2 . 

d*y 

dr* 

+ 4f2 = 0 . 

dx^ 


y = 

Cl -h C 2 X -f C 3 cos 2 X + C 4 sin 2 x. 

3. 

dx* 

1 

II 

p 


y- 

Cl + cac* + -f r 4 cos x -f C 5 sin x. 

4. 

d^<t 

d/< 

j_ 0 d*a . . _ 

+ 3-^~-4« = 

= 0. 

8 = 

Cie^ + CaC' ' + Ca cos 2 f + r 4 sin 2 L 

6. 

d!i/ 



= 0. 



dr* 

dx^ (lx* 

dx 




d*s 

dt* 

■f 16s 

Ans. 

y = Cl -f C 2 e' -f ca cos 3 X -f r 4 sin 3 x. 

6. 

= 0. Arts, 8 

= (ci + C 2 t) cos 2 f -f (ca 4" C 4 O sin 2 L 

7. 

(Px 

dP 

+ 6§+12§ + 8x 
dt^ dt 

= 0. 

Am, X = (ci 4- caf -f caf^). 

8. 

<U* 

- 8 = <3 4 . 3 (. 

Am, 8 

= CjC* 

4“ cae~ * 4“ ca cos f 4“ r 4 sin f — — 3 L 

9. 

d»f/ 

dx* 

-i^ = 2x*. 
dx 

y 

= oi + cje** + cse"** — i X® — i X. 

10. 

dx* 

dx* 

y 

= Cl + c»x + csc* + c.e"* — § X®. 

11. 

d^y 

dx* 


y 

= CiC* + Cac** — J c®* + i xe**. 

12. 

d*a 

dt* 

-9^ + 208 = 
at 


>ln8. 

4 


lS.^ + 4s = fsin»L 

A... .=c,co.2(+c,An2l + ^-5^|2i_!!^<. 
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14 ^_9^ = 0 

dx* dx^ 

18. ^ + 8 x = 0. 

dr 

1 ®- ^ ^ + 36 1 / = 0 . 

djT* dx^ 


18. ^ + 13 ^ + 36 8 = 18 < - 36. 


MISCELLANEOUS PROBLEMS 


Find the complete solution of each of the following differential equations. 


1. 

00 

27 

} 

Am. y = {t + <•) . 


2. 

m 

- 27 y-^ = 0. 

y =z {x + c)®. 


3. 


■=9x. 

% 

y = X* + c. 


4. 

(1 + 

x^)dy = Vl — dx. 

y _ x + c 



Vl -y^ 1 - 


5. 

(^ + 

y)dx — {X - y)dy. 

In (x^ -f 2 / 2 ) — 2 arc 

tan ^ = c 

X 

6. 

^ 4 . 

dx 

y — e’. 

1/ = (x -f c)e“*. 


7. 

dH 

dt^ 

4f + 38 = 0. 

S = Ci6* + C2e^*. 


8. 

dH 

dt^ 

.4|+48 = 0. 

s = 


9. 

d^s 

di^ 

• 4 ~ -f 8 s = 0. i4ns 

dt 

. 8 = e^*(ci cos 2 ^ -f C 2 sin 

2 0. 

10. 

d^y 
dt^ ■ 

-2f-3v = .-. 

y = + r^e — i e^*. 


11. 

d^x 

dt'^ 

- k'^x = a/ 4* 6. 

X = Cl cos A:/ 4* Ca sin kt *f 

4’ b 

12. 

dr 

X = Cl COS 4- Ca sin -f 

ad“ 

6» + F’ 

13. 

I ,*<8 

1 

- kH = a cofl kt. 

X = CiC** 4" cac' *' — cos W. 

14. 

~~ -f = a sin kL 

dr 

x = ciCoefct + cjBinlrl- 

^<008 

15. 


- 2 y^)dx -i-2xydy = 0. 

y* + X* In cx = 0. 


16. 

¥+ 

dx 

4 x?/ _ 1 

X* + 1 (I* 4- 1)*' 

yix* + 1)* = arc tan x + c. 
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+4.=o. 


Am. 8 = Cie‘ + cjc” • + cae®' + C4C~*‘. 


Am. s = Cl cos < + ca sin < 4- ca cos 2 < + C4 sin 2 t. 

19. xy- dy = (x^ + y^)dx. „„ dH 

20. dy + ai/(l — x^y'^)dx — 0. 


23. ^ + 4a: = e-‘. 
dt^ 


22. ^ + 4 x = 8 / + 2. 


24. -f 4 X = 6 cos 3 ^ 
di^ 

26. ^ + 4 X = 2 cos 2 <. 


Solve each of the following differential equations by making the trans- 
formation suggested. 

26. /2 - 2 = 0. Let s = — Ans. -f x = 

(// r 2 3 

27. 4- /)(/<? r= {p -f 2 si -f s)di, I^t 8 = vt. Arts, s = ct{l + t) — L 

28. (3 -f 2 8/^8 dt = (3 - 2 sf)t ds. Let st = r. 

29. (jr 4- 2/)''' ^ = 2 X -f 2 ?/ -h 5. Let x ^ 7j = v. 


ADDITIONAL PROBLEMS 

1. For a certain curve the area bounded by the curve, the x-axis, and 
any two ordinates is A* times the length of arc intercepted between the 
ordinates, and the curve passt's through the point (0, A). Show that the 
curve must be a catenary. 

2. The acceleration of a man dropping in a parachute from a stationary 
balloon is 32 — J ft. per second per second, where r is the velocity in 
feet per second. If he reaches the ground in one minute, prove that the 
height of the balloon is a little more than 950 ft. 

3. A point moving on the x-axis is subject to an acceleration directed 
toward the origin and proportional to its distance from the origin and to 
a retardation proportional to its velocity. Given that the differential 
equation for x is of the form 

where m and n are positive, and given the initial conditions x = 10, 
^ = 0, when t = 0, find in each of the following cases x and ^ and dis- 
cuss the motion. 

(a) »n = 4, rt = 5 ; (b) m = 4, n = 4 ; (c) m = 4, n = 3. 



CHAPTER XXII 

HYPERBOLIC FUNCTIONS 


210. Hyperbolic sine and cosine. Certain simple expressions in- 
volving exponential functions (Art. 62) occur frequently in applied 
mathematics. They are called hyperbolic functimis. The justifica- 
tion for this name is brought out below in Art. 215. Two of these 
functions, the hyperbolic sine and hyjrerbolic cosine of a variable v, 
written, respectively, sinh v and cosh v, are defined by the equations 

/ .. . . e^-e-o . c"-|- c-" 

(i4) sinh V = — > cosh v = — » 

A 

where e is, as usual, the Napierian base (Art. 61). These functions 
are not, however, independent, for we have from (.<4) 

(B) cosh* V — sinh* v = 1. 

[ <;ar 4. 2 4 - e~^r _ 2 -f e 1 

Prom (i4), squaring, cosh* r = j » sinh* v = I 

Hence, by subtraction, cosh* t - sinh* r = 1, J 

From (A), by sohing for the exponential functions, we get 
(1) e® z= cosh V 4- sinh r, = cosh r — sinh v. 


Illustrative Example. Show that the complete solution of the differential 
equation 

(2) = ® 


may be written y = A sinh ax -hB cosh ax, 

where A and B are constants. 


Soiutioflu By Art. 20(5 the auxiliary equation for (2) is r* — a* = 0, whose roots 
are a and — a. Therefore the complete solution of ( 2 ) is 

y = Ci€" 4- C2e“^. 

The values of e" and are found from ( 1 ) by taking v = ax. Hence 

= cosh ax + sinh ax, e = cosh ax - sinh ax, 
y = Cl (cosh ax -f sinh ax) -f caCcosh ax — sinh ax) 

= (ci -f C 3 )co«h ox + (ci — C 2 ) 8 inh ax. 


Letting ci — c* = A, Ci -f ca = B, we obtain the desired form. 

Hie result should be compared with lliustrative Example 2, p. 391* 
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211. Other hyperbolic functions. The hyperbolic tangent, tanh v, is 
defined by 


(C) 


tanh t; = 


sinh V 
coshv 


c" + e-*' ' 


The equations 
(1) ctnh V = 


1 

tanh v’ 


sech V = 


1 

cosh V 


csch V = 


1 

sinh V 


define, respectively, the hyperbolic cotangent, hyperbolic secant, and 
hyperbolic cosecant. The ratios used in (C) and (1) are the same as 
those in (2), p. 2, for the corresponding trigonometric functions. 

The following relations hold : 

(2) 1 — tanh- v = sech- v, ctnh^ p — 1 = csch* v, 

analogous to formulas in (2), p. 2. The proof of the first formula is 
given below. 

The following statements hold for the values of the h3T)erboUc 
functions. They should be verified. 

sink V can have any value ; cosh v, any positive value not le® 
than 1 ; sech v, any positive value not exceeding 1 ; tanh v, any value 
numerically less than 1 ; ctnh v, any value numerically greater than 1 ; 
csch r, any value except zero. Also, from the definitions, we have 

sinh (— r) = — sinh v, csch (— v) = — csch p, 

(3) cosh (—!')= cosh V, sech (— v) = sech v, 

tanh (— r) = — tanh v, ctnh (— p) = — ctnh v. 


Illi strative Example. Given tanh x = |. Find the values of the other 
hyperbolic functions. 

Solution. In (B) divide each term by cosh^ x. Then we get 

cosh* X cosh* X 


Therefore 


1 - tanh* X = sech* x. By (C) and (1) 


Since tanh x = this equation gives sech x = the negative value being in- 
admissible. Then 


cosh X = 


1 ^6 
sechx 8* 


by(i) 


sinh X = cosh x tanh x = |, by (C) 

ctnh X = i, and csch x = j. By (1) 


212. Table of values of the hyperbolic sine, cosine, and tangent. 
Graphs. A table giving the values, to four significant figures, of 
sinh V, cosh v, tanh v for values of c from 0 to 5.9 is shown on p. 416. 
For negative values of v, use the relations (3), Art. 211. 
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When »—> + *», sinh v and cosh v become iniimte, while tanh v 
approaches unity as a limit. 

Graphs of sinh x, cosh x, and tanh x (Figs. 1, 2, 3) are easily 
drawn by making use of the table. 



Fig. 1 Fig. 2 Fig. 3 


213. Hyperbolic functions of i; + lo. F''ormulas for hyperbolic func- 
tions, corrcsiKinding to two of (4), p. 3, are 

(D) sinh (u + «^) = sinh v cosh w + cosh v sinh w, 

(E) cosh (u 4 - w) = cosh v cosh w + sinh v sinh w. 

Proof of (£>). From the definition (A), replacing v by v + we have 

,,T- 4 w p V ~ tr 

(1) sinh (r 4- «’) = ^ » 

^r4 tr _J_ o - r - tr 

(2) coslv (v 4- u') = 

The right-hand member of (1) is transformed as follows, making 
use of (1), Art. 210. 

gt' 4 tr tr 

2 "" 2 

_ (co.sh V 4- sinh rKcosh w 4- sinh w) — (cosh v — sinh t?)(cosh u' — sinh w) 
~ 2 

Multiplying out and reducing, we get (D). Formula (E) is proved 
in the same way. 

If we set «J = » in (D) and (E), we have 

(3) sinh 2 » = 2 sinh p cosh v, 

(4) cosh 2 p = cosh* p + sinh* p. 


418 


DIFFERENTIAL AND INTEGRAL CALCULUS 


These are analogoxis to the formulas for sin 2 x and cos 2 x, re- 
spectively, of (5), p. 3. Prom (B) and (4), we get results which 
correspond to the formulas for sin- x and cos^ x in (6), p. 3. These are 

(5) sinh* » = J cosh 2 » — cosh* » = J cosh 2 r + 

Other relations for hyperbolic functions, which may be compared 
with those on page 3 for trigonometric functions, are given in the 
IHX>blems. 


Illustrative Example. Derive the formula 

sinh 2 p 


( 6 ) 


tanh V = 


cosh 2 r -f 1 
Solution. From (5), by division, we get 

cosh 2 p — 1 


cosh 


tanh2 p 

cosh 2 p -h 1 

t r — 1 cosh 2 p -f 1 „ cosh- 2 r — 1 


(7) 

Now 

cosh 2 p 4- I cosh 2 t> I (cosh 2 r -f 1)*^ 
By (B), cosh* 2 r — 1 = sinh* 2 r. Hence (7) becomes 

sinh * 2 V 


( 8 ) 

and therefore 


tanh* f : 


tanh p = ± 


(cosh 2 p 4' 1 ; * 
sinh 2 r 


cosh 2 r 4- 1 


The sign before the right-hand member must now be examined. From (3) 
we have « . , 

sinh 2 r = cosh* p = 2 tanh p cosh* r. 

cosh p 


Therefore sinh 2 r and tanh p will always agree in .sign. AI.so cosh 2 r 4- 1 is 
always positive. Hence the positive sign must l>e used, and we get (6). 

If p is replaced by i p, (6) becomes 


( 9 ) 


tanh I : 


^^inh r 
cosh p 4" f 


PROBLEMS 

1. The value of one hyperbolic function i« given. Find the valuta of 
the others and check as far as possible by the table on page 416. 

(a) cosh X = 1.25. (c) sinh x = 10. 

(b) csch X = - 0.75. (d) ctnh x = - 2.5. 

Prove each of the formulas in Problems 2 7, and compare with the 
corresponding formula (if any) in (2), (4) (6), pp. 2, 3. 

2. 1 — Ctnh^ f rr — csch* p. 

8. sinh (p — u?) = sinh v cosh w — cosh p sinh w, 

cosh (r — tc) =: cosh p cosh w — sinh p sinh w. 
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A. tanh (i? ± w) = 


tanh V ± tanh w 
1 ± tanh V tanh w 


cosh v + 1 


5. sinh I = db cosh ~ ^ 

6. sinh V -f sinh w = 2 sinh ^{v -f w) cosh ^(r — w), 
cosh V + cosh w; = 2 cosh 4(r 4- w) cosh i(r — w). 


7, tanh i(r - w) = 


sinh V — sinh w 


cosh V -f cosh w 

8. Show that the equation of the catenary (figure, p. 532) may be 
written y = a cosh 

a 

dhi 

9. Solve the differential equation ^ “■ ?/ = 0 in terms of hyperbolic 

functions, given that = 3 when x = 0, and ?/ = 0 when tanh x = 

Am, 1 / = 3 cosh X — 3.75 sinh x. 

10. Show that sech (— x) = sech x. Draw the graph and prove 
Urn sech x = 0. 

X 00 

11. Show that ctnh (— x) = — ctnh x. Draw the graph and prove 
lim ctnh x = 1. 

!-• -f 00 

12. Show that csch (— x) = — csch x. Draw the graph and prove 
lim csch X = 0. 


13. Prove (a) sinh 3 w = 3 sinh w -f 4 sinh^ u ; 

(b) cosh 3 = 4 cosh^ m — 3 cosh u. 

14. Show that (sinh x -f cosh x)” = sinh nx + cosh nx. (n any positive 
integer.) 

15. Prove that sinh'-^ j — sinh^ y = sinh (x + y) sinh (x — y). 


16. Simplify + cosh 4 r 


Ans, ctnh (u + 2 v)* 


sinh 2 M -f sinh 4 r 

17. Parametric equations for the iracirix may be written 

* f / 

X = ^ — a tanh y = a sech — 
a a 

The parameter is /, and o is a constant. Plot the curve when a = 4. (The 
tractrix is the curve for w^hich the length of the tangent (Art. 43) is con- 
stant and equal to a. Figure in Chapter XXVI.) 

18. Solve ^ 2 = n®(y — ;»x^). 

2 

Ant. y= A cosh fu; + B sinh nx + titar* + 
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214. Derivatives. The formulas, in which v is a function of x, are as 
follows. 

XXVn ^ sixth v = cosh v^- 

dx dx 

xxvm 4- cosh W = sinh y 4^. 

dx dx 

XXIX ^tanhy=sech8y$^- 

dx dx 

XXX ^ ctnh y = — csch® y 

dx dx 

XXXI 4 sech y = — sech y tanh v 

dx dx 

XXXn -^csch y = — csch y ctnh y 

dx dx 


Proof of XXVII. By (A), sinh v = 


Then 


dx 


sinh V 


.dp I (fp 


2 dx 


cosh V 


dx 


using (A). 

Formula XXVIII is proved in a similar manner. The proof of 
XXIX is analogous to that given in Art. 72 for the derivative of 
tan V. To prove XXX XXXII, differentiate the forms as given in (1), 
Art. 211. The details are left as exercises. 

215. Relations to the equilateral hyperbola. The curve for which 

(1) x — a cosh V, y = a sinh v 

are parametric equations is the equilateral hyperbola x~ — y'^ = o*. 
For, eliminating the parameter v by squaring and subtracting, we 


have 


x2 — _ o2(gogjj2 t, _ sinh^ ») = 


By (B) 


Fig. 2, p. 421, shows a hyperbolic sector OAPt bounded by the 
arc APi of (1), the semitransverse axis OA, and the radius vector 
OPi. At Pi, V = fi. 
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Theorem. The area of the hyperbolic sector OAPi equals i a%. 

Proof. Let (p, 0) be the polar coordinates of any point on the arc 
APi. Then the element of area is (Art. 159) dA — ^p^ dd. 



But p- — X- y- = a2(cosh- v + sinh^ v). Using (1) 

Also by (6), p. 4, 

6 = arc tan ^ = arc tan (tanh v). By (1) 


Therefore 


(jd _ sech- V 
dr ~ 1 + tanh- v' 


Using (C) and (1), Art. 211, we get 

dv 


By XXn, p. 87, and XXIX 


and therefore 


de = -,., 

cosh- p -f- sinh- p 
dA — I a- dv. 


The theorem follows by integration, since p = 0 at A. Q.E.D. 
The parametric equations of the circle in Fig. 1 are 

x = r cost, y = r sin t. Art. 81 


The parameter t equals h at Pi, and ti is the measure of the central 
angle AOPi in radians. Hence the area of the circular sector AOPi 
is 1 r'Hi. 

Let r = a = 1. Then in Fig. 1, for P(x, y), 

X = cos t, y = sin (, ^ t = area AOP. 

In Fig. 2, for P(x, y), 

X = cosh p, y = sinh v, J p = area AOP. 

Hyperbolic functions, therefore, have the same relations to the 
equilateral hyperbola as the trigonometric functions do to the circle. 
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PROBLEMS 

X 

1. Show that the element of len^h of arc for the catenary y = a cosh - 
is given by da = cosh - dx. 

2. In the catenary of Problem 1 prove that the radius of curvature 
equals^* 


Verify the following expansions of functions by Maclaurin*» series, and 
determine for what values of the variable they are convergent. 


I® z» 

I+i6 + ' 

.•y*2 n "• 1 

. . 4. J 

^|2n - 1^ 

Am. 

+ + . 
12 i 

|2 n 

Am. 


Verify the following expansions, using the series in Problems 3 and 4 
and the methods explained in Art. 195. 

5. sech x=:l — — -H • • •. 

6. tanh x = x- Jx3 + Ax^- 3 V 5 X^H . 

7. Test the function 5 cosh x 4* 4 sinh x for maximum or minimum 

values. Ans. Minimum value, 3. 

8. Test the function A sinh x + /i cosh x for maxi mum or minimum 
values. Ans. If B^> a maximu m value — V/^- ~ if B < 0; 

a minimum value 4- Vb^ — AMf B > 0. 


9. Derive the series in Problems 3 and 4 from the series for and 
by subtraction and addition. (Use (A) and Art. 195.) 


10. Let ds = length of the element of arc ; let p = Vx^ + ]y- = radiiis 
vector of P(x, y) for the circle or equilateral hyperbola of Art. 215, and 
take limits of integration for the arc A Pi in Figs. 1 and 2, p. 421. Prove 


(a) J'— = ti for the circle; (b) = ri for the hyperbola. 


11. Prove lim (cosh x — rinh x) = 0. 

X-* + 00 


12. Evaluate each of the following indeterminate forms. 


(a) lim 

z-O 

(c) lim 


sinh X 

X 

1 — cosh z 


(b) lim 

af-sO 


tanh X 


1& Given tan ^ mnh x. Prove ^ =s sech x* 


Am. — §. 



HYPERBOLIC FUNCTIONS 


428 


14. Derive the expansion 

arc tan (sinh z) = * — + — yJiif *^ + • • • 

by integration as in Art. 196, using the result 
in Problem 5. 

Itt. Prove the following theorems for the 
tractrix (see figure) 

x = i — a tanh y = a sech -• 
a a 

(a) The parameter t equals the intercept of 
the tangent on the x-axis. 

(b) The constant a equals the length of the 
tangent (Art, 43). 

(c) The evolute is the catenary 0 = a cosh -• 

I ** 

(d) The radius of curvature PC is a sinh — 

o 

216. Inverse hyperbolic functions. The relation 

(1) y — sinh v 
is also written 

(2) t) = sinh"‘y, 

and read ” v equals the inverse hjT>erbolic sine of y.” Therefore 
sinh V and sinh'* y are inverse functions (Art. 39). The same nota-' 
tion and nomenclature are used for the other inverse hyperbolic 
functions, cosh ' r (" inverse hyperbolic cosine of v "), etc. 

The curves 

(3) y = sinh x, y = cosh j, y ~ tanh x 

are shown again on page 424. Assume now that y is given. 

In Fig. 1, y may have any value, i>ositive or negative, and then 
the value of x is uniquely determined. 

In Fig. 2, y may have any positive value not less than 1. When 
y> 1, X has two values equal numerically and differing in sign. 

In Fig. 3, y may have any value numerically less than 1, and then 
the value of x is uniquely determined. 

Summarized, the results are 

The function sinh~* v is uniquely determined for any value of v. 
Also sinh " ' (— r) = — sinh ' * v. 

The function cosh“* t>, when » > 1, has two values differing only 
in sign. Also cosh"* 1=0. 

The function tanh"* v is uniquely determined when it*< 1. Alao 
tanh~‘(— «) =» -- tanh"* v. 
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Hj-perbolic functions were defined in Art. 210 in terms of ex- 
ponential functions. The inverse hyperbolic functions are expressible 
in terms of logarithmic functions. The relations are 


(F) 

sinh"* z = In (x + Vx® + l). 

(Any x) 

(G) 

cosh~‘ X = in (x ± Vx® — l). 


(FO 

tanh"' X = J In 

* 1 — X 

(X® < 1) 

Proof of (F). 

Let V ~ sinh ' ‘ x. Then 


(4) 

pv __ p-v 

X = sinh V = 2 

By (A) 


To solve (4) for v, write it as follows : 

c' — — 2 a; = 0, or — 2 xe'’ — 1 = 0. 


This is a quadratic equation in e”. Solving, e' = z ± Vz^ + 1. 
Since e” is always ywsitive, the negative sign before the radical 
must be discarded. Hence, using Napierian logarithms, we have (F). 

Proof of (G). Let v — cosh ~ ^ z. Then 

(5) X = cosh V = - • By (A) 

Clearing and reducing, we have e*” — 2 ze' -|- 1 = 0. 

Solving, e’ = X i: Vx^ — 1. 

Both values must be retained. Taking logarithms gives (G). 
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Proof of (H)‘ Let v = tanh" ‘ x. Then 

(6) a: = tanhp = ^ ' By (O 
Clearing of fractions and simplifying, the result is 

(x — 1)6” + (x + l)e" ' = 0. Hence e-” = 

Taking logarithms, we have (/f). 

Illustrativh Kx ample. Transform 

(7) 5 cosh X + 4 sinh x 

into the form C cosh (x -f o), where C and a are constants, and find C and a. 
Solution. By (E), Art. 213, we have 

(8) C cosh (x -f- a) = C cosh x cosh a -f C sinh x sinh a. 

Hence (7) will have the desired form if C and a satisfy the equations 

(9) C cosh (1 = 5, (" sinh a = 4. 

Siiuaring, subtracting, and using (fi). Art. 210, we get C- = 9. Then C = + 3, 
since cosh a must be positive. Also, by division, tanh a = f. Hence 

a = tanh » 0.8 = i In 9. By (H) 

Therefore a = 1.099 and 

(10) 6 cosh X -f 4 sinh x = 3 co.sh (x + 1.099). 

The graph of the function 5 cosh x -f 4 sinh x may be obtained from the graph 
of 3 c<jsh X by translating the //-axis to the new origin (1.099, 0). (Compare with 
Illustrative I'.xample 2, p. 391.) 

When X is given, the values of sinh” ’ x, cosh”' x, or tanh”' xcan 
be deterniine<l by the table on page 416 to not more than three signifi- 
cant figures, f’or example, .sinh ' ' 0.25 = 0.247 ; cosh” ' 3 = ± 1-76. 
For greater accuracy (f), (G), or (H) may be used if tables of 
Napierian logarithms are at hand.* 

217. Derivatives (continued). The formulas, in which p is a function 
of X, are as follows. jy 


xxxm 

d .. dx 

dx Vv*+ 1 

(Any u) 


dv 


XXXIV 

d t. \ dx 

-r- cosh”' V = y 

dx ± Vp* - 1 

(y > 1) 




XXXV 

d j. t dx 

-r tanh » v = s* 

dx 1 — 

(y*<i) 


♦The Smithsonian Mathematical Tables. ''Hyperbolic Functions" (1909). give the 
values of sinh it, cosh u, tanh u. ctnh u to five significant figures. Values of the correspond- 
ing inverse functions to five significant figures may be found from these tables. 
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Proof of XXXIII. (Compare Art 75.) Let 

y — sinh~* 

Chen V = sinh y. 

Differentiating with respect to y, by XXVn, 

dv 


dy 


= cosh y ; 


therefore 


dv cosh y 


By (C), Art. 39 


Since r is a function of x, this may be substituted in (A), Art. 38, 

^ _ 1 ^ 1 ^ 

dx ~ cosh y dx Vp- + 1 dx 

[cosh y = Vsinh’ v + 1 = Vr'J + 1, by (B).] 


The proofs of XXXTV and XXXV are similar. Other formulas are 
the following. 

(/) ctnh-‘x = |ln^- (x»>l) 


iJ) 


(0 < X g 1) 


csch-‘ X = In + l)* 

(x* > 0) 


_ ^ 


XXXVI 

d , dx 

— ctnh-* V = -3 — r- 
dx i;* — 1 

(«^ > 1) 


dv 


xxxvn 


(0 < i; < 1) 




xxxvm 

d dx 

(o*>0) 


Details of the proofs are called for in Probx'ems 5-8 on the next 

pa{^ 
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PROBLEMS 

1. Show that the two values of cosh"* x in (C) differ only in sign. 

2. Draw the graph of i/ = J sinh”* at. Check in the figure the values 

of y and y' when x = 2. Ans. y = 0.72, y' = 0.2236. 

3. Prove XXXIII directly by differentiating (P). 

4. Draw the graph of each of the following and check in the figure 
the values of y and y' for the given value of x. 

(a) V = cosh" * X ; x = 2. 

(b) y = tanh" ‘ x ; x = — 0.75. 

6. Prove XXXIV and XXXV. 

6. Derive (/) and XXXVI. 

7. Derive (7) and XXXVII. 

8. Derive {K) and XXXVIH. 

9. Derive the expansion 

tanh = + 

by Art. 195. 

10. Given sinh x = tan </>. Prove 

(lx 

(a) X = In (sec 0 -f tan 0) ; (b) — = sec 0. 

(10 

11. Show that each ^r = sinh *1- Derive XXXVIII from XXXIII> 

using this relation. ^ 

12. Evaluate lim x otnh * x. Ans. 1. 

X = oc 

13. Evaluate lim x csch ‘ i. 

X — QC 

14. Derive the expansion 

sinh >x = x-|x*4-|^|*-.-.. 

16. Evaluate lim (sinh ’ * x — In x). Arts. In 2. 

X '■» -f oo 

16. Show that ctnh"' r = tanh * sech**' r = cosh*'' and verify 

p V 

XXXVI and XXXVII from these relations. 

17. Prove 4- t.nh- ^ 

dx sech a + sec X 1 + cosh a coax 

18. Drawthegraphsof (a)y=ctnh"'x; (b)y=aech"*x: (c)y=C8ch~*x, 
using the theorem of Problem 28, p. 41. 
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218. Telegraph line. Assume in a telegraph line that a " steady 
state ” of flow of electricity from A, the home end, to B, the receiving 
end, has been established, with perfect ^ p p 

insulation and uniform linear leakage. P i , |. ~Ti 

is any intermediate point. We need to ^ ^ 

consider : 

the electromotive force (v'olts), e.m.f., Ea at A, Ea at B, E at P ; 
the current strength (amperes), I a at A, Ib at B, / at P; 
the characteristic comtants a and ro, whose values depend upon 
the linear resistance and leakage. They are positive numbers. 


Let X = .4P. Then it is shown in books on electrical engineering 
that E and I are functions of x such that 


( 1 ) 

( 2 ) 


d-E „ 

Toal = — 


dE 

dz 


We wish to find the e.m.f. and current strength at P. They are 

(3) E = Ea cash ax — n,lA sinh ax, 

K 

(4) I = Ia cosh ax — — sinh ax. 


Proof. The complete solution of (1) is (Illustrative Example, 
Art. 210) 

(5) E — A cosh orx + B sinh ax. 

Substituting in (2), the result is 

(6) rij/ = — A sinh ax — B cosh otx. 

But E = Ea, I = Ia when x = 0. Therefore A = Ea, B = — ro/^, 
and (5) and (6) become (3) and (4) respectively. 

For the solution in terms of the e.m.f. and current strength at 
the receiving end, see Problem 2 below. 


PROBLEMS 


All refer to a telegraph line in a "steady state,” and L = AB. 

1. Given Ea = 200 volts, L = 500 kilometers, to = 4000 ohms, a = 0.0026, 
Ib = 0. Find I a and Eb. 

Ans. I A — 0.05 tanh 1.25 = 0.04238 ampere ; 

Eb - 200 sech 1.26 = 105.8 volts = 0.63 Ea. 
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2. U y = PB = distance of P from the receiving end, show that 

rp 

E= Eb cosh ay + voIb sinh ay, I I b cosh ay + — sinh ay. 

3. Given Ea = 200 volts, I a = 0.04 ampere, ro = 4000 ohms, a = 0.0025. 
Show that 

E = 120 cosh (1.099 - 0.0025 x), / = 0.03 sinh (1.099 - 0.0025 x). 

(See the Illustrative Example, Art. 216. Thus E tends towards a minimum 
value of 120 volts and / approaches 0 as x approaches 439.6.) 

4. Given Ea = 160 volts, I a = 0.05 ampere, ro = 4000 ohms, a = 0.0025. 
Show that 

E = 120 sinh (1.099 ~ 0.0025 x), / = 0.03 cosh (1.099 - 0.0025 x). 

(See the Illustrative Example, Art. 216. Thus E approaches zero and 1 
decreases to a minimum value of 0.03 ampere when x approaches 439.6.) 

fl2f 

6. Prove that -r-:; - a^I = 0. (Thus E and I are solutions of the same 
dx^ 

linear differential equation, which has the form i/" ~ ct^y = 0.) 

6. Given Ea = ro/.t. Prove 

(a) / = 

(b) K = To/ ; 

(c) E 0 when x becomes infinite. 

(T'or example, if ro = 4000, and the impressed e.m.f. at the home end 
of the line is 4000 times the current strength, thf^n at every point of the line 
the e.m.f. is 4000 times the current strength and diminishes towards zero 
as the length of the line is indefinitely increased.) 

7. In Problem 6 show that the decrease in E at P at unit distance along 
the line from P equals Ee ~ where e is the Napierian base. 

8. Prove the following. 

(a) If In = 0, then Ea == ro/,i ctnh ah. 

(b) If Eb = 0, then Ea = ro/.A tanh aL. 

ADDITIONAL PROBLEMS 
Derive the following relations. 

1. If Ea > Tol A and r = tanh~^ then 

Ea 

E = Ea sech r cosh (t — ax), I ^Ia each r sinh (r - ox). 

2. If Ea < fol A and r = tanh~‘ then 

toIa 

B—Ea esch r sinh (r — ox), / = /a sech r cosh (r - ax). 
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218. Integrals. A list of elementary integrals involving hyperbolic 
functions and supplementing Art. 128 is given here. 

(24) 

J' sinh vdv — cosh u + C. 


(28) 

j * cosh vdv = sinh i; + C. 


(26) 

J ' tanh «; du = In cosh v+ C. 


(27) 

J * ctnh t; do = In sinh u + C. 


(28) 

j' sech* vdv = tanh i; + C. 


(29) 

j' csch* vdv — — ctnh t» + C. 


(30) 

J ' sech V tanh vdv=- — sech u + C. 


(31) 

J csch i; ctnh vdv = — csch v+ C. 


The proofs follow immediately from XXVII-XXXII, except for 
(26) and (27). To prove (26), we have 


f tanh vdv= 

/ J cosh t; 

by(C) 


= r!^i£^ = lnoMh.+ C. 

J cosh V 


The proof of (27) is similar. 


Illustrative Example. Derive the formulas 


(1) 

j* sech p dr = arc tan (sdnh p) 4* C ; 


(2) 

J each p dp In tanh | 


Solution. Since sech s = \ ’ . 

cosh V cosh^ If 1 + sinh* v , 

by(fl) 

we have 

fscch . de = 

J J 1 + Binh* P J 1 4* 8inh* p 



= J d[arc tan (sinh p)] » arc tan (sinh t) 4- C* 
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csch V = csch V ' 


To derive (2) we have (compare Art. 131) 
f csch V 4- ctnh r 
csch V 4* ctnh e 
C8ch^ V -f- csch V ctnh v 
ctnh V 4- csch v 


J * csch vdv^ — y* 


— c sch^ t> — csch V ctnh v 
ctnh V 4- csch v 


do 


_ _ rd(ctnh V 4- csch o) 

~ J ctnh 0 4- csch o 
= — In (ctnh 0 4* csch o) 4* C 

\sinh V sinh v/ 

= — In (cosh p 4- 1) + In sinh p + C = In 


by (1), Art. 211 
sinh p 


+ C 


= In tanh ^ + C. 


cosh p + 1 

By (9), Art. 213 


PROBLEMS 

Work out the following integrals. 

1. J'sinh* V dr = \ sinh 2 r — J r + C. 

2. J' cosh* V dv = \ sinh 2 r + J p + C. 

5. J'tanh* p dp = r — tanh v + C. 

4.y* ctnh* vdv = t — ctnh v + C. 

6. J sinh* p dp = i cosh* p — cosh v + C. 

6. J* cosh* p dp = § sinh* p + sinh v + C. 

7. J tanh* p dp = In cosh p — J tanh* r 4- C. 

8. J'tanh* p dr = p — tanh p — i tanh* v+ C. 

d.J' csch* p dp = — i csch p ctnh p — i In tanh | + C. 

10. Jar sinh x dx = x awh x — sinh x+ C. 

11. J* coe X sinh xdx — J(co8 x cosh x + sin x sinh x) + C. 
18. J* mnh (mx) sinh (?tx) ^ 


[m mnh (tix) cosh (mx) 
— n cosh (nx) sinh (mx)] + C. 
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Work out each of the following integrals. 

13. J sinh^ X dx. 16. J'sin x cosh x dx. 

14. J' sech^ 2 X dx. 16. J x cosh x dx. 

17. J'x* cosh X dx. ^ ^ 


19. J' e"' cosh X dx. 


Work out each of the following, using the hyperbolic substitution in- 
dicated. (Compare Art. 135.) 


20 . 

21 . 


J Vx^ — 4 dx ; X = 2 cosh r. Am. J xVx^ — 4 — 2 cosh ^ ^ x -f C. 
du 


/■ 




(a* 

22 f-ii±^:x = 28inhz-l. 
x-^ -f 2 X + 5 


; w = a tanh 


23. The arc of the catenary y = a cosh ~ from (0, a) to (x, y) is revolved 

a 

about the f/-axis. Find the area of the curved surface generated, using 
hyperbolic functions. 


24. Find the centroid of the hyperbolic sector OAPi in Fig. 2, Art. 215. 
(Compare Problem 12, p. 337.) ^ - _ 2 ^ sinh rj r _ 2 ^ cosh fj — 1 

/iTio. X "T Cl ' ' "" > ?/ — - u 

3 P| 3 Fi 


220. Integrals (continued). From XXXIII -XXXVIII we may 
derive integrals. Some of them we have already met in Art. 128. 
Their values are now expressible in terms of inverse h)T)erbolic 


functions. 



(32) 

J Vw* + a* a 

(v any value) 

(33) 

r-7± «.di->2+c. 

(v ^a) 

(34) 

J a* — V* a a 

(u* < a*) 

(36) 

-IrtUi-s + c. 

J ya_ a» a a 

(y* > 0*) 

(36) 

C — = — i sech"^ - + C. 

J yVo*— w* a a 

(0 < y < a) 

(37) 

J »Vy* + a* a a 

(y any value) 
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(38) J y/i^ + a* dv — |Vy* -f- c* + ^ sinh-^ a ^ 

(39) j' Vi;* — d*dv — gVt;*— a* — ^ cosh~‘ ^ + C. 

In (33) and (39) the positive value of the inverse hyperbolic 
cosine must be used, and in (36) the positive value of the inverse- 
hyperbolic secant. 

Proofs of (32) and (33). Let x = ^ in (F). Then 

sinh“ ^ Q ~ + = In (p + Vp^ + a'^) — In a. 

Hence 

(1) In (p + Vp2 + o^) = sinh~* ^ + In o. 

In the same way, from (G) we get 

(2) In (p + Vp* — o^) = cosh" * ^ + In a. 

Using these results in the right-hand member of (21), p. 193, we 
get (32) and (33). 

Proofs of (34) and (35). Let x = - in (H). Then 

d 

(3) \ In 2-i_E _ tanh" ' -• 

Then (34) follows from (3) and (19 a), p. 192. 

In the same way, from (/) and (19), p. 192, we get (35). 


Proof of (36). Since 


we have 


(-»- 

/; 


-dr- 


sech • 


dv 


- 


± pVo^ — p^ 


by XXXVn 


dv 


1 


= = — - sech“> - if the positive sign before 


the 


pVo^— P'" 

radical is chosen. The proof of (37) is similar. 

Formulas (38) and (39) follow from (23), p. 193, using (1) and (2). 


Rbmark. Since 

ctnh-* - = tanh“' - ■ sech'* - = coeh“* - . CBch~* - = sinh"* - » 

a V a p a v 

the integrals (3ft)-(37) may also be expressed in terms of the functions most con- 
venient for use of the table of Art. 212. 
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Illustrativb Example, Derive (37) by means of the substitution e a esch a. 
(Compare Art. 135.) 

Solution. We have 

V^hTo* = Va» csch® z -f a* = a ctnh t. By (2), Art. 211 
Also dr = — a csch 2 ctnh z dz. By XXXII 


Therefore f = T— 

J pvr* + « 


a csch z ctnh z dz 
csch z • a ctnh z 


a 


Since s = csch~* ~f we have (37)- 


PROBLEMS 


1. In the figure the curve is the equilat- 
eral hyperbola Using Art. 142, 

prove that 

(a) area AMP^ triangle 0 Af P — ~ cosh ~ ; 

I a 

(b) sector OA P = - cosh ~ - — \ 

if z = a cosh r. (Thus we have an alternative 
proof of the theorem of Art. 215.) 

2. Derive each of the following power 
series by integration (Art. 196), 



(a) tanh~' x = — 

6 5 

/1.x -1,-1 1 -r’ 1 -3 

(b) mnh .x = r--- + — 



1 

T 


+ ••• 


1 • 3 • 5 
2.4*67 


(x» < 1) 

(*» < 1 ) 


Work out the following integrals. 

3. J'sinh“‘ X dx = X sinh” ‘ x — Vl + + C. 


■S' 


4. I tanh“> x dx. 


Jx co8h~‘ xd*. 


Work out, using hyperbolic functions. 



dx 

Vl6 X* + 9 



dx 

— 4 X* 



9. Find the length of arc for the parabola x* = 4 y from (0, 0) to (4, 4), 
using hyperbolic functions. An». + sinh"' 2 = 6.92. 

10. Find the area bounded by the catenary y = a cosh - and the line 

y = 2a. ® 

11. The downward acceleration a of a falling body is given by 
a = 32 — i and p=0, 8 = 0, when I = 0. Find » and s. 

Amt. r = 8 tanb 4 (, a = 2 Incoeh 4 f. 
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221. The gudermannian. The function arc tan (anh v), which occurs 
frequently in mathematics (for example, in (1), Illustrative Example, 
Art. 219), is called the gudermannian* of v. The symbol used is 
gd V (read " gudermannian of » ”)• Thus 
(1) gd t; = arc tan (sinh »). 

The derivative is 

XXXIX ^ gd w = sech 

dx ** dx 

assuming » to be a function of x. 

Proof. Differentiating (1), we get 

gd V = , • By XXn and XXVH 

dv 1 + sinh-* V 


But 

and 

Then 


1 + sinh^ V = cosh^ p, 
1 


cosh V 
d 


= sech p. 


dv 


gd p = sech p . 
dx dx 


hy(B) 
By (1), Art. 211 

By (A), Art. 38 


From the definition (1) and Art. 77, we have 

(2) gd(0) = 0: gd (-p) = -gdp; gd (-f oo) = i tt ; gd (-oo) = - Jtt. 

When p increases, gd p increases (since sech p > 0). 

Its value lies between — ^ tt and + I vr. Some 
values are given in the accompanying table. 

By (1), Art. 219, 

(40) J' sech w cfp = gd + C. 

To find the inverse function (Art. 39) let 

(3) = arc tan (sinh p), (— ^ it < <f> < | t) 
and solve for p. The result is 

(4) p = ainh~ ' (tan d>). 


V 

gd V 

0.5 

0.480 

1.0 

0.864 

1.5 

1.132 

2.0 

1.302 

2.5 

1.407 

3.0 

1.471 

3.5 I 

1.510 

4.0 

1.534 

4.6 

1.549 

5.0 

1.657 


From (3) we have tan = sinh v. Since cosh* p = 1 + sinh* p, 
by (B), the trigonometric functions of </», when p > 0, can be read 
off from the accompanying right triangle. 

Thus sin </> = tanh p, cos 0 = sech p, etc. . . 

sjnh » 

The inverse function f (4) may be written 

(6) p = In (sec <f> + tan <f>). ^ 


^ Named after the mathematidan Oudermann. His papers were published in 1830. 
t The symbol gd ~ Is used by some writers (t » gd ^ 
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Proof. Replace x in (f), Art. 216, by tan <t>, and note that 
1 + tan^ <t> is equal to sec^ by (2), p. 2. 

Conversely, given (5), then = gd r. 

Proof. Changing to exponentials, (5) becomes 

sec ^ + tan ^ = e", or tan </> — e* = — sec <#>. 

Squaring both members, substituting sec® <^ = 1 + tan® <f>, and 
reducing, the result is * 

— 2 tan 0 c’ + e®’ = 1. 

Solving for tan <t>, we get 

tan <l> — " — = sinh t». By (A) 

Hence 4> = arc tan (sinh r) = gd v. Q.E.D. 


Illustrative Example. In the 
tractrix let 

a = length of the tangent PT 
(constant by definition) ; 

t = intercept of the tangent on 
the x>axis ; 

<f> = angle between the tangent 
line directed upward and the y-axis ; 

0 = 0 when i = 0. 

Then H(0, a) is on the curve. 

To prove 

(6) « = gd Q- 



Proof. When i is given, 0 is determined. Hence 0 is a function of t, I^et the 
values of t and 0 for the tangent line at Q, a point near P, be, respectively, 
f -f i^i{=OT) and 0+ A0. Draw TU perpendicular to QT', I>et the tangent 
lines at P and Q intersect at S, Then in the right triangles IJTT' and STU we 

TU- TV cos VTT ; TV = TS sin TS U. 

Therefore TT’ cos VTT = TS sin TSU. 

But angle UTT = 0 -f A0, angle TSU = A0, TT' = AL Hence 
At cos (0 *f A0) = TS sin A0. 

Let Q move along the curve towards P, and let A0 0. Then At and A0 are in- 
finitesimals. Also S approaches P and TS a. Hence, by the Replacement 
Theorem, Art. 98, and (S), Art. 68, we have 

df cos 0 = a d0, or d ~ = sec 0 
a 

Integrating, and remembering that 0 = 0 when f = 0, we get 
^ = In (sec 0 + tan 0). 

Therefore, by (5), ^ = gd Q- 


Q.B.D. 



HYPERBOLIC FUNCTIONS 


437 


PROBLEMS 


1. The figure shows the circle + I and equilateral hyperbola 

= 1 in the first quadrant. From M, the foot of the ordinate MP 
of any point P on the hyperbola, draw MT 
tangent to the circle* Let i r = area of the hyper- 
bolic sector OAP (Art. 215), and 4> = angle AOT. 

Prove 0 = gd r. 

2. Prove 

(a) gd r = 2 arc tan J 7i ; 

(b) y'sinh V tanh v dv = sinh r — gd r 4- C. 

3. Draw the graph of |/ = gd x. Calcu- 
late y and y' when x = 1. See figure. 

Aiui, y = 0.86, y' = 0.65. 




P is (x, 2/), prove that 

X = / — a sin <f), y ^ a cos 0. 

From these and (6) derive the parametric equations 

X = f — a tanh y = a sech - 
a a 

for the tractrix. Find the rectangular equation also. 

6. Derive J aeoh^ v dv = ^ sech v tanh r -f* J gd p 4- C. 

6. If the length of the tangent of a curve (Art. 43) is constant (= a), 


/ A dv y 

(a) prove ~ = 

(lx Va*^ — 


(b) Integrate by the hyperbolic substitution |/ = a sech ^ and the con- 
dition X = 0 when ( = 0, and in this way derive the equations of the 
tractrix in Problem 4. 

7. Evaluate each of the following by differentiation. 
gd x - X . 


(a) lim 

X -*0 


(b) lim 
»-o 


gd X — an X 

T* 


j4?m. (a) — i ; (b) 

8. Using .the expansion of Problem, 14, Art. 215, we have 

gdx = x — |x* + :^x* — X Jiu x^ H . 

Calculate the value of gd 0.5 to four places of decimals. Ana. 0.4804. 

9. The equation (5), p. 435, may be written 

p = In tan (i a* + i <l>). 

Prove this statement, making use of (8), (4), and (5), pp. 2, 3. 
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222 . Mercator’s Chart. The figure shows a portion (one eighth) 
of a sphere representing the earth. North Pole N, equator EF, 
longitude di and latitude <f>i of the point Pi are indicated. Q, with 


longitude di + Ad, latitude 
<l>i + A<^, is a second point, 
near Pi on the curve PiQV. 
The meridians and parallels 
through Pi and Q are shown. 
They form the quadrilateral 
PiSQR. We seek expressions 
for the circular arcs RQ and Pi R. 

Since 0 is the center of the 
equal arcs RQ and PiS, each 
with central angle A<t>, we have 

(1) arc RQ — arc Pi S = a A^. 

Also, C is the center of arc PiR, 
with central angle Ad. Hence 
arc PiR = CPi • Ad. But, in the 
at C), CPi = acos 01 . Hence 

arc PiP = I 


N North Pole 



cos 01 Ad. 


The line PiR' is tangent at Pi to the parallel PiR. The line PiT 
is tangent* at Pi to the curv'e PiQV'. The angle at Pt between the 
curve and the parallel is the angle R'P\T. Then 

(2) tanR'Pir = sec0i(^^^. 

the value of the derivative being found from the equation 

(3) d=/(0) 

satisfied by the latitude and longitude of each point of the curve 
PiQV. 


Proof of (2). 
shown t that 


(4) 


By the Replacement Theorem, Art. 98, it can be 


tan R'PiT = lim 

arc PiR 


Substituting the values from (1), we get (2). 


* Defined m in Art. 28 as the limiting position of the secant through Pi and Q when 
Q approaches Pi along the curve PiQ. 

t The details are indicated in the Additional Problems (p. 443). Note that arc HQ and 
aic PiH are, respectively, opposite and adjacent to the angle at Pt in the curvilinear 
triangle PtPQ. 
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On Mercator's* Chart of the earth's surface the point with 
latitude <l>, longitude d, is represented by the point (x, y) such that 

(5) x = d, y — In (sec <t> + tan 
or, inversely, 

(6) B — X, <i) = gd y. By Art. 221 

In (5) and (6), B and (f> are expressed in radians. Meridians (B = con- 
stant) are represented on the chart by lines parallel to the ^-axis, 
parallels (<t> = constant) by lines parallel to the a:-axis. The curve 
(3) is given by the parametric equations 

(7) X = y = \n (sec + tan <t>). 

Theorem. The angle between a curve on the sphere and an intersect- 
ing parallel is unchanged by mapping. 


Proof. Let (xi, y^) be the point on (7) where = <f>i‘ The parallel 
becomes the line y = yi on the chart. Hence we have to prove that 
the curve (7) is such that 


(8) (^£j= sec . Using (2) 


From (7) and (3), we get 


d<h 


— seed), 


_ f>f^\ _ dB 

55 ' 


Then (8) follows from (A), Art. 81, and (C), Art. 39. Q.E.D. 

Two important corollaries follow. 

Cor. I. The angle at Pi on the sphere formed by two cimves, 
PiQR and PiQ'R', will equal the angle on the chart at (xi, yi) 
formed by the corresponding curves. Hence angles remain un- 
changed by mapping. 

Cor. II. A straight line on the chart with slope tan a corresponds 
to a curve on the sphere cutting all parallels under the same angle a. 
This curve is called a rhumb line (or hxodrome). 

Along a rhumb line 

(9) 4> = gd(0 tan a + b). 

This follows from (6) and y = x tan a + 6. The course of a ship 
proceeding always in the same direction lies along a rhumb line. In 
the representation (5), B, and therefore x, has values from — v 
to 4- w, inclusive. On the other hand, y may have any value (Art. 221). 
Hence the entire surface of the earth is mapped on the strip of the 
xy-plane determined by the lines x = — r and x = -f w. 


* Omrdut Mercator (1512-1594), a noted cartot^rapher, publbhed hla Chart of the 
World in 1569. Hia name ia the Latiniaed form of Gerhard Kremw, 
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By the table of Art, 221 we may find the latitude in degrees of the parallels 
which are given on the chart by the lines y = constant. 


y 0 0.5 1.0 1.5 2 

\ai. 0^ 27** Sr 49^36' 64“ 61' 74“ 36' 

A rhumb line is represented on the map by a series 
of parallel line segments such as AAi, BBu CCu 
etc. in the figure, where BAi, CBu etc. are parallel 
to the x-axis. The representation is " conformal ” ; 
that is, the shape of small areas is preserved. This 
follows from Cor. I. For example, a triangular 
figure • on the earth's surface bounded by rhumb 
lines will be a triangle on the map, and corre- 
sponding angles in the two figures will be equal. 
But the distortion of an area on the earth's sur- 
face by mapping depends upon its distance from 
the equator. Problem 4, p. 442, brings out this 
point. 


3 4 6 

84° 18' 87° 64' 89° 14' 



22S. Relations between trigonometric and hyperbolic functions. I>et 
the exponent v of the exponential function c be a complex nu?tif>er 
x + ty (x and y real numbers; i = V— 1). Then we assume as a 
definition 

(1) = e^icos y + » sin y). 

If X = 0, we have (see p. 391) 

(2) e"' = cos p + t sin y. 

Change y to — y. Then (2) becomes 

(3) e~''' = cosy — i sin y. 

Solving (2) and (3) for sin y and cos y, the results are 

e'v — p,- 'V p'u 4. - iv 

(4) sin y = — — * cosy = - — 


Thus the sine and cosine of a real variable are expre.ssed in terms 
of exponential functions with imaginary exjwnents. 

Formulas (4) and (A) suggest definitions of the functions con- 
cerned when the variable is any complex number z. These definitions 
are 

(5) " 


sin z = 


sinh z = 


2 * 

e* — e~ 


c“ + « 
cos z = — 


cosh z 


e* -f- «■ 


• Th* Hdm * * - it and * » + » repraacnt the same meridian (180® W, or 180® E.). 

It ia awoiMd that thia meridian doea not croea the curvilinear triangle. In the figure, A\ 
and Bi rep r a a a n t the aame poltit on the earth, aa do alao B% and C. 
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The other trigonometric and hyperbolic functions of z are defined 
by the same ratios as are used when the variable is a real number. 

From (5) we may prove the following : 

(I) sinh iz — i sin z, cosh iz = cos z. 

I^Binh U = (5) ; etc.J 

From (L), by division, we get 

(6) tanh iz = i tan z. 

The similarity of many formulas in this chapter to others for 
trigonometric functions is explained by the relations (£.) and (6) 
(see Illustrative Example 2). The right-hand members of (5) are 
expressible as complex numbers whose real parts involve only trigo- 
nometric and hj-perbolic functions of real variables. This appears 
below' in Illustrative Example 1. 


Illcstuative Kxample 1. Derive the formula 

(7) sinh (x + it/) = sinh x cos ^ » cosh x sin y. 


Solution. By (5), if c = x 4- it/, we have 

»»V — 

(8) sinh (x + 1» = 

(9) 


— i/ 4 - 1 sm p) — e**(co8 y — t sin y) 

2 


By (1) 


By (1), Art. 210, if r = j, we have 

= cosh X -f sinh x, e~* = cosh x — sinh x. 

Substitute these values in (9), and reduce. The result Is (7). 

Changing i to — i, (7) becomes 

sinh (x — ty) = sinh x cos y — t cosh x sin y. 

The form of the right-hand member here and in (7) should be noticed. 


Ii.LUSTHATivK EXAMPLE 2. Prove directly by (5) the relations 
sin^ z 4- cos^ i = 1, cosh^ z — sinh* 2=1. 

Solution. The details are the same as in the proof of (F), Art. 210. 

The tirst relation may be derived from the second as follows: 

Ijet z = iv. Then cosh* ir — sinh* tr = 1. But, by (L), cosh tv = cos r, 
sinh iv = t sin r. lienee cos* v -f sin* t? = 1. 


PROBLEMS 

1. Using differentials, show that the distance apart on Mercator’s Chart 
of the lines parallel to the x-axis which represent the parallels at latitudes 
(pi and (pi + A(p, respectively, varies as sec <;^i. 

2. Along a rhumb line (p = gd ($ tana + b). Prove by differentiation 

that tan of ^ sec ^ * 



442 DIFFERENTIAL AND INTEGRAL CALCULUS 

3. The altitude k of the zone on the sphere bounded by the parallelB 
^ ^ = </>i > ^i) is «(sin 4>3 — sin ^i) (see figure, p. 438). If 

y = y 2 , y = Vi are the corresponding parallels on the map, prove the 
following. 

(a) h = a(tanh - tanh y \) ; 

(b) dy = - sec^ 4>\ dh, if 02 = 0i -f d0. 


4. Umng (b), Problem 3, show that equal zones of small altitude whose 
lower hiises are parallels at latitudes 0, 30^, 45'', 60‘\ respectively, map 
into rectangles whose areas are as 3 : 4 : 6 : 12. (The area of a zone equals 
its altitude times the circumference of a great circle.) 


6. Describe the direction of a curve on the sphere (a) if 

(b) if ^ becomes infinite. 
du 


ft. Derive each of the following formulas by the method used in Il- 
lustrative Example 1. 

(a) cosh (x -f iy) = cosh x cos y 4- i sinh x sin ; 

(b) sin (x 4- iy) = sin x cosh y 4- i cos x sinh y ; 

(c) cos (x 4“ iy) = cos x cosh y i sin x sinh y. 

From these write the values of cosh (x ~ iV), sin (x — iy), cos (x — iy). 

7. Prove (a) sinh ^ ± xj = i cosh x ; 

(b) cosh f i ^ i: = db I sinh x. 


8* Evaluate each of the following to two places of decimals. 

(a) sinh (1.5 4- i) ; (b) cosh (1 — i*) ; 

(c) cos (0.8 4- 0.5 0 ; (d) sin (0.5 4- 0.8 t). 

Am, (a) 1.15 4- 1.98 t ; (c) 0.78 - 0.37 i. 


ADDITIONAL PROBLEMS 

1, In the figure of Art. 222, PuMi is drawn perpendicular to CR, 
and therefore perpendicular to the plane of the meridian NQR. Then 
triangle PiQMi m a right triangle (the chord PiQ is not shown), and 

tan MiPiQ = When A6 0, the line Pi Mi (produced) approaches 

the tangent PiR', and angle MiPiQ approaches angle R'PiT. Therefore 

(10) tan R'Pt T = lim 
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Compare with (4), Art. 222, and show that 

(a) Um-^£i^ = l (seeFig. 1); 

Ad-*oarc PiR 

(b) lim ^ = 1 (see Fig. 2, which shows 
A<»-oarc HQ 

the plane of the meridian NQR). In triangle N 
MiQR show that MiR is an infinitesimal of 
higher order than QR when Ad and A0 are of 
the satne order (Art. 99). Then see Problem, 
p* 148, c 

Using (a) and (b) and the Replacement Theo- 
rem, Art. 98, (10) becomes (4), Art. 222. 

2. If dsi is the element of the length of arc for 

a curve on the sphere of Art. 222, prove that O o 

dsi^ = -f cos^ (id-), (In the figure of 

Art. 222, (chord PiQ)* = PiAL* + mTq* and lim M _ i ) 

arc PiQ 

3. If ds is the differential of the arc of a curve on Mercator’s Chart, 

show that = sec^ (l)(d<t>'^ -f cos^ <(> dd^). (Comparing with Problem 2, 
we have cos* <i}d8\) 

4. Find the length of a rhumb line between points whose difference 

of latitude is A<^. Ans, a esc a A0. (a = radius of the earth.) 

6. Prove that the first four formulas in (4), p. 3, and (D), (F), Art. 213, 
hold when j, y, r, w are replaced by complex numbers. (Use the defi- 
nitions (5).) 

6. Prove the formulas of Problem 6, p. 442, by using the results in 
Additional Problem 5 and (L), 




7. 


Prove that tanh (r 4* iy) = 


sinh 2 r -f ? sin 2 y 
cosh 2x4* cos 2 y 


8. Derive the formula for tan (x 4- iy) from the result in the preceding 
problem. 



CHAPTER XXIII 

PARTIAL DIFFERENTIATION 

224. Functions of several variables. Continuity. The preceding 
chapters have been devoted to applications of the calculus to func- 
tions of one variable. We now turn to functions of more than one 
independent variable. Simple examples of such functions are af- 
forded by formulas from elementary mathematics. Thus, in the 
relation for the volume p of a right circular cylinder, 

(1) v= TTX-y, 

p is a function of the two independent variables x {= radiu.s) and 
y (= altitude). Again, in the formula for the area u of an oblique 
plane triangle, 

(2) u = I X 1 J sin a, 

u is a function of the three independent variables x, y, and «, rep- 
resenting, respectively, two sides and the included angle. 

Obviously, in (1), as well as in (2). the values which can be its- 
signed to the variables in the right-hand member are entirely in- 
dependent of one another. 

The relation 

(3) z = f{x,y) 

can be represented graphically by a surface, the locus of the equation 
(3) obtained by interpreting x, y, z as rec;tangular coordinates, as in 
solid analytic geometry. This surface is the graph of the function 
of two variables, f(z, y). 

A function f(x, y) of two independent variables x and y is defined 
as eoftilinuom for x = a, y = b, when 

(A) lim/(jt,y)=/(a, b), 

x-» a 

no matto' in what way x and y approach their respective limits a 
and b. 

This definition is sometimes roughly summed up in the statement 
that o very small change in one or both of the variables produces a 
very small change in the value of the function* 

* Tbii wOl be better ttnderttood if the student again reads over Art. 17 on continuous 
hmetkm§ of s alii^ variable. » 


444 
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We may illustrate this geometrically by considering the surface 
represented by the equation 

(3) z=fix,y). 


Consider a fixed point P on the surface where x = a and y = b. 
Denote by Ax and Ay the increments of the variables x and 
y, and by Az the corres|)onding increment of the function z, the 
coordinates of P' being 



(i + Ax, 2/ + Ay, z + Az). 

At P the value of the function is 
r = f(a, b) = MP. 

If the function is continuous at P, then how- 
ever Ax and Ay may api)roach zero as a limit, As 
will also appniach zero as a limit. That is, M'P' will approach coin- 
cidence with MI‘, the point P' approaching the point P on the sur- 
face fn)m any direction whatever. 

A .similar definition holds for a continuous function of more than 
two variables. 

In what follows, only values of the variables are considered for 
which a function is continuous. 


225. Partial derivatives. In the relation 

(1) 2 =f{x,y), 

we may hold y fast and let x alone vary. Then z becomes a function 
of one variable x. and we may form its derivative in the usual manner. 
The notation is 


dx 


partial derivative of z with respect to x (y remains constant).* 


Similarly, 


dy 


= partial derivative of z with respect to y {x remains constant).* 


Corresponding symbols are used for partial derivatives of functions 
of three or more variables. 

In order to avoid confusion the round d t has been generally 
adopted to indicate partial differentiation. 


* Th« constant valuos are aubaUtutcd in the function before differentiating, 
t Introduced by JTacobi (1804>-185l). 
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Illustrat{Vb Example 1. Find the partial derivativeB of a = ox* 4- 2 bxy 4-0V*> 

Solution. ^ ~ 2 ox + 2 treating y as a constant* 

ox 

— = 2 6x 4* 2 cy, treating x as a constant. 
dy 

Dllustrativb Example 2. Find the partial derivatives of u = sin (ox -h ^y -f «*)♦ 

Solution. ^ = aco8(ax4’6y + cz), treating y and z as constants* 
ox 

^ = 6 cos (ox + ^^y -h cz)t treating x and z as constants* 
dy 

~ = c cos (ox 4 ^y + cz), treating y ^ 'd x as constants. 

02 

Referring to (1), we have* in the notations commonly used, 

Simflar notations are used for functions of any number of variables. 
Referring to Art. 24, we shall have 

(2) Mx, Vo) = lim /(-^ + Aa-. g 

Ax-O 

(3) /.to, V) = lim + 

.!» - 0 ay 

226. I^utial derivatives interpreted geometrically. Let the equation 
of the surface shown in the figure be 

2=/(x, V)- 

Pass a plane EFGH through the 

point P (where x = a and y = 6) on 

the surface parallel to the XOZ- 

plane. Since the equation of this 

plane is . 

y = b, 

the equation of the curve of inter- 
section JPK with the surface is 

0=/(x, b), 

if we consider EF as the axis of Z and EH as the axis of X. In this 
jdane ^ means the same as and we have 

(1), ^ *® tan JWTP s» slope of curve of int«P8eclion/Jf at P. 
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Similarly, if we pass the plane BCD through P parallel to the 
yOZ-plane, its equation is z = a, 

and for the curve of intersection DPI, ^ means the same as ^ • Hence 

cy dy 

(2) - 3 - = — tan MT'P = slope of curve of intersection DI at P. 
oy 

IixusTRATtvE EXAMPLE. Given the ellipsoid ^ + ^ + — = 1; find the slope 

of the curve of intersection of the ellipsoid made ) by the plane y = 1 at the point 
where x = 4 and z is positive ; (b) by the plane x = 2 at the point where y = 3 and 
s is positive. 

Solution. Considering y as constant, 

A nr 

24 6 ax ax ”” 4 

When X is constant, ^ + ^^ = 0, or ^ = — 

12 6 dy dy 2 z 

(a) When 1 / = 1 and X = 4, 2 

(b) When x = 2 and y 


:3, 2 = -^* 
V2 


= - I v'2. Ant. 
dy 2 


PROBLEMS 

Work out the following partial derivativea. 

1. 2 =: Ax^ Bxy + Cy^ -f I>x 4* Ey -f F, 

Am. — = 2 Ax+ By + D; —=:Bx + 2Cy + E. 
cx cy 

2. /(x, y) = Ax^ + Z Bx^y + 3 Cxy^ + 

Ans. /x(x, y) = 3(Ax^ + 2 Bxy + C»*) ; 

/,(x. V) = 3(iJx* + 2 Cxy + Dy^). 

A MP - PQ’/ . (BC- A D)x 

^x (Cx + Dyy • dy (Cx + Dy)» ' 

.Ant, Ux = y + 2 ; = x + 2 ; a, = x + y. 

6. fix, y) = (x + y) sin (x - y). 

Ant. f,ix, y) = sin (x - y) + (x + y) coe (x - y) ; 
/.(x, y) = sin (X - y) - (x + y) cos (x - y). 

Ap = 8in2dco83 0. Ans. |^ = 2co82flc<»30; 

cu 

^= — 3 sin 2 flan 3 0. 
Ans. ^ = e*'*'*{coa (0 — 0) — sin — 0)} ; 


3. fix, y) = 

4. u 


Ax+ By 


Cx + />y 
xy + y 2 + 2 X. 


7. ps=«*+*CO8(®-0). 
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Find the partial derivatives of the following functions. 


8 . 


9. 


10 . 


14. 


15. 

16. 

17. 

18. 
19. 


20 . 


fix, v) = 3ar<-4a*y + 6 11. fix, y) = ix + 2 y) tan (2 x + »). 

_ J? + 2 « 


y + 2z 
z = In 2 ■ 


12. p = tan 2 0 ctn 4 <f>. 

13. p = e * cos 


X ‘ 6 

If /(x, y) = 2 - 3 xi/ + 4 y^ show thatL(2, 3) = - 1, /»(2, 3) = 18. 


If fix, y) = show thatL(3, 1) = — i, /»(3, 1) = J. 

x-y 

If fix, y) = e“*ajn (x + 2 y), show thatL^O, ~ 

If M = Ax* + 2 + Cy*, show that x — + y — = 4 «. 

<‘x (IJ 

If M = show that X — + y — = 3 «. 

X + y Cl dj 

If M = x^y + y^z + 2*x, show that — -f -•- + — = fx -f y + z)*. 

tx cy fz 


U u — show that x — + y — = (n - 2)«. 

Cx^ + Dy‘ (X (ij 


21. The area of a triangle is given l)y the formula K — \ train A. 
Given t = 10 in., e = 20 in., A = 60’. 

(a) Find the area. 

(b) Find the rate of change of the area with resp«H:t to the side 6 if r 
and A remain constant. 

(c) Find the rate of change of the area with rrapect to the angle A if 
6 and r remain constant. 

(d) Using the rate found in (c), calculate approximately the change in 
area if the angle is increased by one degree. 

(e) Find the rate of change of c with respect to h if the area and the 
angle remain constant. 


22. The law of cosines for any triangle is a* = 6* + r* — 2 ftc cos A. 
Given 6 = 10 in., c = 15 in., A = 60°. 

(a) Find a. 

(b) Find the rate of change of a with respect to 6 if c and A remain 
constant. 

(c) Using the rate found in (b), calculate approximately the change in 
a if 5 is decreased by 1 in. 

(d) Find the rate of change of o with respect to A if 6 and r remain 
constant. 

(e) Find the rate of change of e with respect to A if a and b remain 
constint. 
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227. The total differential. We have already considered the dif- 
ferential of a function of one variable in Art. 91. Thus, if 

»=/(*), 

we defined and proved 

(1) dy = f’(x)Ax = ^Ax = ^dx. 

We shall next consider a function of two variables. Consider the 
function 

(2) u=J{x,y). 

Let Ax and Ay be the increments of x and y respectively, and let 
Au be the corresponding increment of u. Then 

(3) Au = f(x + Ax, y + Ay) - f{x, y) 
is called the total incremeni of u. 

Adding and subtracting f(x, y + Ay) in the second member, 

(4) Au = [f(r + Ao-, 2 / + Ay) - fix, y + Ay)] 

+ [f(^, y + Ay) - fix, y)l 

Applying the Theorem of Mean Value (D), Art. 116, to each of 
the two difrerence.s on the right-hand side of (4), we get, for the 
first difference, 

(.5) fix + Ax, y + Ay) - fix, y + Ay) =fjix-\- Bi Ax, y + Ay) Ax. 

( <i -= jr, = As, an<l sinoo x varies while y + Ay remains'! 
constant, wo ^jet the partial derivative with rest>ect to jcJ 

For the second difference, 

(6) fix, y -t- Ay) - fix, y) - /„(x, y + 62 Ay) Ay. 

f (i — y. Ao - Ay. and aince y varies while x remains con-| 

.•?lant, we get the partial derivative with respect to y-J 

Substituting from ip) and (6) in (4) gives 

(7) Am =fAr. + di Ax, y ■+■ A|/)Aar + fA^, y + 62 Ay) Ay, 

where di and ^2 are positive proi)er fractions. 

Since /,(r, y) and /„(x, y) are continuous functions of x and y, the 
coefficients of Ax and Ay in (7) will approach /,(x, y) and /„(x, y), 
respectively, as limits when Ax and Ay approach zero as common 
limits. Hence we may write 

(8) /*(x + Ax, 1 / 4- Ay) =/.(x, y) -f- e, 

(9) /,(x, y + di Ay) - /,(x, y) + e\ 

where e and e' are infinitesimals such that 

lim e = 0, lim «' = 0, 

Ajp-*0 A»-*0 

Ay 0 Ay 0 
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and (7) will become 

(10) Au = /.(ac, y) Ax f ^(x, y) Ay + eAx + e'Ay. 

We then define as the total differential (= du) of t* 

(11) du = /,(x, y)Ax + /„(x, y) Ay. 

The right-hand member in (11) is the "principal part” of the right- 
hand member of (10), that is, du is a close approximate value of Au 
for small values of Ax and Ay (compare Art. 92). Obviously, if 
tt = x, (11) becomes dx = Az. If u = y, (11) becomes dy — Ay. 
Substituting, then, in (11) for Ax and Ay their corresponding dif- 
ferentials, we obtain the important formula 

(R) du = fxix, y) dx + /„(x, y) dy = ^dx + ^ dy = ^dx + ^ dy, 

cx cy cx cy 

which should be compared with (1) at the beginning of this article. 
If u is a function of three variables, its total differential is 

(C) du = — dx -1- — dy + — dz ; 

cx cy cz 

and so on for any number of variables. 

A geometric interpretation of (S) is given in Art. 238. 


Illustrative Example 1. Compute Au and du for the function 

(12) u = 

when X = 10, y = 8, Ax — 0.2, Ay = 0.3, and compare the results. 


SoluttoiL Substitute in (12) for x. y, u, respectively, x -f Ax, y -f Ay, u -f Att, 
and proceed as below (compare Art. 27 ). 

tt 4* Au == 2(x + Ax) 2 3(y + Ay)* 

= 2x*4-3y--f4xAx4-6yAy4- 2(Ax)* -h 3(Ay)». 

14 = 2 X* + 3 y* 


(13) Au = 4xAx-h6yAy + 2( Ax)» -f 3(Ay)». 
Differentiating (12), we find 


= 6y. 


du . du 

dx~ dv 

Substituting in (S), the result is 
Cl'4) du = Axdx + 6v dy. 


Ronembering that Ax = dx, Ay = dy, we see that the right-hand member in 

(14) is the "principal part" of the right-hand member in (18), for the additional 
tmm are of the second degree in Ax or Ay. This statement illustrates (10) and 
(11) above (namely, e = 2 Ax, e' = 3 Ay). 

Substituting the given values in (13) and (14), we get 
(16) Aa = 8 + 14.4 + 0.08 + 0.27 = 22.76 ; 

a«) da = 8 + 14.4 = 22.4. 

TIA A« — du s 0.36 - i.6% of Au. Atu, 



PARTIAL DIFFERENTIATION 


461 


Illustrative Example 2. Given ti - arc tan find du. 

z 


Solution. 

Substituting in (S), 


dx 


— _ y §Ji 


X-* 4- V* 


du , 
dy 


xi -f 


du 




+ y 


PROBLEMS 

Find the total differential of each of the following functions. 


1. z = 2 ar® — 4 xy* + 3 Anz. dz — (6 x* — 4 |/*)dx + (9 — 8 X 9 )dy. 


2. u = 


Ax + By 
Cx 4- 


(AD - BC)(j/dx-xdfl) 
(Cx + DyY 


3. u = xy*z®. du = tYt? dx + 2 xjz® di/ + 3 xj/“z* dz. 

4. H = X* cos 2 {/. 8. 8 = arc tan • 6. w = (x - y) In (x + y). 

X 

7. If + 1/2 4- 2 ^ = a2, show that dz 

z 


8. Find dz if 4 x* - 9 j/* - 16 z* = 100. 


9. Compute ^u and du for the function u = x*-3x!/ + 2y* when 
x = 2, i; = -3, Ax = - 0.3, = 0.2. Am. Am = - 7.15, du = - 7.5. 

10. Compute du for the function m = (x + y)Vx — y when x = 6, y = 2, 

dx = i, dy - - i. Am. 1. 

11. Compute Am and du for the function M = xy + 2x — 4y when 
X = 2, V = 3, Ax = 0.4, Ay = — 0.2. 

« 

12. Compute dp for the function p = sin (6 — d>) when 8 = 0, 
<^ = J IT, d8 = 0.2, dd> = - 0.2. 


228. Approximation of the total increment. Small errors. For- 
mulas {B) and (C) are used to calculate A« approximately. Also, 
when the values of x and y are determined by measurement or ex- 
periment, and hence subject to small errors Ax and Ay, a close ap- 
proximation to the error in i* can be found by (JB). (Compare 
Arts. 92, 93.) 

IiXUSTRATlvs Example 1 . Find, approximately, the volume of tin in a thin 
cylindrical can without a top if the inside diameter and height are, respectively, 
6 in. and 8 in., and the thickness is jt in. 

a 

Solution. The volume f of a solid right circular cylinder with diameter x and 
height y is 

(1) t-k rx*y. 

Obviouidy, the exact volume of the can is the difference As between the volumes (ff 
two solid cyiindoa for which x = 6i, y = 8|, and x = 6, y = 8, respectively. Since 
only an approidmate value is required, are calculate ds instead of As. 
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Differentiating (1), and using (B), we get 

(2) dr = 4 ny dx 4- J irx* dy. 

Substituting in (2) x = 6, ^ = 8, dx = 4, d{^ = the result is 
dr = 74 IT = 22.4 cu. in. Am, 

The exact value is Ar = 23.1 cu. in. 


Illustrative Example 2. Two sides of an oblique plane triangle measured, 
respectively, S3 ft. and 78 ft., and the included angle measured 60 These meas- 
urements were subject to errors whose maximum values are 0.1 ft. in each length 
and V in the angle. Find the approximate maximum error and the percentage 
error made in calculating the third side from these measurements. 

Solution. Using the law of cosines ((7)» Art. 2), 

(3) tt* = x-* 4- 1 /^ - 2 xy cos a, 

where x, y are the given sides, a the included angle, and u the third side. The givei) 
data are 

(4) * = 63, V = 78, a = eo® = |. dx = dy = O.l, da = 0.01745 (radian). 

O 

Differentiating (3). we get 

du _ X — y cos a du __ y — x cos a dn _ xy sin a 
dx u dy ^ da 

Hence, using (Q, 

— (x — y cos a)dx (y — x cos a)dy 4- xy sin ix da 
u 


Substituting the values from (4), we find 

< 1 . ( 


Am, 


The percentage error =100 


u 


1.6%. Am, 


PROBLEMS 

1. The legs of a right triangle measured 6 ft. and 8 ft. respectively, 
with maximum errors in each of 0.1 ft. Find approximately the maximum 
error and percentage error in calculating (a) the area, (b) the hypotenuse, 
from these measurements. Am, (a) 0.7 sq. ft., 2.9 ' ; ; (b) 0.14 ft., 1.4 %. 

2. In the preceding problem find, from the given dimensions, the 
angle opposite the longer side, and calculate the approximate maximum 
error in that angle in radians and degrees. 

The radii of the bases of a frustum of a right circular cone measure 
Sin. and 11 in. respectively, and the slant height measures 12 in. The 
maximum error in each meafsurement is 0.1 in. Find the approximate 
error and percentage error in calculating from these measurements (a) the 
altitude; (b) the volume (see (12), Art. 1). 

* Am, (a) 0.23 in., 2.2 % ; (b) 32 v cu. ln„ 4} % 
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4. One side of a triangle measures 2000 ft., and the adjacent angles 
measure SO"" and 60® respectively, with a maximum error in each angle 
of 30'. The maximum error in the measurement of the side is ± 1 ft. 
Find the approximate maximum error and percentage error in calculating 
from these measurements (a) the altitude on the given side ; (b) the area 
of the triangle. Ans. (a) 17.88 ft., 2.1 %. 

6. The diameter and altitude of a right circular cylinder are found by 
measurement to be 12 in. and 8 in. respectively. If there is a probable 
error of 0.2 in. in each measurement, what is approximately the greatest^ 
possible error in the computed volume? A7is. 16.8 tt cu. in. 

6. The dimensions of a box are found by measurement to be 6 ft., 

8 ft., 12 ft. If there is a probable error of 0.05 ft., (a) what is approxi- 
mately the greatest possible error in the computed volume? (b) What is 
the percentage error? Ans, (a) 10.8 cu. ft. ; (b) 

7. Given the surface z = - - If, at the point where x = 4, i/ = 2, 

X -f 

X and y are each increased by ^’bat is the approximate change in z? 

Ans, — 

p 

8. The specific gravity of a solid is given by the formula ® where 

P is the weight in a vacuum and w’ is the weight of an equal volume of 
water. How is the computed specific gra\ity affected by an error of 
± in weighing P and ± m weighing assuming P = 8 and i£? = I 
in the experiment, (a) if both errors are positive? (b) if one error is 
negative? (c) What is approximately the largest percentage error? 

Ans, (a) 0.3; (b) 0.5; (c) 6J%. 


9. The diameter and slant height of a right circular cone are found by 
measurement to be 10 in. and 20 in. n^spectively. If there is a probable 
error of 0.2 in. in each measurement, w’hat approximately is the greatest 
possible error in the computed valu^of (a) the volume? (b) the curved 


surface? 


Ana. (a) 


37jrVl5 
18 


= 25 cu, in. ; (b) 3 t = 9.42 sq. in. 


10. Two sides of a triangle are found by measurement to be 63 ft. and 

78 ft. and the included angle to be 60®. If there is a probable error of 
0.5 ft. in measuring the sides and of 2® in measuring the angle, what is 
approximately the greatest possible error in the computed value of the 
area? (See (7), Art. 2.) An^. 73.6 sq. ft. 

11. If specific gravity is determined by the formula s = -- p where 

A is the weight in air and the weight in water, what is (a) approxi- 
mately the largest error in s if 4 can be read within 0.01 lb. and W within 
0.02 lb., the actual readings being A = 9 lb., W = 5 lb. ? (b) the largest 
relative error? A»w. (a) 0.0144; (b) 
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Jg* 

18. Th« redstance of a circuit was found by using the formula C = — » 

where C — current and E = electromotive force. If there is an error of 
ampere in reading C and -its volt in reading E, (a) what is the approxi- 
mate error in £ if the readings are C = 16 amperes and E = 110 volts? 
(b) What is the percentage error? Ans. (a) 0.0522 ohms ; (b) ti%. 

13. If the formula sin (x + y) = sin x cos y + cos x sin y were used to 
calculate sin (x 4- y), what approximate error would result if an error of 
0.1* were made in measuring both x and y, the measurements of the two 
acute angles giving sin x = J and sin y = ? Ans. 0.0018. 


14. The acceleration of a particle down an inclined plane is given by 
a = ff sin t. If ff varies by 0.1 ft. per second per second, and i, which is 
measured as 30®, may be in error 1®, what is the approximate error in the 
computed value of a? Take the normal value of y to be 32 ft. per second 
per second. Ans. 0.534 ft. per second per second. 


15. The period of a pendulum is P 


= 2xJI 


(a) What is the greatest 


approximate error in the period if there is an error of ± 0.1 ft. in measur- 
ing a 10-foot suspension and g, taken as 32 ft. per second per second, may 
be in error by 0.05 ft. per second per second ? (b) WTiat is the percentage 
error? Ans. (a) 0.0204 sec. ; (b) |J%. 


16. The dimenaons of a cone are radius of base = 4 in., altitude = 6 in. 
What is the approximate error in volume and in total surface if there is a 
shortage of 0.01 in. per inch in the measure used ? 

Ans. dV = 3.0159 cu. in. ; dS = 2.818 sq. in. 


17. The length 1 and the period P of a simple pendulum are connected 
by the equation 4 xH = P'‘g. If I is calculated assuming P = 1 sec. and 
g — Z2 ft. per second per second, what is approximately the error in I if 
the true values are P = 1.02 sec. and g — 32.01 ft. per second per second? 
What is the percentage error ? 

18. A solid is in the form of a cylinder capped at each end with a 
hemisphere of the same radius as the cylinder. Its measured dimensions 
are diameter = 8 in. and total length = 20 in. What is approximately the 
error in volume and surface if the tape used in measuring has stretched 
cmlformly i % beyond its proper length ? 

19. Assuming the characteristic equation of a perfect gas to be vp = iff, 
where s = volume, p = pressure, t — absolute temperature, and R a con- 
stant, what is the ration between the differentials dv, dp, df? 

Ans. vdp + pdv= Rdt. 

89. Udng the result in the last example as applied to air, suppose that 
in a given ease we have found by actual experiment that ( = 300° C., 
p a: 2000 lb. per square foot, v = 14.4 cu. ft. Find the change in p, assum- 
ing ft to be uniform, when ( changes to 301° C., and v to 14.6 cu. ft 
9 B 96. Ans. — 7.22 lb. per square foot 
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229. Total derivatives. Rates. Turn now to the case where x and yin 

(1) u=f(x,y) 

are not independent variables. Assume, for example, that both are 
functions of a third variable t, namely, 

(2) X = <#>(<), y = ^(t). 

When these values are substituted in (1), u becomes a function of 
one variable t, and its derivative may be found in the usual manner. 
We now have 

(3) du — ^ dt, dx = ^ dt, dy = ^ dt. 

dt dt dt 

Formula (R) was established with the assumption that x and y 
were independent variables. We may easily show that it holds also 
in the present case. To this end, return to (10), Art. 227, and divide 
both members by At. Changing the notation, this may be written 

(i) ^ = + 

At ex At cy At \ At At) 

Now when At — * 0, Ax -* 0 and Ay — » 0. Hence (see Art. 227) 
lim e = 0, lim e' = 0. 


Therefore, when At 

(D) 


— • 0, (4) becomes 
du dudx I dy 
dt cx dt by dt 


Multiplying both members by dt and using (3), we obtain (B). 
That is, (B) hMs also when x and y are functions of a third variable t. 
In the same way, if „ = y, z), 


and X, y, z are all functions of /, we get 
(£) 


— ~ ^ —it + in 

dt bx dt by dt cz dt 


and so on for any number of variables. 

In (D) we may suppose t — x; then y is a function of x, and u is 
really a function of the one variable x, giving 


(F) 


^ ^ . budy 
dx dx by dx 


In the same way, from (E) we have, when y and z are functions 
^ dx^dydx^bldx 
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Si 

The student should observe that ^ and ^ have quite different 

dz ax 

du • . 

meanings. The partial derivative is formed on the supposition 

that the particular variable x alone caries, all other variables being 
held tart. But ^ 


where Au is the total increment of u due to changes in all the variables 
caused by the change Ax in the independent variable. In contra- 


distinction to partial derivatives, -jj* 
with respect to t and x respectively. 


“ 7 ^ are called total derivatives 
dx 


It should be observed that — hjis a perfectly definite value for any 


point (x, y), while ~ depends not only on the point (jr, y) but also on 
the particular direction chosen to reach that ix)int. 


Illustrative Example 1. Given m - sin x - y ; find 

y 


Solution. ~ • 

dx 


1 T (In 

y y oy 


X X dx 

— cc)s - ; — 

y- y dl 




dl 


2U 


dl' 


diL 

Substituting in (D), ^ 


Illustrative Example 2. Given u ™ e^'{y — z), j/ = a sin x, z = cos x ; find ^ • 

dx 

Solution. ^ = ae^^iy — z), ^ \ ^ = - e"' ; ^ = a cos x, — = - sin x. 

ax oy dz dx dx 

Substituting in (G), 

~ = ae^'iy - z) -f cos x sin x = -f 1) sin x. Ans» 


Note. In examples like the above, u could, by substitution, be found explicitly 
in terms of the indey^endent variable and then differentiated directly ; but generally 
this process would be longer and in many cases could not be used at all. 


Formulas (D) and (£) are useful in all applications involving 
time^rates of change of functions of two or more variables. The 
process is jw^actically the same as that outlined in the rule given in 
Art. 52, except that, instead of differentiating with respect to ( 
(Third Step), we find the partial derivatives and substitute in (D) 
or (£). Let us illustrate by an example. 
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Illustrative Example 3. The altitude of a circular cone is 100 in., and 
decreases at the rate of 10 in. per second ; and the radius of the base is 50 in., 
and increases at the rate of 5 in. per second. At what rate b the volume 
changing? 

Solution. Let z ^ radius of base, y = altitude ; then 
u = ~ 'KX^y = volume, = I rxy, — = | ttz *. 

3 dx o dy o 

Substituting in (D), ^ | ^ | 

But z = 60, v = 100, ^ = -10. 

al at 

^ = I • 5000 • 6 — I • 2500 -10 = 15.15 cu. ft. per second, increasing. An*. 



230. Change of variables. If the variables in 
(1) u = fix,y) 


are changed by the transformation 

(2) j- = <j>(r, s'), y = \P{r, s), 

the partial derivatives of u with respect to the new variables r and « 
can be obtained by (D). For, if we hold s fast, then x and y in (2) 
are functions of r only. Hence we have 


(3) 


cr cx (T cy ar 


(4) 


all derivatives with respect to r now being partial. 

In the same way, 

du C'X ^ Bu irhj 
Ics cx c s Cy Cs 

In particular, let the transformation be 
(5) X = x' + h, y = y' + k, 

the new variables being x' and y', atjd li, k being constants. Then 


i^ = 0 -^ = 0 -^ = 1 

Cx' ’ Cy' ' Cx' ’ Cy' 


"V 

Then we obtain, from (3) and (4), 
Cx Cx' cy 


cy 


Hence the tranajormaiion (5) leaces the value of the partial derivatives 
unchanged. 

If the values of x and y in (5) are substituted in (1), the result is 
(V u^Kx,v) = F{x',y'). 
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- yfix t y 


The results in (6) may now be written 
(8) /x(x, y) - Fs'ix', y'), fvix. y) - F„ 

In Art. 229 it was shown that (5) is true when i and y are func- 
tions of a single independent variable t. We prove now that (B) 
holds also when x and y are functions of two independent variables 
r, «, as in (2). For by (5), when r and s are the independent variables, 
we have ^ ^ ^ 


dr cs CT os 


Substitute these values in the expression 

//V. J 1 J 

(9) —dx + — dy 

ox cy 

and reduce by (3) and (4). The result is 

( 10 ) 


ou j , du , 
— or + — as. 
Or cs 


But, by (1) and (2), u becomes a function of the independent vari- 
ables r and s. Then, by (B), (10) equals du. Hence (9) also equals du. 

Therefore (B) holds when x and y are functions of one or of two 
independent variables. In the same way, it can be shown that (C) 
holds when x, y, z are functions of one, two, or three independent 
variables. 

231. Differentiatioa of implicit functions. The equation 

(1) fix, y) = 0 


defines either x or y as an implicit function of the other. It repre- 
sents an equation containing x and y when all its terms have been 
transposed to the first member. Let 


( 2 ) 


y); 


then 


dx~ ox ^ dydx 


hy(F) 


aind V is an arbitrary function of x. Now let y be the function of x 
satisfying (1). Then u = 0 and du = 0, and hence 


( 3 ) 

Solving, we get 

(H) 


dx ^ dy dx 


dx ^ 
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Thus we have a formula for differentiating implicit functions. 
This formula in the form (3) is equivalent to the process employed 
in Art. 41 for differentiating implicit functions, and all the ejcamples 
on pages 40 and 41 may be solved by it. 

When the equation of a curve is in the form (1), formula {H) 
affords an easy way of getting the slope. 

Illustrative Example 1. Given xV + sin ^ = 0, find ^ • 

Soludoa. Let /(x, y) = x^y* + sin y. 

^ = 2 xy*, ^ = 4 x>j/’ + coay. 
ox ay 

Therefore, from {H), ^ = — z — , 1 Ans. 

' ' ox 4 x>j/J + cos y 


Illustrative Example 2. If x increases at the rate of 2 in. per second as it 
passes through the value x = 3 in., at what rate must y change when y = l in., in 
order that the function 2 xy’^ — 3 x-y shall remain constant? 


du 

Solution. Let u = 2 — 3 x^y ; then, since u remains constant, = 0. Sub- 

stituting this value in the left-hand member of (D), transposing, and solving for 

dt 


4 xy - 3 


we get 


du 


(4) 

grig- 

II 

dx dx 
du dl 




dy 



du 


du 

Also, 

'Si" 

r 2 - 6 XI/, 

Oy 


Now, substituting in (4), 


But 

Therefore, 


di 


^ ~ „ 2 y^ — 6 xy ^ 
dl ^ 4 Ty - S dt 

r = 3. y=l, f=2. 

= — 2i\ in. per second. Ans. 


In like manner, the equation 

(5) F(z. y,z) = 0 

defines z as an implicit function of the two independent variables x 
and y. To find the partial derivatives of z with respect to x and to y, 
proceed as follows. 

Let u=f{x,y,z). 

dF dF dF 

Then du^^dx + ^dy+-^^dz, 

by (R), and this holds no matter what the independent variables are 
(Art. 280). Now let z be chosen as that function of the independent 
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variables a: and y which satisfies (5). Then u = 0, du = 0, and we have 

( 6 ) 


dF dF dF 


^2 , . 
az = -:T-(tx + — ay. 
dx cy 


By (5) 


But now 

Substituting this value in (6) and simplifying gives 

\dx cz (xJ \('y cz f'y/ 

Here dx (= Ax) and dy (= Ay) are independent increments. We 
may therefore set dy = 0, dx ^ 0, divide through by dx, and solve 
dz 

'l'h£t rocnlf IQ 

—— — ill. 

dx rf 

(Z 


for ^ • The result is 
cx 

(/) 


Proceeding in a similar manner, we may prove 

cF 


(-0 


cy £F 
cz 


Formulas (/) and (7) are to be interpreted as follows: In the 
left-hand members z is the function of x and y .satisfying (5). In 
the right-hand members F is the function of three variables, x, y, z, 
given in the left-hand member of (.5). 

The generalization of (//), (/), (/) to an implicit function u of 
any number of variables is now obvious. 


Illustrative Example. 


By the equation 


24 ^ 12 


6 


~ 1 


= 0, 


z is defined as an implicit function of x and y. Find the partial derivatives of this 
function. 


Soliitiofu 

24 ■^12 "^6 

Hence 

dP _ X flP _ V _z 

0x^12* 

Substituting in (/) and (7), we get 


<'>z_ X dz_ y 

4 2* 3y 2 2 


(Comimre with the Illustrative Example in Art. 226.) 
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PROBLEMS 

In Problems 1-6 find 

at 

1. H = X* — 3 xy + 2 y* ; x = cos t, y = sin L 

Ans. ^ = sin2<-'3coB2t 

of 

2. M = x + 4Vxy - 3 y; x = y = 7 * ^ 3 /* + 4 4- — 

t at t^ 

3. u = c* sin y + €>' sin X ; x — \t,v = 2l. 

Am. ^ = c^‘(j8in 2 1 + 2 eo82 0 + e*‘(2 sin i i + i cos JO. 

4. M = 2 X* — xy + y* ; x = cos 2 t, y = sin t. 

6. « = xy + yz + 2 x : x = y> y = c‘, z = e”‘. 


In Problems 6-10 find ^ by formula (H). 


y4x» 4- 2 Bxy + Cy» + 2 Ox + 2 Ey + P = 0. 

Ans. 


(ix 


Bx 4- Cy 4- £ 


7. X® 4- y® — 3 ary = 0. 


dy _ gy ~ 
dx — ax 


8. 6' sin y — e*' cos X = 1. 

9 . ^ ;p2 4. 2 = 8. 


^ sin T -f f ^ sin y 

dx cos X — cos y 


10. Ax* + 2 Bx^y^ -h C/ = (x^ -h y 2 ) 2 . 


In Problems 11 15 verify that the given values of x and y satisfy the 
equation, and find the corresponding value of 


11. 4 . 2 x|/ -f 2 y = 22 ; x = 2. y = 3. 

12. r* — y*' 4- 4 ry = 0 ; x = 2, y = — 2. 

13. Ax^By+Ce^-C; x = 0, y = 0. 

14. 2 X — V 2 xy -f y = 4 ; x = 2, y = 4. 

15. e* cos y -f- c*' sin X = 1 ; x = 0, y = 0- 


Am. 


dx~ 3 ' 


dx 


= 1 . 


_ A 
dx b’ 


In Problems 16-20 find ^ and 

0x dy 

16. Ax* + By* 4 - Cz» = Z). An«. |f = - — ; |f = - 

^ Cz dy Cz 

e[z _ Ay 4- _ ■4x4- Bz 

^x ~ Cx4- By ’ ^y Cx 4- By 


17. Axy 4- Byt 4- Czx = D. 
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18 . 1 + 2 , + . - = 10. /l»a, ^ f = 

€X wj^yz-^xy ^ 

19. 4- “f 2^ — 3 axyz = 0. 


xz — 2 
Vxi /2 - zy 


20. Ax^ + By^ + 4 2 Dxy 4 2 Eyz + 2Fzx^ G. 


21. A point is moving on the curve of intersection of the sphere 

aj 2 4 2^2 4 ^ 2 49 plane y = 2. When x is 6 and is increasing 

4 units per second, find (a) the rate at which z is changing and (b) the 
speed with which the point is moving. 

Ajts, (a) 8 units per second ; (b) 4 Vs units per second. 

22. A point is moving on the curve of intersection of the surface 

X* 4 x|/ 4 — 2 - = 0 and the plane x — ?/ 4 2 = 0. When x is 3 and is 

increasing 2 units per second, find (a) the rate at which y is changing, 
(b) the rate at which z is changing, (c) the speed with which the point 
is moving. Ans. (a) 2 units per second ; (b) V units per second; 

(c) 4.44 units per second. 


23. The characteristic equation of a perfect gas is R6 = pr, where 6 
is the temperature, p the pressure, r the volume, and R a constant. At 
a certain instant a given amount of gas has a volume of 15 cu. ft. and is 
under a pressure of 25 lb. per square inch. Assuming R = 96, find the 
temperature and the rate at which the temperature is changing if the 
volume is increasing at the rate of h cu. ft. per second and the pressure 
is decreasing at the rate of i*© lb. per square inch per second. 

Ans, Temperature is increasing at the rate of degrees per second. 

24. A triangle ARC is being transformed so that the angle A changes 
at a uniform rate from O'" to 90^ in 10 sec., while side AC decreases 1 in. 
per second and side AR increases 1 in. per second. If at the time of ob- 
servation A = 60^, AC = 16 in., and Afi = l0in., (a) how fast is BC 
changing? (b) how' fast Ls the area of ARC changing? 

Ans, (a) 0,911 in. per second ; (b) 8.88 sq. in. per second. 


232. Derivatives of higher order. If 

(1) u=f(x,y), 
then 

( 2 ) 


in 1 1 X ^ 1 1 \ 

= fx(,x,y), ir=fy(x>y) 


CX - 

are themselves functions of x and y, and can, in turn, be differentiated. 
Thus, taking the first function and differentiating, we have. 


( 3 ) 


c~u 

dx^ 


= fix{x, y), 


dy dx 


~fyx(x. y). 


In the same manner, from the second function in (2), we obtain 

( 4 ) 
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In (3) and (4) there are apparently four derivatives of the second 
order. It is shown below that 

chi ?flu 
cy dx bx by 

provided, merely, that the derivatives concerned are continuous. 
That is, the order of differentiating successively with respect to x and y is 
immaterial. Thus /(x, y) has only three partial derivatives of the 
second order, namely, 

(5) fzz{x, y), y) ~ fyzi^t y)t y)* 


This may be easily extended to higher derivatives. For instance, 
since (iST) is true, 


(>^u _ b 
bx^ by bx 


/ chi \ 

bhi 

_ ' ■ /'' ' 

u\ r- /cu\ 

\dx cy) 

( X cy cx 

r x cy \c 

x) cycxxcxj 


by cx^ 


Similar results hold for functions of three or more variables. 


A2j, 

Illustrative Example. Given u ■-= x'^y - 3 ; verify ^ — — 

dy ox 

Solution. ~ = 3 z - 6 xy\ = 3 - 1 8 xy\ 

OX oy ox 


du 

Oy 


~ - 9 Thf, 


iVu 

Oxdy 


^ ^x^ - 18 Jy*. 


Hence the formula is verified. 


dhi 
dx dy 


Proof of {K). Consider the expression 

(6) F =fix + lx, y + ly) - f(x + Ax, y) - /(x, ^ + Ay) + /(x, y). 

Introduce the function 

(7) = /(«, y + Ay) - /(u, y), 
where a is an auxiliary variable. Then 

<#»(x + Ax) = fix + Ax, y + Ay) - /(x -f Ax, y), 

(8) <t>(x) = fix, y + Ay) - fix, y). 

Hence (6) may be written 

(9) F = <f>ix 4- Ax) — <^(x). 

Applying the Theorem of Mean Value (/)), Art. 116, 

(10) F = Ax 4>'(a: + di Ax). 

« ^(n), a » «» Aa a* Aif.) 


(0 < 6 , < 1 ) 
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The value of Ax) is obtained from (8) by taking the 

partial derivative with respect to x and replacing x by x + Ax. 
Thus (10) becomes 

(11) F = Ax(/x(x + dt Ax, y + Ay)- Mx + Ax, y)). 

Now apply (D), Art. 116, to /.(x + di Ax, v), regarding v as the 
independent variable. Then 

(12) F=AxAy fy^{x + di Ax, y + O-i Ay). (0 < 62 < 1) 

If the second and third terms of the right-hand member of (6) 
are interchanged, a similar procedure will give 

(13) F = AyAxU{x + e 3 Ax,y+eiAy). (0< 63 < 1,0< 04< 1) 

Hence from (12) and (13), 

(14) /vz(x -\-dxAx,y-\- 62 Ay) = fj„{x + 63 Ax, y + Oi Ay). 

Taking the limit of both sides as Ax and Ay approach zero as 
limits, we have 

(lo) fnxix, y) — /xi,(x, y), 

since these functions are assumed to be continuous. 


PROBLEMS 


Find the second partial derivatives of each of the following functions. 

1. fix. y) = Ax* + 2 Bxy + Cy*. 

Am. /„(x, y) = 2 A; /,»(x, y) = 2 R \ /„(x, y) = 2C. 

2. fix, y) = Ax^ + Bx'^y + Cxy^ + Dy^. 

Am. f„ix, y) = 6 Ax + 2 By; f,^(x, v) = 2 Bx -I- 2 Cy ; /„ (x, j() = 2 Cx + 6 Dy. 


3. fix, y) = Ax + By + Ce^. 

Am. /„(x, y) = Cyh^o; f^y = C(1 + xy)e^; fyy{x, y) = Cx*c*». 


4 . fix, y) = 


Ax + By 
Cx + />y' 


6. fix, y) = X* cos y -1- y* sin x. 

6. If fix, y) = X* -I- 3 x*y -I- 6 xy* — y®, show that 

/„(2, 3) = 30, Ui2, 3) = 48, f„i2, 3) = 6. 

7. If fix, y) = x*-4x*y + 8xy» — y«, show that 

/«(2, - 1) = 96, /^(2, - 1) = - 24, f„i2, - 1) = - 108. 

8 . If /(x, y) = 2 ari — 8 x*y* + y*, find the values of 

/»( 2 . - 2 ), /:„( 2 , - 2 ), /„( 2 , - 2 ). 
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9. If « = Ax* + Bx^y + Cx^y^ 4- Dxy^ + Ey*, verify the following re- 
sults* 

= 24 Ax + 6 By, -2^=6Bx + 4Cy, 
cxr dx^cy 


-^ = 4 Cx -I - 6 Dy, ^ = 6 Dx 4- 24 By. 

cx cy^ cy^ 

d^u d^u 


10. If M = {ax^ -f by^ 4 - cz^y, show that - 


d^u 


dx^ dy dx dy dx by bx^ 

11 . If 14 = show that 2 xy P 4 - y^ --- = 0. 

x4-2/ bx^ bxdy by^ 

12. If « = In VxHT^, show that 4- 7 ~ = 0. 

cx"^ 


13. If M = 


1 


4- 1/^ 4- 2^ 


by^ 

8howthat^4-|^-h^ = 0. 
cx^ by^ dz^ 


ADDITIONAL PROBLEMS 

1 . A circular hill has a central vertical section in the form of the 
curve whose equation is x^ 4 - 160 y — 1600 = 0 , where the unit is 1 yd. 
The top is being cut down in horizontal layers at the constant rate of 
100 cu. yd. per day. How fast is the area of the horizontal cross section 
increasing when the top has been cut down a vertical distance of 4 yd. ? 

Ans. 25 sq. yd. per day. 

2 . If u = — > show that |^4-^=(x4'y~ l)u. 

4- bx cy 

3. If tt = -» where r = Vx^ 4 - 2 /* 4 * z^, show that 

4. If* 

X y 

dH 


ty 'X 

X* arc tan ^ — y^ arc tan -» show that 7 - — = ■ > . « 

X y rx by x^ y^ 


5. If u = ^ arc tan -> show' that 4 * ^ 4 - 
V dx^ dy^ 


bz^ 


= 0. 


6 . If u = In (e' 4 - c*' -f eO, show that 


‘ = 2 


dx by dz 

7. If u = /(x, y) and x = r cos 0, j/ = r sin 0, show that 

du a ® 

— = cos tf — t 

be 


dx 

du 


dr 


dy dr r d8 

8. Let « = (xi* 4- la* 4- ’ • • 4- x,*)*. What values of k will satisfy the 


i.s._ dH , 0*u , 


, + .^=i0? 

0x » 


Ans. ik = l-S(M>2). 



CHAPTER XXIV 

APPLICATIONS OF PARTIAL DERIVATIVES 


238. Envelope of a family of curves. The equation of a curve gen- 
erally involves, besides the variables x and y, certain constants upon 
which the size, shape, and position of that particular cxtrve depend. 
For example, the locus of the equation 

(x - a)- + r = 

is a circle whose center lies on the x-axis at a distance of a from the 
origin, its size depending on the radius r. Suppose a to take on a 
series of values while r is held fast ; then 
we shall have a corresponding series of 
circles of equal radius differing in their 
distances from the origin, as shown in 
the figure. 

Any system of curves formed in this 
way is called a family of curves, and the 
quantity a, which is constant for any one curve, but changes in 
passing from one curve to another, is called a variable parameter. 
To indicate that a enters as a variable parameter it is usual to 
insert it in the functional symbol, thus ; 

fix, y, a) = 0. 

The curves of a family may be tangent to the same curve or group 
of curves, as in the above figure. In that case the name envelope of 
the family is applied to the curve or group of curves. We shall now 
explain a method for finding the equation of the envelope of a family 
of curves. Suppose that the curve whose parametric equations are 

(1) X = 0(a), V - i{a) 
b tangent to each curve of the family 

(2) fix, V, a) = 0, 

the parameter a being the same in both cases. For any common 
value of a equations (1) will satisfy (2). Hence, by (£), Art. 229, 
ance u ^ fix, y, a), du — df — 0, and z b replaced by a, we have 

; (3) /»(*! Vf «)^'(«) + A(x, V, oc)4>'ia) +/«(*, V, «) “ 0. 

m 
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The slope of (1) at any point is 


(4) 


dx <t>'(a) 


and the slope of (2) at any point is 


dy ^ fr(x, V, a) 
dx /„(x, y, a) 


(A), Art. 81 

(H), Art. 231 


Hence if the curves (1) and (2) are tangent, the slopes at a point 
of tangency will be equal, giving 

^ _ fAx, y, a) 

<t>'ia) fy{x, y, a) 

(6) fx{x, y, aWia) + /y(x, y, a)\f/'{a) = 0. 

Comparing (6) and (3) gives 

(7) Ux, V, a) = 0. 

Therefore the coordinates of the point of tangency satisfy 

(8) /(x, a) = 0 and /a(x, i/, a) = 0 ; 

that is, the parametric equations of the envelope, in case an envelope 
exists, may be found by solving these equations for x and y in terms 
of the parameter «. 


General rule for finding the parametric equations of the envelope 

First Step. Write the equation of tJie family of curves in the form 
f{x, y, a) — 0 and derive the equation /a(x, y, a) = 0. 

Second Step. Solve these tiro equations for x and y in terms of the 
parameter a. 

The rectangular equation may be found either by eliminating a 
between the equations (8) or from the parametric equations (Art. 81). 


iLUJSTRATtVE EXAMPLE 1. For the family of drcles at the beginning of thb 

fix. V, a) = (x - a)» + V* - r’ = 0. 

Hence y, «) = (jt - «) = 0. 

Eliminating a, the result is y* - = 0, or y = r, y = - r, and these are the equa- 

tions of the lines AB and CD in the figure* 


lUiUSTRATiVB Example 2. Find the envelope of the family of straight lines 
xcosa^hysinaszp, a being the variable parameter* 

SoltttioiL (9) /(», y, a) = » cos a -f y sin a — p = 0. 
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Fir$t SUp. DifTereatiating with respect to a, 

(10) fa(x^ y,a)^ — xs\na^ycosa — 0. 

Second Step* Multiplying (9) by coe a and (10) by sin a and subtracting, we get 


X = p cos a. 


Similarly, eliminating x between (9) and (10), 
y p sin oc. 


The parametric equations of the entelope are therefore 


( 11 ) 


X ~ p coe a, 
y = p sin a, 


a being the parameter. Squaring equations (11) and 
adding, we get j3 ^ y 2 ~ 


the rectangular equation of the envelope, a circle. 



Illustrative Example 3. Find the envelope of a line of constant length a, 
whose extremities move along two fixed rectangular axes. 

Solution. Let AB =: a in length, and let 

(12) xcosa + ysina — prsO 

be its equation. Now as AB moves, both a and p will vary. But p may be found 
in terms of a. For AO = AB cos a = a cos a, and also 
p = AO sin a = a sin a cos a. Substituting in (12), we get 

(13) X cos a 4 - y sin a — a sin a cos a = 0, 

where a is the variable parameter. This equation is in 
the form /(x, y, a) = 0. Differentiating with respect to 
a, the equation /a(x, y, a) = 0 Is 

(14) - xsinof + ycosa^-a sin* a — a cos* a — 0. 

Solving (13) and (14) for x and y in terms of a, the 
result is 

... |x = asin*a, 

;y = acos*a, 

the parametric equations of the envelope, a hypocycloid. The corresponding rec- 
tangular equation is found from equations (15) by eliminating a as follows; 

sin* a, 

y^ = cos* a. 

Adding, + y^ = a^, the rectangular equation of the hypocycloid* 



Many problems occur in which it is convenient to use two param- 
eters connected by an equation of condition. By using the latter, 
one parameter may be eliminated from the equation of the family 
of curves. It is, however, often better to proce^ as in the following 
exi^ple* 
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Illustrative Exab^ple 4. Find the envelope of the family of ellipses whose 
axes coincide and whose area is constant. 

Solution. (16)5^ + ^ = ! 

O* 0 * 

is the equation of the ellipse, where a and 
h are the variable parameters connected 
by the equation 

(17) Toh = k. 

Tab being the area of an ellipse whose 
semiaxes are a and 6. Differentiating, 
regarding a and h as variables and x and 
y as constants, we have, using differentials, 

^-^ + ^ = 0,troma6). 

a* 0 * 

and bda + od6 = 0, from (17). 

Transpoaing one term in each to the second member and dividing, the result is 

a* 

Therefore, using (16), %~\ 6»~|’ 

whence a = ± x\'2 and b = ± yv2. 

JU 

Substituting these values in (17), we get the envelope xy= — t a pair ol 
conjugate rectangular hyperbolas (sec figure). ^ ^ 

234. The evolute of a given curve considered as the envelope of its 
normals. Since the normals to a curt^e are all tangent to the evolute 
(Art. 110), it is evident that the evolute of a airve 
may be defined as the envelope of its 7iormals. It 
is also interesting to notice that if we find the 
parametric equations of the envelope by the 
method of the previous article, we get the coor- 
dinates X and y of the center of curvature : so 
that we have here o second method for finding the 
coordinates of the center of atrmture. If we elimi- 
nate the variable parameter, we obtain the rec- 
tangular equation of the evolute. 

IixusnuTtVE ExAMn.B. Find the evolute of the parabola y* = A px considered 
as the envelope of its normals. 

Solution. The equation of the normal at any point (xt, tfi) is 




y - Hi = - ^ 
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from (2)» Art* 43. Aa we are considering the normals all along the curve, both Xi 
and yi will vary. Eliminating x\ by means of = 4 pxu we find the equation of 
the normal to be 


( 1 ) 


y- 




of xi/i + 2 py - 2 pyi 


Mil 

4 p 


= 0 . 


Setting the partial derivative of the left-hand member with respect to the 
parameter yi equal to aero, and solving for x, we find 


( 2 ) 


4p 


Substituting this value of x in (1) and solving for y, 


(3) 


V = 


_ J!ii 

4 p^’ 


Equations (2) and (3) are the coordinates of the center of curvature of the pa- 
rabola. Taken together, they are the parametric equations of the evolute in terms 
of the parameter Vi. Eliminating i/i, we obtain 

27pv» = 4(x-2p)\ 

the rectangular equation of the evolute of the parabola. This is the .same result we 
obtained in Illustrative Example 1, Art. 109, by the first method. 


PROBLEMS 

Find the envelopes of the following systems of straight lines and draw 
the figures. 

1. tf = mx + m*. A«s. j- +4^ = 0. 


2. y = — b m*. 

m 

3. y = m®x — 2 m®. 

4. y = 2 mx + m*. 

6. y = fx — <*. 


6. y = <*x + L 


27 X* = 4 y3. 

27y = x3. 

Ifi + 2't x* = 0. 

7. y = mx — 2 m^. 


Find the envelopes of the following systems of circles and draw the 
figures. 

8. (x — c)* -b y* = 4 e. Am. y* = 4 x + 4. 

9. x» -I- (y - 0* = 2 L ‘ 10. (x - <)* + (y + f)» = f». 


Find the envelopes of the following systems of parabolas. 

IL y* = e(x — c). Am. 2 y — ±x. 

12. cy* = 1 - c*x. 


13. Find the evolute of the ellipse 6*x* + a*y® = a^b*, taking the equa- 
tion ot the normal in the form fry = ox tan — (a® — h®) sin the eccen- 
tric angle ^ being the parameter. 


Ant. X- 


6* 


eoffi<b,y = 


6® 


~ sin® 4 > ; Of («c)^ + = (o* — 


i 


a 
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14. Find the evolute of the hypocycloid + v^ — a*, the equation of 
whose normal is y ^ r — x sin t = a cos 2 r, 

r being the parameter. Ana. (x + + (x — = 2 o^. 

16. Find the envelope of the circles which pass through the origin and 
have their centers on the hyperbola x* — p* = c*. 

Ana. The lemniscate (x* + y*)* = 4 c*(x* — y*). 

16. Find the envelope of a line such that the sum of its intercepts on 

the axes equals c. The parabola x* + y* = A 

17. Find the envelope of the family of ellipses -f when 

the sum of its semiaxes equals c. Ans. The hypocycloid x* -f y* = c*. 

18. Projectiles are fired from a g:un with an initial velocity r©. Sup- 
posing the gun can be given any elevation and is kept alw^ays in the 
same vertical plane, what is the envelope of all possible trajectories, the 
resistance of the air being neglected ? 

Hint. The equation of any trajectory is 


a being the variable parameter. 

Am, The parabola y 

£> g 2 to* 

19. It the family 

y) + tg{x, y) + h{x, y) = 0 
has an envelope, show that it is 

g'^ix, y) - 4 fix, y)/i(x, y) = 0. 

235. Tangent line and normal plane to a skew curve. The student 
is already familiar with the parametric representation of a plane 
curv'e (Art. 81). In order to extend 
this notion to curves in space, let the 
coordinates of any point P(x, y, z) on 
a skew curve be given as functions of 
some fourth variable which we shall 
denote by I ; thus, 

(1) I = V = ^(f), z - x(f). 

The elimination of the parameter 
t between these equations two by two 
will £pve us the equations of the 
projecting cylinders of the curve on tiie coordinate planes. 
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Let the point P{x, y, z) correspond to the value t of the param- 
eta*, and the point P'(x + Ax, y + Ay, z + Ax) correspond to the 
value t + At where Ax, Ay, Az are the increments of x, y, z due to the 
increment At as found from equations (1). From analytic geometry 
of three dimensions, we know that the direction cosines of the secant 
(diagonal) PP' are proportional to 

Ax, Ay, Az; 

or, dividing through by At and denoting the direction angles of the 
secant by a', y'. 

(o\ cos a’ _ cos _ cos y' 

^ ' Ax ~ Ay ~ Az 

At At At 


Now let P' approach P along the ciuwe. Then At, and therefore 
also Ax, Ay, Az, will approach zero as a limit, and the secant PP' will 
approach the tangent line to the curve at P as a limiting position. 

Now Urn ^ ^ = 4>'(t), etc. 

Hence, for the tangent line, 

cos a _ cos P _ cos y 
(A) ^ ^ ^ 

dt dt dt 


When the point of contact is Pi(xi, yi, zi), we use the notation 


( 3 ) 


dt 


= value of ~ when x = xi, y = yi, z = Zi, 

I dt 


and fflmilar notation for the other derivatives. 

Hence, by (2) and (4), p. 5, we have the following result 

The equations of the tangent line to the curve whose equations are 

(1) x = 0(<), y = ^(f), 2 = x(0 

at the point Pi(xi, yi, Zi) are 



X — Xi 

-ILZJ 

Vl 

(fl) 

dx 


dz 


dti 

\dt 

1 dt 


The normal plane of a skew curve at a point Pi(xi, yt, Zi) is the 
plane which passes through Pi and is perpendicular to the tangent 
line at P|, The denominators in (JEf) are the direction numbers of 
th* tangent line at Pi. Hence we have the following result 
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The equation of the normal plane to the curve (1) at Pt (xu4fi, Zi) is 

If I.'* - '■> + If III.*' - 

Illustrative Example. Find the equations of the tangent line and the equa- 
tion of the normal plane to the circular helix (0 being the parameter) 

r X = a COB 0 , 

(4) \y = CL sin $, 

[z = be, 

(a) at any point (xi, yu zi) ; (b) when ^ = 2 r. 

Solution. ^ = -a8in0 = ~i/, ^ = aco8^ = x, 

Substituting in {B) and (C), we get, at (xi ,vuZi), 

( 5 ) B = HZLkl = ? , tangent line, 

— Vi xi 0 

and 

~ y\{x - xi) + xi(v - yi) -f b(z--Zi) = 0, 
normal plane. 

When ^ = 2 IT, the point on the curve is 
(a, 0, 2 br), giving 

X ~ g _ y — 0 _ g — 2 by 
0 ~ o ~ b * 

or x = a, 6y = ax-2 abr, 

the equations of the tangent line, and 

ay -hbz- 2 b^r = 0, 
the equation of the normal plane. 

Remark. For the tangent line (5) we have by (2) and (4), p. 5, 

b b 

cos 7 = -= = :::"=-z=;— = a COnstant 

vxi* + i/i» -f b^ Va'-* + 6=^ 

That is, the helix cuts all elements of the cylinder x* + y* = under the same angle, 

236. Leagth of arc of a skew curve. From the %iu« of the pre- 
ceding article we have 



Let arc PP' = As. Proceeding as in Art. 95, we easily prove 



Prom this we obtain 

(D) s= r\dx» + dy* + dx^)( 

Jt, 


where x = ^(f). y = ^(t). z = x(0* as in (1), Art. 235. 
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The direction cosines of the tangent line can now be given a simple 
form. For, from (A) of the preceding article, and by the above 
equation (2), uang fcnrmulas in (2), p. 5, we have 

Illustrativb Example. Find the length of arc of the skew cubic 
(4) x = 2 = 

between the points where i = 0 and t = 4. 

Solution. Differentiating (4), we obtain 

dx = df, dy-idt, dx = df. 

Substituting in (/)), « = T 4* 4* f* di = 23.92, 

Jo 

approximately, by Simpson's Rule, letting n = 8. 


PROBLEMS 

Find the equations of the tangent line and the equation of the normal 
plane to each of the following skew curves at the point indicated. 

1, X = of, 2 =^cP; f = 1. 

Am. = = ax + 2i>y + 3cz = a* + 2i»» + 3c». 

a Z o 6 c 

2. * = 2 y = <*, z = 4 /•* ; < = 1. 

Am. = = x + y + 8z = 35. 

8. X = — 1, V = ^ + 1, z = <* ; 1 = 2. 

Am. ? = K ~: , ^ = 4 x -h y -f 12 z = 111. 

4 1 12 

4.x = P-l, » = + z = 4P-3< + l: t = l. 

Am. l = = x + y + 2z = 8. 

#.x = 2<-3, v = 5-i*,z = |;< = 2. 

9. X = a COB t, y = b tan t, z = t; t = ^ r. 

7. z = t,y = e',z= c“‘; i = 0. 

8 . X = cos <, V = nn ^ z = tan t; ( = 0. 

9. Find the length of arc of the circular helix 

x = ocoBff. y = aian0, z = b$ 

between tiie points where 0 = 0 and 0 = 2 r. Am, 2 rVo* + 6*. 
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10. Find the length of arc of the curve 

x = 3flcosd, y = Z$nin0, z = 4 0 
between the points where 0 = Oand 0 = 4. Ans. 26 + ^ In 6 = 32.70. 

11. Find the length of arc of the curve 

X = 2 1, 1/ = - 2, 2 = 1 — f* 

between the points where < = 0 and t = 2. 

12. Given the two curves 

(5) x = <, i^ = 2<\ 2 = -|; 

(6) X = 1 — 0, y = 2 cos 0, 2 = sin 0 — 1. 

(a) Show that the two curves intersect at the point A(l, 2, — 1). 

(b) Find the direction cosines of the tangent line to (5) at A. 

4 14 1 

ATIS, — 

Vis Vis Vis 

(c) Find the direction cosines of the tangent line to (6) at A. 

(d) Find the angle of intersection of the curves at A. Ans. 90®. 

13. Given the two curves 

1 = 2 — f, y — t^ — 4, 2 = f* — 8; 

X = sin 0, y = 0, 2 = 1 — cos 0. 

(,a) Show that the two curves intersect at the origin O. 

(b) Find the direction cosines of the tangent line to each curve at O. 

(c) Find the angle of intersection of the curves at O. 

14. (a) If OF, OK, OX in the first figure of Art. 222 are chosen as axes 
of coordinates OX, OY, OZ, respectively, and if P(x, y, z) is a point on the 
sphere, prove that jr = a co3<)sin 0, y = a cos (f> cos 0, 2 = aan<f>, if <p and 
0 are, respectively, the latitude and longitude of P. 

(b) Using (H), and (3) on page 5, find the angle o at P between a curve 
on the sphere for which 0 = /(0) and the parallel through P. 

Ans. tan a = sec A as in Art. 222. 

ao 

237. Normal line and tangent plane to a surface. A straight line is 
said to be tangent to a surface at.a point P if it is the limiting position 
of a .secant line through P and a neighboring point P' on the stirface 
when P' is made to approach P along a curve on the surface. We 
now proceed to establish a theorem of fundamental importance. 

Theorem. All tangent lines to a surface at a given point lie in o plane. 

Proof. Let 

(1) F(x, v,z) = 0 

be the equation of the given surface, and let P(x, y, z) be the given 
point on the surface. If now P' be^de to apiM*oach P along a curve 
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C lying on the surface and passing through P and P', then evidently 
the secant line PP' approaches the position of a tangent line to the 
curve C at P. Now let the equations of the curve C be 

(2) x = 0(<), 2 = X(<)- 


Then the equation (1) must be satisfied identically by these 
values. Hence, if u = F{x, y, 2 ), then u = 0, du = 0, and by (£), Art. 229, 


(3) 


dx dt dy dt dz di 


This equation (see (3), Art. 4) shows that the tangent line to (2), 
whose direction cosines are proportional to 


dx dy dz 

— * "T"' 

dl dt dt 


is perpendicular to a line whose direction cosines are proportional to 

... cF dF BF 

(4) ‘ 

cx By (iz 

Let Pi(ri, yi, zi) he A point on the surface and 


By (3), p. 5 


BF 




BF 

dx 

f 

1 

By 

1 

dz 


(5) 

the values of the partial derivatives in (4) when x = ii, y = V\, 
z = Z\. The line passing through P- whose direction numbers are 
given by (6) is called the normcU line to the surface at Pj. Hence we 
have the following result : 

The equations oj the normal line to the surface 
(1) Fix. y.z) = 0 

at Pi(xi, yu 2 ,) are 

iE) 


__ y - , 

n z - zx 


1^1 ’ 

dx 1 dy 

1 \dz\x 


The preceding argument shows that all tangent lines to the sur- 
face (1) at Pi are perpendicular to the normal line at Pi. Hence 
they lie in a plane. Thus the theorem is proved. 

This plane is called the tangent plane at (Pi). 

We may new state the following result. 

The equation of the tangent plane to the surface (1) at the point of 
contact Pt(xi, y,. z,) is 




a* 


ap; 

dif 


(x-*i)+ (g-jfi)+ 5- (z-zO = 0- 


ap 

dz 
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Remark. If all the denominators in (£) vanish, the normal line and tangent 
plane are indeterminate. Such points are called singular points and are excluded 
here. 


In case the eqization of the surface is given in the form 
z = /(ar. V), let 

(6) Fix, y, z) = fix, y)-z = 0. 

Then = = ^ = 

dx dx dx dy by dy dz 

Hence, by (E), we have the following result. 


The equations of the normal line to the surface z = fix, y) at (xi, y\, Si) 
are 


(G) 


X — 


yi_z- zi 


cz 

- 1 

rx 

1 by 

1 


Also, from (F), we obtain 




r'z 

(x - Xi) + 

rz 

rx 

1 

by 


iy-y\)-{z- zi) = 0, 

1 


which is then the formula for the equation of a plane tangent at (xi, yi,Zi) 
to a surface whose equation is given in the form z =/(x, y). 


238. Geometric interpretation of the total differential. We are now 
in a position to di.souss formula (B), Art. 227, by geometry, in a man- 
ner entirely analogous to that in Art. 91. 

Consider the surface 

(1) z=fix,y), 

and the point (xi, yi, Zi) on it. Then the total differential of (1) is, 
>viien x = xi, y-yi. 


(2) 



Ax -f 

1 


rzj 

by 


A|f, 


using (B), Art. 227, and replacing dx and dy by their equivalents. Ax 
and Ay, respectively. Let us find the s-cobrdinate of the point in 
the tangent plane at Pi where 


X = X, + Ax, y = yt + Ay. 

Substituting these values in (H) of Art. 237, we find 


( 3 ) 




dx 


Ax + 


M 

dy\ 


Ay. 
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Comparing (2) and (3), we get dz = 2 - zi. Hence the 


Theorem. The total dif~ 
ferential of a Junction f(x, y) 
eorresponding to the incre~ 
menis Aar and Ay equals ike 
corresponding increment of 
the z-eodrdinate of the tan- 
gent plane to the surface 

2=/(*. y)- 

Thus, in the figure, PP' 
is the plane tangent to 
surface PQ at P(ar, y, z). 

Let AB = Ax 

and CD — Ay ; 



then dz = z — zi = DP' — DE = EP'. 


Notice also that 


Az = DQ- DE = EQ. 


IlXL’STRATIV'E EXAMPLE. Find the equation of the tangent plane and the equa* 
tiona of the normal line to the sphere + z* = nt the point (1,2, 3). 


tiien 


Solution. Let Fix, y, s) = x* + g’ 4- r’ — 14 ; 
dF 


dx 
Therefore 


= 2x, 


dy dz 


2 s; Xi = I, yi=2. Si=3a 


(IF 

dx 


= 2, 


dF 
dy r 


4. 


dF 

Tzh 


= 6. 


Substituting in (f), 2(x — 1 ) -f 4(y ~ 2) + 6(s ~ 3) = 0, 
or j 4- 2 V 4- 3 2 = 14, the tangent plane* 

Substituting In (£), = IL^ = - 

giving s 3= 3 X and 2 s = 3 y, equations of the normal line. Ans. 


PROBLEMS 


Find the equation of the tangent plane and the equations of the nor- 
mal line to each of the following surfaces at the point indicated. 


1. X* -f y* 4“ = 49 ; (6, 2, 3). 

Am» 6x + 2y + 3z = 49; 

+ iZy 1.4). 

Am. 


X — 6 _ y — 2 
6 2 

4 2 


z — 3 
3 

z — 4 

-1 ‘ 
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3. I* 4- xv’‘ + y* 4- z + 1 = 0 ; (2, — 3, 4), 

Am. 13 a; + 15 y + z + 15 = 0 ; 

4. X® + 2 XV + 1/* + z - 7 = 0 ; (1,-2, 6). 

Am. 2x + 2v~2 + 8 = 0; 
6. x»v» + xz - 2 - 10 = 0 : (2, 1, 4). 

Am. 4x + v + z — 13 = 0; 


x-2 

_v43_z-4 

13 

15 1 

x-1 

V 4 2 z - 6 

2 

1 

1 

x-2 

-1L-I-2-A 

4 

1 1 


6. X* - v= - z* = 1 ; (3, 2, 2). 

7. X* + V* — 2* = 25 ; (5, 5, 5). 

8. 2x* + 3v* + 4z2 = 6; (1, 1, J). 

9. X + V - = 3 ; (3, 4, 2). 


10. Find the equation of the tangent plane to the hyperboloid of two 


sheets ■ 


ir 


h'^ 


^ = 1 at (xi, vi. zi)- 


Am. 

o2 6^ 


11. Find the equation of the tangent plane at the point (xi, t/i, zi) on 
the surface ax- -f ht/- -f rc*' 4- d = 0. Am, axjx 4- b^ji/ 4- cziz 4- d = 0. 


12. Show that the equation of the plane tangent to the sphere 
X*’ 4- ?/- -f + 2 Lx -f 2 Ml/ 4- 2 Az + D = 0 
at the point (xu j/i, Zi) is 

Xjx 4* Pi!/ 4- Ziz 4- L{x 4- xi) 4- M{i/ 4- Pi) 4- K{z 4* Zi) 4- D = 0. 


13. Find the equation of the tangent plane at any point of the surface 
x^ 4- 4- z^ = a\ 

and show that the sum of the squares of the intercepts on the axes made 
by the tangent plane is constant. 


14. Prove that the tetrahedron formed by the co6rdinate planes and 
any tangent plane to the surface xyz = a* is of constant volume. 

j2 a 

15. The surface x* — 4 yZ _ 4 2 = o is cut by the curve x = — • y — -> 
jj _ L : z^L at the point (2, 2, — 3). What is the angle of intersection? 


2 


A»s. 90® — arc cos 


19 


3Vm 


= 32® 37'. 


16. The surface x* -f y* + 3 z'* = 25 and the curve x = 2/, y = -> 
= — 2 f* intersect at the point on the curve given by f = 1. What ia 


the angle of intersection ? 


Am. 90° — arc coe 


19 

7>/29 


= 30° 16'. 


17. The ellipsoid x* + 2 j/* 4 3 z* = 20 and the skew curve x = |(t® 41), 
.y 5 = 4 1 , 2 = meet at the point (3, 2, 1). Show that the curve cuts 

the surface orthogonally. 
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239. Anotiier fonn of the equations of Oie tangent line and nonnal 
plane to a skew curve. If the curve in 
question be the curve of intersection AB 
of the two surfaces F (x, y, z) = 0 and 
G(x, y, z) = 0, the tangent line PT at 
F(xi, y\, Zi) is the intersection of the 
tangent planes CD and CE at that 
point, for it is also tangent to both sur- 
faces and hence must lie in both tangent 
planes. The equations of the two tan- 
gent planes at P are, from (F), 



B 






(1) 


OF 

dx 

1 

+ 

cy 

(.y- 

1 

Vi) + 

dz 

dG 

cx 

+ 

1 

dy 

(v- 

1 

Vi) + 

dz 


(z - 2,) = 0, 
(z - Zi) = 0. 


Taken simultaneously, these equations are the equations of the 
tangent line PT to the skew curve AB. 

If A, B, C are direction numbers for the line of intersection of the 
planes (1), then, by (6), Art. 4, 


(2) 


Sz i\by i' 


dF 


dz 


cG 


Cx 


CXh 


dz : 


c=\lf 

dx 





cGl 

1 dy 

1 

dy 1 

dz 


Then the equations of the tangent line CPT are 

* — Zi „ — 1/1 _ z - Zj 


(3) 


x\ _ v — v\ 

A B 


C 


The equation of the nonnal plane PHI is 

(4) A(x - Xi) -f B(i/ - yi) -f C(z - Zi) = 0. 

IixvsTRATivE EXAMPLE 1. Find the equations of the tanitent line and the 
equation of the nonnal plane at (r, r, r V2) to the curve of intersection of the sphere 
and cylinder whose equations are, respectivdy, x* y* -f z" = 4 r^, + y* ss 2 ns. 

Soltttioa. LetF = x* + y* + s* — 4 r* and G = x* + y* - 2 rx. 
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Substituting in (2), we find 
A = -4r»V^, B = 0, C=4f». 
Hence, by (3), we have 

X - r _ y - r _ z - rV2 

^V2 0 1 ' 

or y = r, X -f 2 = 3 r , 

the equations of the tangent PT at P to 
the curve of internection. 

Substituting in (4), we get the equa- 
tion of the normal plane, 

- V^(X - r) + 0(y - r) -f (2 - rV2) = 0, 

or \ j X — 2 = 0. 



Illustrative Example 2. Find the angle of intersection of the surfaces in the 
preceding example at the point given. 


Solution. The angle of interse< tion equals the angle between the tangent planes 
or normal lincis. We have found direction numbers for these lines above in Illus- 
trative Example 1 < ;ee (E), Art. 237). 

These are a = 2 r, 6 = 2 r, c = 2 rN/2. 

a' = 0, 6'=2r,c'=:0. 

Hence, by (6), Art. 4 

0080 = 14 = 1- 0 = 60®. Atw, 
of* Z 


PROBLEMS 

Find the equations of the tangent line and the equation of the normal 
plane to each of the following curves at the point indicated. 

L j'2 4- 4 - 22 = 49 , 4- y'^ = 13 ; (3, 2, - 6). 

Am, ^ ^ x4'6 = 0; 2x — 32/ = 0. 

Z o 

2. z = + 0* - 1, 3 + 2 0» + z2 = 30; (2, 1, 4). 

Am. ; 6x — ll0 — 2z + 9 = 0. 

3. x> + - z" = 16, x2 + 4 0^ + 4 z* = 84 ; (2, 4, 2). 

Am. = ^4-^ : 16 X - 5 0 + 6 z = 24. 

16 — 5 6 

4. x» + 0* + 3 z> = 32, 2 x» + 0» - z» = 0; (2, 1, 3). 

A««. = = 6x-21 0 + 2 + 6 = O, 

ft. x» - 0* - z» = 1, x> - 0* + z» = 9; (3, 2, 2). 

6* X* + 4 I/* — 4 = 0| 2 X 4" y 4“ 41 24 ~ 0 ; (8, 3> 5). 
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7. The equations of a helix (spiral) are 

X* + = r>, 

y = X tan -• 
c 

Show that at the point (xi, yi, 2 |) the equations of the tangent line are 
i'{x — X|) + yi{z - 2i) = 0, 

e{y - Vx) - xi{z - 2 i) = 0; 

and the equation of the normal plane is 

tjix - Xiv -c(z- z,) = 0 . 

8. The surfaces x^y^ + 2 x + 2 ^ = 16 and 3x^ + y^ — 2z = 9 intersect 
in a cur\'e which passes through the point (2, 1, 2). What are the equa- 
tions of the respective tangent planes to the two surfaces at this point? 

Ans. 3 x-f 4 y -|-62 = 22; 6x + j/ — 2 = 11. 

9. Show that the ellipsoid x* -I- 3 ;y* -h 2 2 * = 9 and the sphere 
x®-l-iy®-h 2 * — 8x — 8j/ — 62-J-24=0 are tangent to each other at the 
point (2, 1, 1). 

10. Show that the paraboloid 3 4- 2 — 2 c = 1 and the sphere 

x^ + y^ + z^ — 4y — 2z + 2 = 0 cut orthogonally .at the point (1, 1, 2). 

240. Law of the Mean. The applications of partial derivatives to be 
given now depend upon the I^w of the Mean for functions of several 
variables. The result to be derived is ba.sed upon the discu.ssion in 
Art. 116. We proceed to establish the fonnula 

(1) /(^o + h,yo + k)= /(xo, yo) -b hf,(xo -f Bh, j/o + Bk) 

Bk, yo-j- Bk). (0 < d < 1) 

To this end let 

(2) F(t) = f(xo -f- ht, yo kt). 

Apply (D), Art. 116, to F(t), with a = 0, and Aa = 1. Then we 
have 

(3) F(l) = F(0) + F'{6). (0 < d < 1) 

But from (2), by (D), Art. 229, since x = ro + kt, y = yo + kt, 

(4) F'it) = kfrixo -f At, yo + 1^) + k}\(.xo -f hi, yo + ki). 

Then, from (2), we get 

(6) F(l) = /(Xo + h,yo+ k), F(0) = /(xo, yo). 

and, from (4), 

(6) F'(0) — kfz(xo + Bh, y.) -1- Bk) kfy(xo + Bh, yo + Bk), 

What these results are substituted in (3), we obtain (1). 
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If we desire a formula analogous to (F), Art. 124, we must form 
Applying again (D), Art. 229, we get 

^ /t(*o Ift) + kl) ~ hfziixo -\-hi,yo-\- kt) -1- kf ^xixo ht,yo-{- kt ) ; 

J. /y(-fo + I/O 4- kt) — hf zy{xo + ht, Vo + kt) + kfyu(xo + hi, yo + ki). 

at 

Hence from (4), we have by differentiating with respect to t, 

(7) F''(t) = h'^fxx(xo + 2/0 + let) + 2 hkfxy(X{j + htf yo + let) 

+ l^"fvy{^o + 2/0 + kt)* 

From (F), Art. 124, letting 6 = 1, a = 0, X 2 == 0, we get 

(8) F(l) = F(0) + F'(0) + j| F"(0). 

We may easily prove now the extended Law of the Mean for a 
function of two variables by substituting in (8) from (5), (4), and (7). 
Thus we get 

(9) f{xa + k. yo + k) = /{xq, yo) + hfzixo, yo) + kfy{r^, yo) 

+ [h‘~fxz(xo Ok, I/O + Ok) + 2 hkfzyixo + Oh, yo 4- Ok) 

4" k^fyy{xo -f- Oh, yo 4" Ok)). {0 < 0 < 1). 

There is no difficulty in establishing the corresponding formulas 
for functions of more than two variables, nor in extending the laws 
in a manner analogous to that at the end of Art. 124. 

241. Maxima and minima of fimctions of several variables. In 
Art. 46, and again in Art. 125, were derived necessary and sufficient 
conditions for maximum and minimum values of a function of one 
variable. We now take up this problem when several independent 
variables are present. 

The function fix, y) is said to be a maximum at a: = a, y = b 
when f(a, b) is greater than /(.r, y) for all values of x and y in the 
neighborhood of o and b. Similarly, f{z, y) is said to be a minimum 
atx = a,y — b when /(a, b) is less than fix, y) for all values of x and y 
in the neighborhood of o and 6. 

These definitions may be stated in analytical form as follows: 

If, for all values of h and k numerically less than some small 
positive quantity, 

(1) /(o + h, b + k) — fia, 5) = a negative number, 
then fia, b) is a maximum value of fix, y). If 

(2) fia + h, b + k)— fia, 6) = a positive number, 
then fia, 6) is a mtntmum value of fix, y). 
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These statements may be interpreted geometrically ;)s follows. 
A point P on the surface 

2 =/(x, y) 

is a maximum point when it is "higher” than all other points on the 
surface in its neighborhood, the coordinate plane XOY being assumed 
horizontal. Similarly, 

P'isa minimum point 
on the surface when 
it is "lower” than all 
other points on the 
surface in its neigh- 
borhood. 

Hence if 

zi==/(o, b) 

is a maximum or mini- 
mum, the tangent plane 
at (o, b, Si) must be horizontal, that is, parallel to A'Oy. But the 
tangent plane (H), Art. 237, is parallel to XOY when the coeffi- 
cients of X and y are zero. Hence we have the following result. 

A necessary condition that f{a, b) shall be a maximum or minimum 
value of fix, y) is that the equations 

( 3 ) = 0 -^ = 0 

dx^’dy 

shall be satisfied by x = a, y = b. 



The conditions (3) may be obtained without use of the tangent 
plane. For, when y = b, the function f(x, h) can neither increase nor 
decrease when x passes through a (.see Art. 46). Hence follows the 
first of equations (3). The same statement applies to the function 
/(o, y). Ibus we have the second equation in (3). 

The method just expounded applies to a function of three variables 
f(x, y, z). That is, a necessary condition that /(o, b, c) shall be a 
maximiun or a minimum value is that the equations 


(4) 






dz 


= 0 


diall have the common solution x — a,y — b,z~e. 

For necessary and sufficient conditions the problem is much more 
difficult (see below). But in many applied problems the existence of 
a maximum or minimum value is known in advance, and no test ia 
necessary. 



APPLIC/ 


Illustrative F 
into a trough by b 
and inclination of 
maximum. 

Solution. T 
figure must b 
trapezoid of 
base 24-2 

( 5 ) 
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SecmdStep. |^ = -6x. ^ = 8a, |^ = _6ir; 


A = 


d’f d' ' / ay \« 

dx^ d\i^ \dxdyl 


= 36 xy — 9 a*. 


Third Step. When x = 0 and y =,0, A = — 9 a*, and there can be neither a 
maximum nor a minimum at (0, 0). ^ 2 / 

When X = a and y = a, A = -h 27 a* ; and since = — 6 a, we have the con- 
ditions for a maximum value of the function fulfilled at ( 0 , a). Substituting x = a, 
y = a in the given function, we get its maximum value equal to a®. 

Illustrative Example 3. Divide a into three parts such that their product 
shall be a maximum. 

Solution. I^}t X ~ first part, y = second part ; then a — (x-fy)=a — x — y = 
third part, and the function to be examined is 

/(x, y) = xy(a - x - y). 

First Step. ^ = uy — 2 xy ~ y* = 0, = ox — 2 xy — x* = 0. 

ax ay 

Solving simultaneously, we get as one pair of values x = y = |* 

S«ondSI,p. g = -2». = 

A = ixy-{a-2x-2 y)^. 


Third Step. When r = | and v = A = j ; and since |^= “ y ' » »««“ 

that our product is a maximum when ^ = ^’ V = Therefore the third part ia 

(I 

also ~ . and the maximum value of the product is ~ • 


PROBLEMS 


Discuss for maxima and minima the 

1. -f ry 4- — 6 X -h 2. 

2. 4 X -f 2 y - x'^ -h ry - y^. 

3. 2 X* ~ 2 xy *f 4- 5 X — 3 y, 

4. r' — 3 oxy 4- y**. 

5. sin X 4- sin y 4- sin (x 4- y). 

6. — xy 4“ y* 4- ax -f by 4* c. 


following functions. 

Ans. X = 4, y = — 2 gives min. 

3: = y = S g:ives max. 

X = — 1, y = i gives min. 

X :=y a gives min. 

X =r y = ^ gives max. 
o 

fi TC 

X = y = — gives min. 
o 


T. », + £+£. 

X y 


8. Show that the maximum value is a* + 6* + e*. 

X* -f 1^* + 1 
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9. Find the rectangular parallelepiped of maximum volume which 
has three faces in the coordinate planes and one vertex in the plane 


-+!+- 
a b c 


1 . 


Ans, Volume = 


abc 

27* 


10, Find the volume of the largest rectangular parallelepiped that can 


be inscribed in the ellipsoid ^ H- -f ^ = 1* 


Ans, 


8 abe 


6^ * 3V3 

11. A pentagon is composed of a rectangle surmounted by an isosceles 
triangle. If the perimeter of the pentagon has a given 
value P» find the dimensions for maximum area. 

P 


Ans. a = 30^ 2 x = 


2 -f 2 sec a — tan a y 


1/ = ^ — x(l 4- sec a). 

distance betwet^n the lines x 


2X 


2 3 


5 and 


12. Find the shortest 

JT = - 3 = z. 

13. A manufacturer produces two lines of candy at constant average 
costs of 50 cents and 60 cents pcT pound respectively. If the selling price 
of the first line is x cents per pound and of the second line is // cents per 
pound, the number of pounds which can be sold each week is given by the 

formulas _ 250 (y _ x) , = 32,000 + 250 (jr - 2 ;/) . 

Show that for maximum profit the selling prices should be fixed at 89 cents 
and 94 cents per pound respectively. 

14. A manufacturer produces razors and blades at a constant average 
cost of 40 cents per razor and 20 cents per dozen bladt*s. If the razors 
are sold at x cents each and the blades at y cents per dozen, the demand 

of the market each week is ' razors and ^ dozen bladt^. 




J'y 


Find the selling prices for maximum profit. 


242. Taylor’s theorem for functions of two or more variables. The 
expansion of f(x, y) is found by using the methods and results of 
Arts. 194 and 240, We consider 

(1) F(t) = fix + ht, y + kt), 
and expand F(<) as in (5), Art. 194, The result is 

(2) Fit) = F(0) + F'(0) ^ + F"i0) I + . . . + F‘"-»(0) /2. 

We obtain the values of F(0), F'(0), F''(0). by substituting t = 0 
in (2), (4), (7), Art. 240. By differentiating (7), and putting t = 0, 
the expressions for F'"(0) etc. will result. These are omitted here. 
Nqte, however, that F'"(0) is homogeneous and of the third degree 
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in h and k. A similar property holds for higher derivatives. If these 
values are substituted in (2), and we set I = 1, the result is 

(3) Six -\-h,y->rk) =Six, y) + hS,ix, y) + kfuix, y) 

+ p Vi-SU^, Z/) + 2 hkf^yix, y) + y)] + --- + R. 

Tlie expression for K is complicated and will be omitted from this 
point on. 

In (3) write x — a,y~h, and then replace h by {x — a) and k,hy 
iy — b). The result is Taylor’s theorem for a function of two variables, 

(/) fix,y) = fia, b) + f, (a, b)(x -d) + f, {a, b)(y - b) 

+ X I/«(a. b)(x - fl)* + 2fxyia, b)ix - o)(y - b) 

ll 

+ fyy(a,b)(y-by] 

Finally, setting a — b = 0, we obtain an expansion corresponding 
to Maclaurin’s .series (A), Art. 194, 

iJ) fix,y) =/(0, 0) +/.(0, 0)x + /,(0, 0 ) 1 / 

+ {/«(0, 0)x* + 2/,,(0, 0)xy+fyy(Q, 0)y*l + • • 

The right-hand member in (7) may be written as the infinite series 

(4) «o + g + g + ---, 
where uo = fi0,0), 

ui =/x(0, 0)x -f/»(0, 0)y, 

«2 ==/«(0, 0)z^ 4- 2/t„(0, 0)zy 0)y^, 

etc. 

These terms in (4) are homogeneous polynomials in (x, y). The 
degree of each is equal to the subscript. That is, by (7) the function 
is expanded into a sum of polynomials homogeneous in (x, y) and of 
ascending degree. Similarly, in (/) the terms in the expansion are 
polynomials homogeneous in (x — a, y — b). 

Formula (/) is called the expansion of fix, y) at the point (o, 6). 

Reference must be made to more advanced treatises for proof of 
the problem of determining those values of (z, y) for which the 
expansions (/) and (7) hold. 

By breaking off smes (4) at any torni, an approximate formula for 
fix, y) is obtained for values near (o, b) or (0, 0). Compare Art. 200. 
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ItxusiKATivB Example. Expand 

jy* + Bin xy 

at the point (1, ^ x) up to tenns of the third degree. 

Solution. Here a = 1, b = ) r, 

and /(x, y) =: xy* + sin xy, 

/.(*. y) = y* + y COB xy, 

/»{*• y) = 2 xy + X COB xy, 

/«(x, y) = - y> sin xy, 

/»»(*. y) = 2 y + COB xy — xy sin xy, 
fn(.x, y) = 2 X — X* sin xy. 

Substituting x = 1, y = | x, the results are 

/(I, i X) = J X* + 1, 

Ad. i ») = i x*. 

Ad. i *•) = X, 

A.(i. i *■) = - i "•*. 

Alf(l. ^ x) “ J X, 

A»d. 1 »•) = 1 . 

Substituting in (/)> we get 
jqf*+ainxy=l + ix» + Jx*(x-1) +x{y-ix) 

+ i|[-i*-’(x-l)* + *-(x-l)(y-|x)+{y-|x)*j+ .... 4ns. 

Formulas for expanding a function of three variables fix, y, z) are 
readily derived, and are left as problems. 


PROBLEMS 

1. From (1) above, show that 


F"'(0)=A» H +3A*jfe 


+ 8fcA:» ^ 
0 cxcy^ 


0 ay»|o 


I0x*^y|( 

8 , Verify the following expansion. 

_ X* -h 15 H- 15 x*y* 4- y* , 

16 

5. Expand sin x sin y in powers of x and y. 

4. Verify the following expansion. 

log (1 + v) = y + i(2 xy log a — y* + x*y log* o — xy* log a) + f y* + • 
#. Expand x* + xy* at the point (1, 2). 

6. Verify the following expansion. 

Bn <* + ») = * + »- +•• •• 


Verify the following approximate formulas for small values of x and y. 

7. e* sin y = y + xy. 

8. ^«*ln(l + y)=yf xy. 


o Ji±£ = 

\l + y 


1 + i(x - y). 



CHAPTER XXV 

MULTIPLE INTEGRALS 


243. Partial and successive integration. Corresponding to partial 
differentiation in the differential calculus we have the inverse process 
of partial integration in the integral calculus. As may be inferred 
from the connection, partial integration means that, having pven a 
differential expression involving two or more independent variables, 
we integrate it, considering first a single one only as varying and all 
the rest constant. Then we integrate the result, considering another 
one as varying and the others constant, and so on. Such integrals 
are called double, triple, etc., according to the number of variables, 
and are known as multiple integrals. 

In the solution of this problem the only new feature is that the 
constant of integration has a new form. We shall illustrate this by 
means of examples. Thus, suppose we wish to find u, having given 

| = 2x + , + 3. 

Integrating this with respect to x, considering y as constant, we 
have 

u = x^-\-xy + Zx + <l), 

where <t» denotes the constant of integration. But since y was re- 
garded as constant during this integration, <(> may involve y. We 
shall then indicate this dependence of <t> on y by replacing <t> by the 
symbol 0(y). Hence the most general form of u is 

u = x^-hTy + 3x + 4>(y), 

where <i>(y) denotes an arbitrary function of y. 

As another problem let us find 



This means that we wish to find u, having given 


dxdy 


= I* -f- y\ 

491 
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Integrating first with respect to y, regarding x as constant, we get 

where ^(x) is an arbitrary function of x. 

Now integrating this result with respect to x, regarding y as con- 
stant, we have , , 

« = ^ + ^ + ^(ar) 4-‘I>(y), 

where 4>(|/) is an arbitrary function of y, and 

Sl'fx) = J' ^(x)dx. 

244. Definite double integral. Geometric interpretation. I^et /(x, y) 
be a continuous and single-valued function of x and y. Geometrically, 


( 1 ) 


z=/(a:, y) 


is the equation of a surface, as KL. Take .some area .S’ in the XOY- 
plane and construct upon S as a base the right cylinder wliose 
elements are parallel to OZ. Let this cylinder inclose tlie area S' 
on KL. Let us now find the volume V of the solid bounded by 
S, S', and the cylindrical surface. We proceed as follows : 

At equal distances apart (= Ax) in the area S draw a set of lines 
parallel to OY, and then a second set parallel to O.Y at e<jual di.«tances 
apart (= Ay). Through these lines pass planes parallel to Y'OZ and 
XOZ respectively. Then 
within the areas S and S' 
we have a network of 
lines, as in the figure, that 
in S being composed of 
rectangles, each of area 
Ax Ay. This construction 
divides the cylindw into 
a number of vatical col- 
umns, such as MNPQ, 
whose upper and lower 
bases are corre- 
sponding portions 
of the networks 
in S' and S re- 
spectively. As the upper bases of these columns are curvilinear, we 
of course cannot calculate the volume of the columns directly. Let 
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xis replace these columns by prisms whose upper bases are found thus : 
each column is cut through by a plane parallel to XOY passed through 
that vertex of the upper base for which z and y have the least 
numerical values. Thus the column Af NPQ is replaced by the right 
prism MNPR, the upper base being in a plane through P parallel 
to the XOy-plane. 

If the coordinates of P are (i, y, z), then MP = z =f{Xt V)t and 
therefore 

(2) Volume of AfjVPi? =/(z, |/)Ay Az. 

Calculating the volume of each of the other prisms formed in the 
same way by replacing z anfl // in (2) by corrt*sponding v'alues, and 
adding the results, we obtain a volume T' approximately equal to 
V ; that is, 

(3) V"-^V./(r, ?/)A?/Az; 

where the double summation sipm SX indicates that values of 
hcQ variables /, y must be taken account of in the quantity to be 
summed up. 

If now in the figure w’e increa.se the number of di\isions of the 
network in .S indefinitely by letting Az aiul A;/ diminish indefinitely, 
an<l calculate in each case the double sum (3'. then obxdously 1" will 
approach V as a limit, and lienee we have the fundamental result 

(4) V - lim y)Ay Az. 

JiT • 0 ^'^ 

Sy-0 

We show now that this limit can be found by succes.sive integration. 

The required volume may be found as follows: Consider any 
one of the .slices into which the solid is divide<l by two suct'essive 
planes parallel to i'OZ ; for example, the slice whose faces are FIfIG 
and JTL'K’. The thickness of this slice is Ax. Now the values of z 
along the curve HI are found by writing x = OD in the equation 
z=f{x,y); that is, along HI 

z = f{OD, y). 

J f'OG 

f{OD, y)dy. 

The volume of the slice under discussion is approximately equal 
to that of a prism with base FIHG and altitude Ax ; that is, equaJ to 

X DC 

SiOD, y)dy. 

r 
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The required volume of the whole solid is evidently the limit of 
the sum of all prisms constructed in like manner, as a: (= OD) varies 
from OA to OB ; that is, 

X OB ^ DG 

dx f(x,y)dv. 

A Jot 


Similarly, it may be shown that 

•OV /»Bt7 

( 6 ) 


X OV /»Bt7 

dy I Six, y)dx. 
c Jew 

The integrals (6) and (6) are also written in the more compact form 

J f'OB pDG pOV pEV 

I I S{x,y)dydx and | | f{x,y)dxdy. 

OA JDF Joe Jew 

In (5) the limits DF and DG are functions of x, since they are 
found by solving the equation of the boundary curve of the base of 
the solid for y. 

Similarly, in (6) the limits EW and EU are functions of y. Now 
comparison of (4), (5), and (6) gives the result 


(A) lim • ^ = r f f(x,y)dydx 

Aa 0 %/a% *Ju% 

J nbi pvx 

f / /(». y)dx dy, 




where Vi and Pa are, in general, functions of y, and u\ and mz functions 
of X. The second integral sign in each case applies to the first dif- 
ferentia]. 

Equation (A) is an extension of the Fundamental Theorem of 
Art. 156 to double sums. 

Our result may be stated in the following form. 


The definite double integral 



'fix, v)dydx 


may be interpreted as that portion of the volume of a right cylinder which 
is included between the plane XOY and the surface 


z — fix, y), 

the base of the cylinder being the area in the XOY-phne bounded by the 


curves 


y = «2. 


X — Ul, X a az. 


A similar statement holds for the second integral. 

It is instructive to look upon the above process of finding the wd- 
umaof the solid as follows. 
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Consider a column with rectangular base dy dx and of altitude z as 
an element of the volume. Summing up all such elements from 
y = DF to y— DG, x in the meanwhile being constant (say = OD), 
gives the volume of a thin slice having FGHI as one face. The 
volume of the whole solid is then found by summing up all such 
slices from x = OA to x = OB. 

In successive integration involving two variables the order of 
integration denotes that the limits on the second integral sign cor- 
respond to the variable whose differential is written first, the differ- 
entials of the variables and their corresponding limits being written 
in. the reverse order. Before attempting to apply successive integra- 
tion to practical problems it is best that the student should acquire 
by practice some facility in evaluating definite multiple integrals. 


Illustrative Example 1. Find the value of the definite double integral 



Interpreting this result geometrically, we have found the volume of the; solid of 
cylindrical shape standing on OAB as base and bounded at the top by the surface 
(plane) 2 = x -f y. 

The solid here stands on a base in the A'OF-plane bounded by 


V = 0 (line OB) ^ , r 

9 ^ . . , . > from y lumts ; 

y =s V — x** (quadrant of circle AB) j 


^ 1 * limits. 

= a (line BE) J 


7a^ 
6 


/* 0 

I (a - !/)x‘aydx = 
b -'0 

Solutton. 

IixusTRATivE Example 3. Verify J'Jj' 

Soi a tton. 


7o»b* 


•v'o*-** 2o» 

.*dy<ir = -— . 

vjrrji 




»Va»-»*dx =[- 1 (a» - *]^ = | a». 
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In successive integration involving three variables the order of 
integration is denoted in the same way as for two variables; that 
is, the order of the limits on the integral signs, reading from the 
inside to the left, is the same as the order of the corresponding 
variables whose differentials are read from the inside to the right. 


rs r5 35 

Illustrative Example 4. Verify J J J dzdy dx = y* 

Solution.J^^J^“J^ xy^ dz dy dx dzl^dy dx ^ ^ 

= 3 dydx — 


In Problems 1-10 in the following list the solid whose volume 
equals the value of the integral should be described. 


PROBLEMS 


Work out the following definite integrals. 


11 

4- 


2. f* f^y <ly dx = V. 

v/o Jt ) 

r~\ rzy 

ftf = s a^. 

S.f * (x + y)dy (tr = J. 


9.£JJ{x^ + y^)dydx = ^. 



sin 6 dd dp^ J(a*’ fr^)(co8 /J — cos a). 

rr ra(imi9 . ^ 

12. f j p sin 0 dp dO = 

*/o Jo 

ia». 

IS. f r sin 0 dp d0 = J a*. 

Jo Jo 

IT 

lA P p* dp dO = {v ~ 

J(f Ja ccr» 0 

If) 5!. 

U) JQ 

16- [“ r* C^’‘x-y*z dz dy dx 
Jb Jo Jfi 

= J a»6*(a» - 6*). 


16. JJ x’‘y^z dz dy dx = ^ a^. 
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17. r^r*r^ '’xdzdxdy = ^. 

Jo J^ Jo 

n l — X — y* 

/ zdzdy dx = 
Jo 


20. I * r* e^^‘'*‘dz dy dr = J — I e* + e — f. 
Jo Jo Jo 


245. Value of a definite double integral taken over a region S. In the 
last article the definite double integral appeared as a volume. This 
does not necessarily mean that every definite double integral is a vol- 
ume, for the physical interpretation of the result depends on the 
nature of the quantities represented by x, y, z. If x, y, z are the co- 
ordinates of a i)oint in space, then the re.sult is indeed a volume. In 
order to give the definite double integral 
in question an interpretation not neces- 
sarily involving the geometric concept of 
volume, we observe that the variable z 
does not occur explicitly in the integi*al, 
and therefore we may confine ourselves 
to the A'Oi’-jdane. In fact, let us con- 
sider .simply a region S in the .YOl’-plane, 
and a given function /(x, y). Within this 
region construct rectangular elements of 
area by drawing a network of lines, as in Art. 244. Choose a point 
(x, y) of the rectangular element of area Ax Sy, either n ithin the rex- 
tangle or on its perimeter. Form the product 

. fix, y)Ax Ay, 

and similar products for all other rectangular elements. Sum up 
these products. The result is 

XX 

Finally let Ax 0, and Ay -> 0. 

We write the result 

(1 ) bin XX-^^*’ 

and call it the double integral of the function fix, y) taken over the region S. 

By (A) the value of the left-hand member in (1) was found by 
successive integration when fix, y) had no negative values for the 
region S. The reasoning of Art. 244 will hold, however, if the portion 
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S' of the surface z=f{x, y) lies below the plane XOY. The limit of 
the double sum will then the volume with a negative sign. The 
integrals in (A) will give the same negative number. Finally, if 
/(x, y) is sometimes positive, sometimes negative for points of S, we 
may ^vide S into subregions in which f{x, y) will be either always 
positive or always negative. The reasoning will hold for each sub- 
region and therefore for the combined region S. Hence the con- 
clusion : the double integral in (1) may be evaluated in all cases by 
successive integration. 

It remains to explain the method of determining the limits of 
integration. This is done in the next article. 

246. Plane area as a definite double integral. Rectangular coordi- 
nates. The problem of plane areas has been solved by single integra- 
tion in Art. 145. The discxission using double integration is useful 
chiefly because the determination of limits for the general problem 
of Art. 245 is made clear. To set up the desired double integral, 
proceed as follows. 

Draw a network of rectangles as before. Then, in the figure, 

(1) Element of area = Ax Ay. 

If A is the entire area of the region S, obviously, by (1), Art. 245, 

(B) A = 2^^Ax Ay </y. 

A ^-,0 5 


Referring to the result stated in Art. 245, we may say : 

The area of any region is the value of the double integral of the 
function fix, y) = 1 taken over that region. 

Or, also : The area equals numerically the volume of a right cylinder 
of unit height erected on the base S. (Art. 244.) 

The examples show how the limits of integration are found. 


Illustrative Example 1 . Calculate that portion of the area above OX which 
ia bounded by the semicubical parabola — x' and the atraight line y = x. 

Solution. The order of integration ia indicated in the figure. Integrate first 
with respect to x. That ia, sum up first the elements dxdy in s horizontal atrip. 
Then we have 


J rAC , 

I ax ay = ay \ ax = area of a horizontal atrip of altitude dy. 

AB Jab 

Neat, integrate thia result with respect to y. This corresponds to summing up 
all horizontal strips. In this way we obtain 

Je Jab 
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The limits AB and AC are found by solving each of the equations of the bound* 
ing curves for x. Thus from the equation of the line, x = AB = y, and from the 

equation of the curve, x = AC = To determine OD, 
solve the two equations simultaneously to find the point 
of intersection E, This gives the point (1, 1) ; hence 
OD = 1. Therefore 

A “X'X* ^ ~X'^*** ~ “ 4 1'*]^ 

= i - 4 = A- Atk. 

Or we may begin by summing up the elements dx dy 
in a vertical strip, and then sum up these strips. We 
shall then have j j 

A=r / dydx = f(x- x^)dx = i - f = A. 

Jo J^^ Jo 



In this example either order of integration may be chosen. This is not al* 
ways the case, as the following example show's. 


Illustrative Example 2. Find the area in 
the first quadrant bounded by the x-axis and the 
curves -f y® = 10, y* = 9 x. 


Solution. Here we first integrate with respect 
to X to cover a horizontal strip, that is, from the 
parabola to the circle. We then have, for the 
entire area. ^ 

A - I I dxdy, 

Jo Ji/a 


since the point of intersection S is (1, 3). To find 
HG, solve y'^ = 9 X for x. Then 

X = HG = i y\ 

To find HI, solve x* -h y* = 10 for x. We get 
X = JF// = -f VlO ~ y^ 

Hence 


r 



A = J dx dy = VlO -- y^ 4* 5 arc sin ~ y*j^ = 6.76. Ana, 


If we integrate first with respect to y, using ver- 
tical strips, two integrals are necessary. Then 

rl /•vTo /•’V 10 - X* 

A^f r dydx + f I dy<ir = 6.75. 

Jo Jo Jl Jo 

The order of integration should be such that the 
area is given by one integral, if this is possible. 


The examples above show that we set 


A 



or 



r 
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according to the nature of the curves bounding the area. The figures 
below illustrate, in a general way, the difference in the summation 
processes indicated by the two integrals. 




PROBLEMS 


1. Find by double integration the area between the two parabolas 
3 ;/* = 25 / and 5 x- = 9 y, (a) by integrating first with respect to y ; 
(b) by integrating first with respect to x. 


Am. (a) 


IP 




dtj <ix = 5 ; (b) 


r rv t 

Jo J.i «’■> 


(lx dy = 5. 


■Lul 

25 


Calculate by double integration the finite area bounded by each of the 
following pairs of curves. 


2. y - i X - x'\ y = X. 

3. = 4 a:, 2 jr - 2 / = 4. 

4. y = x‘, 2 X - y + 3 = 0. 

5. y^ = 2x,x^ = e y. 

6. = 4 X, jr = 12 + 2 2/ - y*. 

7. 2/^ = 2 X. + 2/- = 4 X. 

8. 2/^ = 9 + 2/^ = 9 — 3 X. 

9. (x* + 4 a^)y = 8 a\ 2 y = ar, x = 0 

10. x^ + 22^ = a^, X + 1/ = «• 

11 . — a^, X A y a. 

12. 12 = — 2 X, 2/ = 6 X — X*. 

13. X = 6 22 — y*, 22 = X. 

14. 4 22* = x’, 22 = X. 

16. 12* = X + 4, 22* = 4 — 2 X. 


A«8. 4^. 
9. 


¥. 

4. 

TT - 5 . 

;48. 

a*(ir — 1). 
ia*. 

*(16-3 7r)o». 
16. 

16. X* + 12* = 25, 27 12* = 16 x*. 

17. (2 a — x)i 2 * = X*, 22 * = ox. 

18. X* - v» = 14, X* + 12* = 36. 
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247. Volume under a surface. In Art. 244 we discussed the volume 
of a solid bounded by a surface 


( 1 ) 

the XOy-plane, and a cylinder. The elements of the cylinder were 
parallel to OZ, and its base was a region S in the XOT-plane. The 
volume of this solid is, by (A), 


( 2 ) 


V = JJz dz dy = V)^ 


s s 


The order of integration and the limits are the same as for the 
area of the region S. The volume of a solid of this type is the '' volume 
under the surface (1)/' The analogous problem for the plane, ”area 
under a curve,'' has been treated in Chapter XIY. As a special case 
the volume may be bounded by the surface and the XOT-plane itself. 

Note that the element of volume in (2) is 
a right prism with base dz dy and altitude z. 

I LLV STRATI VE EXAMPLE 1, Find the volume 
bounded by the elliptic paraboloid 

(3) 4 2 = 16 - 4 x2 - 1/2 
and the XOF-plane, 

Solution. Solving (3) for 2 , we get 

(4) 2 = 4~x2-Ji/2. 

Lc>tting 2 = 0, we obtain 

(5) 4 x2 + 1/2 = 16, 

which is the equation of the j>erimeter of the base 
of the solid in the .YOV-plane, Hence by (2), using a 
the value of 2 in (4), Vy 

(6) V = 4 f f (4 — x2 ~ J y^)dy dr = 16 x. Ans. 

Jo Jo 

The limits are taken for the area OAB of the ellipse (6) lying in the first quadrant. 



ILLI’STRATIVB EXAMPLE 2. Find the volume of the 
solid bounded by the paraboloid of revolution 

(7) x2 + l/^ = 02, 
the .VOF-pIane, and the cylinder 

(8) x2 4* 1 /'^ = 2 ox. 

Solution. Solving (7) for 2 , and finding the limits 
for the area of the base of the cylinder (8) in the XOY- 
plane, we get, using (2), 



For the area ON A (see figure), MN = V2 ax - x*, (solving (8) for y), and OA^2(l 
These are the limits. 
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PROBLEMS 

1. Find the volume under r = 4 — above z = 

J r2 3t 

f 

0 Jo 


0 , 


(4 


and within = 4 a?. 
— x'^)dy (ix = 17.24, 


2. Find the volume under the plane jr + ar = 2. above 2 ^ 0 , and within 
x*-fy^ = 4. /-vrr^ 


yiiw. 


. r (2 ~ X)d|/ ctr = 8 ir. 

J~ 2X0 


3. Find the volume bounded by the plane ^ ^ f ” 
ordinate planes. ^ ^ 


and the co- 
Ans, I abc. 


4. Find the volume bounded above by x -f 2 = 4, l>elow by r = 0, and 
laterally by = 4 x. -4 m, 


5. Find the volume of the solid bounded aliove by ir - — uc, below 

by 2 = 0, and ivithin x^ -h Am. J jra^ 

8. Find the volume under the elliptic paral>oloid 2 = 1 - ] J I/* 
and above 2 = 0. Am. 3 a*. 


7. Find the volume under the plane x -h y -f 2 = 8, above 2 = 0, and 

between the planes x4-2|/ = 8, x — 2^ = 8. 170§. 

8. Find the volume bounded by the cylindrical surface x^ -f ar = a* 

and the planes x -f y = a, y = 0, 2 = 0. .4rw. § a®. 

9. A solid is bounded by the surfaces y- -f = 4 ax, x = 3 a, and 

lies within y^ = ox. Find the volume. /In^. {C> x 4- 9y/3)a\ 

10. Find the volume below the cylindrical surface — az, al>ove 

2 = 0, and within the cylindrical surface x^ -f = ax. Ans. xa^. 

11. Find the volume below 2 = 2 x -f a, al>ove 2 = 0, and within 

X* 4 * y^ = 2 ax. Am. 3 xo*"'. 

12. Find the volume under y* 4- 2 = 4, above 2 = 0, and within the 

cylindrical surfaces y^ — 2 x = 0, y^ = 8 - 2 x. Am. 

IS. A solid is bounded by the paraboloid x’ 4 y^ = oz, the cylindrical 
surface y* = — ax, and the planes x = 0, 2 = 0. Find the volume. 

Am. I 

14. Find the volume under 4 2 = 16 - 4 x^ - y^, above 2 = 0, and within 

x* + y* = 2ac. Arw. Ur. 

15. The axes of two drcular cylindrical surfaces intersect at right angles 
and their radii are equal (= r). Find the common volume. Ans. Y 

16. Find the volume of the closed surface + =: a^. (The trace 

on each coordinate plane is the astroid. Chapter XXVI.) An*. A *■«*• 

• 17. Find the volume common to y* + ** = 4 ox and x* + y* = 2 ox. 

An». (2 r + V)®** 
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848. Directions for setting up a double integral. We shall now state 
a rule for forming the double integral which will give a required 
property. Applicatjons are made in the following articles. For 
single integration the corresponding rule is given in Art. 156. 

First Step. Draw the curves which bound the region, or area, con- 
cerned. 

Second Step, At any poitU P(x, y) within the area construct the 
rectangular elenwnt of area Ax Ay. 

Third St1':p. Work out the function f(x, y), which, when multiplied 
by Ax Ay, gives the required property for the rectangular element of area. 

Fourth Step. The required integral is 

JJfir, y)dx dy 

taken over the given region, or area. The order of integration and limits 
are determined in the same manner as in finding the area itself. 


849. Moment of area and centroids. 'Fhi.s }>roblem is treated in 
Art. 177 by single integration. Double integration is often more 
convenient. 

We follow the rule of the preceding article. The moments of area 
for the rectangular element of area are, re.s{)ectively, 


X Ax Ay, with respect to O Y, 
y Ax Ay, with respect to OX. 

Hence for the entire area, using the notation of Art. 177, we have 


(C) M, 




dx dy, Mg -j'J' f dJt dy. 


(f» 


Mu 
X ~ — 

area 


y 


The centroid of the area i.s given by 

M, 

area 

In (C) the integrals give the values of the 
double integrals of the functioris 

fix, V)-V and fix, y) = x, 
respectively, taken over the area, (Art. 245.) 

For an area bounded by a curve, the x>axis, and two ordinates 
(the "area under a curve”), we derive from (C) 



( 1 ) 


n r 

ydydx = i J y^ dx, 

n » 

xdydx=a I xydx. 
«/» 
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These agree with (2), Art. 177. Note that in (1) is the ordinate 
of a point on the curve, and its value in terms of x must be found 
from the equation of the curve and substituted in the integrand be- 
fore integration. 


IU.USTRATIVB EXAMPLE. Find the centroid of the area in the first (juadrant 
bounded by the semicubical parabola y* = and the 
straight line y = x. 

Soiutioa. The order and the limits of integration 
arere found in Illustrative Example 1, Art. 246. Hence, 
using (O, ^ 

M, = ff ydxdy = f (y* - iJ)tfy = 

J0 JQ 

^ f f* z dx dy = h f {y^ — y'‘)dy = iS* 

Jq J If */o 

Smce A = area = i*b, 

we have, from (D), x = if = 0.48, y = i®} = 0.42. .4ns. 



250. Theorem of Pappus. A useful relation between ccntroid.s and 
volumes of solids of revolution is expressetl in the following theorem. 

7/ a flam area is revolved about an axis lying in its plane ami iii>t 
crossing it, the volume of the solid of rendution thus generated is i <f>(nl 
to the product of the plane area by the circumference described by its 
centroid. 


Proof. Let the area in the figure be 
revolved about the x-axis. The rectangu- 
lar element of area within the region S at 
P will generate a hollow circular cylinder 
whose volume A V is given by 

AF = ir(p -f Ap)'-* Ax — rp* Ax. 

Factoring and simplifying, we get 
AV = 2 t(p + J Ap) Ax Ap, 



Now, in (1), Art. 245, (x, p) in f(x, y) is a ix)int " either within the 
rectangle PQ or on its perimeter.” But (x, p + J Ap) is a iwint on 
the pOTmeter of PQ. Therefore let fix, y) = 2 iry. Then A V has the 
form/fx, p) Ax Ap, and, by (1), Art. 245, and (C), 


( 1 ) 



TT.W,. 


Finally, using (D), we get 
(2) V, ■» 2 Tp • A, 



MULTIPLE INTEGRALS 


505 


where A is the area of the region S. The right-hand member is the 
product of the area by the circumference described by its centroid. 
Hence the theorem is proved. We write the result 


(3) V = 2iry - A. 

If two of the quantities V, y, A are known, the other can be found 
by (3). 

IiaA STKATivE EXAMPLE. Find the centroid of the trapezoid OMPB of the 
figure by the Theorem of Pappus. 

Solution, .^rea OMPB =^(3 4 - fiig = 32. Revolving the figure about OX, the 
solid formwi is a frustum of a cone of revolution. Hence, by (12), Art. 1, since 

a rr g, « 5. r = 3. 

^ ^ /oe i n 1 tc \ 392 _ 


V'. 

Hence, by (3 y 


-(25 4-9 4-15)- ^ 
3 o 


\\ 

2 tA 


392 

192 


2,04. 


Revolving the figure about OV, the volume generated 
is thf* difirrf nc*' of the volumes of the cylinder generated 
by (X'PM and the cone generated by the triangle i?CP. Hence 



Hence, by the theorem. 
The centroid b (4j. 2,04). 


V, = 320 w - 


2 xA 


An». 


12S y _ 832 
3 3 

^§32 _ . 1 
192 5* 


PROBLEMS 

Find the centroid of the area bounded by each of the following curvee: 


1. y = 4 X. (Area in first quadrant.) Ana. (||» S|). 

2 . v = = (. 5 , 5 ). 

3. p = 4 X - x*. V = 2 / - 3. (1, |>. 

4. X- = 4 X - 2 y + 4 = 0. (1. |). 

6. 8^ = x». 2 X - V + 3 = 0. (1, 

8. 18 = x» - 2 X - 3, V = 2 X - 3. (2, — 

7. V* = X, X + ji = 2, 18 = 0. (First quadrant.) (||. ). 

8 . = X, X + 18 = 2 , X = 0 . ( 5 ^, f J). 

9. 18” = X*. 2 V = X. 

10. 4i8 = 8x*, 2y* = 9x. 

11. 18 * = 2i, v = x-x*. 

19. v” = 8 X, X + y B 6. ('V‘» “ ^)* 

18. y» = 4 X. y» = 5 - X. (V* <>)• 

14. y 3s 6 X — X*, X + y s 8. (i* ®)* 
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16. or « 4 p — »*, y = I. 

Am. 1). 

16. y = 4 z - x», » = 5 - 2 *. 

(8. I). 

17. y® = 4 z, 2 1 — y = 4, 

il !)• 

18. y = z® — 2 z — 3, y = 6 z — z* — 3. 

(2. 1). 

12. z» -1- y» = 1. z -f- y = 1. 

20. z* + y® = 32, y® = 4 z. 

21. y® = 4 z, 2 z -4- y = 4. 

22. z® + y* — 10 z = 0, z* = y. 

(0.585, 0.585). 

23. X® = y. 2 y = 6 z - X*. 

24. -f y^ = al. (Area in first quadrant.) 

(256 a 256 a \ 
Ulo it’ 315 W 

26. z^ -f- y^ = z = 0, y = 0. 

(!■ !)■ 


26. Find the centroid of the area under one arch of the cycloid 

= aid - sin d), y = a(l - cos 6). 5 a j 

27. Using the Theorem of Pappus, find the centroid of a semicircle. 

Am. Distance from diameter = 

3 T 


Surfac e of J l nid 


28, Using the Theorem of Pappus, find the centroid of the area of the 

ellipse ^ -h = 1 which lies in the first quadrant. (“ » 

M T d it/ 

29. Using the Theorem of Pappus find the volume of the torus gen- 
erated by revolving the circle (x — 6)* -f > o) about the 

.4 ns. 2 

80. A rectangle Is revolved about an axb which in its plane and is 
perpendicular to a diagonal at its extremity. Find the volume of the 
solid generated. 

281. Center of fluid pressure. The ^ 

problem of calculating the pressure of \ 
a fluid on a vertical wall was discussed * 

in Art. 179. , 

The pressures on the rectangular ele- 
ments of the figure constitute a sjnstera ' 
of parallei forces, since they are per- 
pendicuiar to the pane of the area 

XOY. The resultant of this system of ® 

fcntres is the total fluid pressure P, given 'r 

by (D), Art. 179. 




ifT J yxdx. 
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The point of application of P is trailed the center of fluid preemre. 
We wish to find the ar-codrdinate (= a:*.) of this point. 

To this end we use the principle of force moments. Thb may be 
stated thus : 

The sum of the turning moments of a system of parallel forces 
about an axb is equal to the turning moment of their resultant about 
this axis. 

Now the fluid pressure dP on the rectangular element EP is, by 
Art. 179. 

(2) dP = Wxy Ax. 

The turning moment of thi.s force about the axis OK is the product 
of dP by its lever arm OE (= x), or, using (2), 

(3) Turning moment of dP = x dP = Wx~y Ax. 

Hence we have, for the entire turning moment for the distributed 
fluid pressure, 

(4) Total turning moment = ^ Wx^ydx. 


But the turning moment of the resultant fluid pressure P is acoP. 
Hence 


(5) 



b 

x^ydx. 


Solving for ro and using (1), w'e get the formula for the dejdh of the 
center of pressure 


( 6 ) 


Xo = 



where dA = element of area = y dx. 

The denominator in (6) is the moment of area of A BCD with 
respect to OF (see Art. 177). The numerator is an integral not met 
with hithato. It is called the moment of inertin of the area A BCD 
about OY. 


The letto* / is commonly used for moment of inertia about an 
axis, and a subscript is attached to designate the axis. Thus (6) 
becomes 


CO 
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The usual notation for moment of inertia about an axis I is 

( 8 ) Ii=fr»dA, 

in which 


(9) r = distance of the element dA from the axis 1. 

The problem of this article is one of many which lead to moments 
of inertia. In the following section the calculation of moments of 
inertia by double and single integration is explained. Applications 
are also given. 

252. Moment of inertia of an area. In mechanics the moment of 
inertia of an ar«i about an axis is an important concept. The calcu- 
lation of moments of inertia will now be explainwl. We follow the 
rule of Art. 248. 

For the elementary rectangle PQ at ' 

P(z, y) the moment of inertia about O.Y 
b defined as 

(1) y^^Ay, 

and about the p-axis it is 

( 2 ) x^AxAy. <*| ~ 

Then, if and /, are the corresponding moments of inertia for the 
entire area, we have (compare (8), Art. 251) 



Im = IJy* dx dy, ly = dx dy. 


The radii of gyration r, and r, are given by 


(F) 



U 

area' 



.ll . , . 

area 


In (£) the functions whose integrals are taken over the area are, 
respectivdy, /(x, y) — y^, and /(x, y) - x®. 

Formulas (E) become simple for an area " under a curve,” that is, 
an area bounded by a curve, the x-axb and two ordinates. Thus we 


obtain 


/.=rrVditd*= j rVdx. 

%fa Ja 

I I x^dydx— f x*ydx. 

a/41 %/q a/a 


In these equations y u the ordinate of a point on the curve, and 
its value in terms ot z must be found from the equation of this curve 
and stdsatituted in the integrand. 
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Formulas for moments of inertia I are written in the form 

(G) I=Ar*, 

where A = area and r = radius of gyration. Solving (F) for /, and I, 
will give this form. 

Dimensiatis. If the linear unit is 1 in., the moment of inertia 
has the dimensions in.'*. By (f), and r„ are lengths, in inches. 

Illustrativt- Exa.mi*le 1. Find I,, !y, and the corresponding radii of gyration 
for the area of Illustrative Example 1, Art. l!46. ^ > 

Solution. Using the same order of integration and ~ 

the same limits as Wore, we have, by (£), 


/, =J^ ^ J'J'\^dxdy - V''dv = 


Since A - area ~ we find, by (F). \ 

\ 'f, - 0.48, r. 0.53. Aiw. ' 

'Illustrative Example 2. Find /, and for the parabolic segment BOC in 
the figure. 

Solution. With the axes of t‘<>>rdinates as drawn, the equation of the bounding 
parabola is ^ 

(4) R* = 2 pj. u {afi) 

Since /f (o, 6) is a pwint on the curve, we get, by suhstitut- yf 

ing X o, y Tz b in (4 “ 2 pa. Solving thisw^uation for 

2 p and sulwstituting its value in {4 % we obtain / ^ 


- _ bx^ 


-XJLL 
cJl M 


The moments of inertia for the area under the parab- 
ola OPH in the hrst quadrant will be half the required 
moments. Hence, using and suWiluting the value of 
y from (5), we get 






For the area of the aogment, we find 


A = ('“ydx = ('"—ridx = ^ab. .-. 4 = 106 . 
do •'« al 3 S 


nenoe, by (f), r,» = = i 6», and /, = j Ae, 

A O O 

r,*=J«|a*, and f,=|4o». 
Tho ramita are in the form (G). Am. 
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In the figure on page 825 the axis O Y lies in the sxirface of the fluid. 
If we denote this axis in any figure by a, then the depth of the centor 
of pressure, is by (7), Art. 251 



if r, = radim of gyration about the axis a, 

and h, = depth of centroid below the axis a. 

ItLVSnuTlVE Example 3. Find the depth of the center of pressure on the 
trapesoidal water gate of the figure. Compare Illustrative Example 2, An, 179, 

Sohttiim. Choose axes OX and 01' as shown, and draw an elementary hori- 
sontal strip. Let the distance of this strip from the axis » at the water level be r. 
Then 

r = 8 — y, dA —2 X dy. 

H^ce, by (8), Art. 251, and by the 
definition of moment of area (Art. 177). 
we have 

( 7 ) J, = fr^dA =/(8 - yP2xdy, 

(8) M,= j" rdA =y' (8 — y)2xdy. 

The equation of AB is y = 2 x - 8. 

Solving this for x, substituting in (7/ and and integrating with limits y == 0, 
y ss 4, we obtain ^ 

1$ (8 - y;*(8 yfdy = U29j, 

= r^(64 — y^}dy = 

•'O 

Hence, by (7), Art. 251, Xo = 6.09. Ana. 

263. Polar moment of inertia. The moment of inertia of the ele- 
ment^ rectangle PQ about the origin O is the pro<luct of the area 
and OP*, that is, 

(1) (x® + y*)Ax Ay. 

Hoice, by Art. 248, for the entire area 

(2) /o 

We may, however, write the right-hand 
member as the sum of two integrals, for 
(2) is clearly the same as 

(3) h-JJx^dxdy-^JJy^dxdy== + 1,. 

Hence we have tlm following theorem. 

The moment of inertia of an area about the origin equate the eum of 
ite moment qf inertia about the x-axie and the y-axie. 
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PROBLEMS 

Find /» and lo for each of the areas described below. 

1. The semicircle which is to the right of the v-axis and which is 


bounded by x* + y* = r*. 


Ana. /, = /„ 


Ar» 


2. The isosceles triangle of height h and base a whose vertices are 

Ah» . 


(.0,0).(h, ^,{h, 


A t — Aa* , 

Ana. ^.l^- 2 


3. The right triangle whose vertices are (0, 0), (b, a), (b, 0). 


r - Aa* , _ Ah* 
D ^ 

r — r ~ 


4. The ellipse ^ 4* ^ = 1. 

6. The area in the first quadra jOunde<\v = 4 x, x = 4, y = 0. 

r A r 48 A 
Am. /, 

6. The area included between the ellipse ^4-^=1 and the circle 

X» + y«=:2y. , , 19A , 53A 

Ans. = = 


7, The area included between the ellipses — -f ^ = 1 and x* -f V = 1. 

lb y 4 

. , 5 A , 19 A 

An*. L = -:r'’f»= — r~* 
J 4 

8. The area included between the circle x* + y* = 16 and the cir'^’e 


X* + (» + 2)» = 1. 


.4 na. Jj ■ 


239 A , r- 
Arcle 


2. The area included between the circle x* + v* = 36 and t' 


X* + (y + 3)» = 4. 


An*. I, — 


71 A = 10 A. 


l + yl = l, 

10. The area between the circle x* + y* = 4 and the ellips^O 16 

.A , 

Arw. I, = t~ 5 

, _ r = L^. 

11. The entire area bounded by x^ 4- yJ =o*. A-" ** * 64 

12. Find the depth of the center of pressure 
gate having its vertex bdow the base, which is 
with the surface of the water. 

13. Find the depth of the center of presett^ *■ 

gate 8 ft. wide and 4 ft. deep when U»e lev4 of the water la 6 
tha top of tha gate. Ana. 7.19 ft bdow the aarfaee of the 
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14. Find the depth of tlie center of pressure on the end of a horizontal 
cylindrical oil tank of diameter 5 ft. when the depth of oil ia (a) 2.5 ft.; 
(b) 41t.; (c) 6ft. ^ approximately 2.4 ft. ; 

(c) = 3.95 ft. 


254. Polar codrdinates- Plane area. When the equations of the 
curves bounding an area are given in polar codnlinates, certain modi- 
fications are necessary. 

The area is now divided into elementarj' portions, as follows: 

Draw arcs of circles with the common center 0 with successive 
radii differing by Ap. Thus, in Fig. 1, OP = p, OS = p + Ap. Then 




draw radial lines from O such that the angle l)etween any two con- 
secutive lines is the same and equal to SO. Thus, in Fig. 1, angle 
FOR =• A^. 

The area will now contain a large numl)er of rectangular portions, 
such as PSQR in Fig. 1. 

I^et PSQR = AA. Now AA is the difference of the areas of the 
circular sectors POR and SOQ. Hence 

(1) AA = §fp -j- Ap)^ A^ ~ I A^ = p Ap A0 + | 

The function /(ar, y) of Art. 245 is to be rei)laced by a function 
using polar cobrdinates. Let this lie Fip, Oi. Then, proceeding as 
in Art. 245, we choose a point (p, 0) of A A, form the prtxluct 

F(p. 0)AA 

for each A A within the region S, add the.se firoduct.s, and finally let 
Ap 0 and A$ --*11. It is shown in Art. 258 that the limiting value 
of this double sum rilpy be found by successive integration. We now 
write (compare (1), Ant. 245) 

Mm B)AA=>f fF(p, 0)pdpdd, 


( 2 ) 
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and call it the double integral of the function F(p, 0) taken over the 
region S. 

Note in (2) that the value of A A in (1) has been replaced in the 
integral by p dp dd. 

The simplest case of (2 ) is that of finding the area of the region S, 
We then have 

= 

These are easily remembered if we think of the elements (checks) 
as being rectangles with dimensions p dd and dp, and hence of area 
p dd dp. 

The figures below illustmte, in a general way, the difference in 
the processes indicated by the two integrals. 


(m 


A = jjpdpdB 




In the first, we integrate first with respect to p, since dp precedes 
dd, keeping 0 constiint. 'I'his proces.s will cover the radial strip KGHL 
in Fig. 2, p. 512. The limits for p are p = OG and p = OH, found 
by solving the etjuation (or eejuations) of the bounding cun’e (or 
curv'Cs! for p in terms of $. Then integrate varying 0, the limits 
being d ~ Z. .JOX ami d ~ Z lOX. 


The second integral in (2i i.s worked out by integrating with re- 
spect to 0, p remaining constant. This step covers the circular strip 
A BCD in Fig. 1, p. .512. between two consecutive circular arcs. 
Then integrate varying p. 

When the area is boundetl by a curve and two of its radii vectores 
(area swept over by the radius vector), we obtain from the first form 

in(/o ^ . 

A=r rpdpdd^hf p^dd, 


which agrees with (D), Art. 169. 

Double integrals in polar coordinates have one of the forms 

(8) JjFip,d)pdpd6 or JjF{p,d)pd6dp. 
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iLLUSnuTTVB EXAMFtB 1. Find the limits for the double inteKral Kiving tome 
required prop«ty related to the area inside the cirde p = 2 r coe d and outside the 
drde p = r. 

Solutioii. The points of intersection are 
A^r, and Use the first form 

In (8). 

The limits for p are 
P = OG=r, 
p = OH = 2 r cos d; 

far $ they are ~ and — Ana. 

o O 

Illustrative Example 2. Find the area inside the circle p = 2 r cos and 
outside the circle p =: r. 

Solutioo* From Illustrative Example I above, we have 

* V 

A= (10= J'*J(4f’co6’d - r’)dd = a + J Vs) = 1.91 r*. Ana. 

-I ' -f 

256. Problems using polar coordinates. There should now be no 
difficulty in establishing the following formulas : 


(1) 

Af, = JJ' 9 ^ sin $ dp dd. 

(2) 

Mf— JJp^co&Bdp dd. 

(8) 

/, sin* 0 dfp dd. 

(4) 

jy ^J'J'p^ COS* d dp dd. 

(6) 

/o= JJpHpdd. 


The wder of the differentials will have to be changed if integration 
with respect to 6* is performed first. 

iLLOSrmATiVB Example 1. On account of important applications the moments 
of inertia of a drde ate now worked out. 

Lei a = radius. Then, by (6), the polar moment 
of inertia with respect to the center is 

<« -I"’’ 

wtMve A = area of the drde. 

Abo, since /. s/,. by ssrmmetry . we have, by (3), 

Art. 263, 

m 
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In words: Tks polar moimni of inertia of a circle wUh reopeei io it$ eenUr equaln 
ike product of half (he area and the square of the radius; the polar moment of inertia 
UfUh respect to anff diameter equals the product of orie fourth the area and the square 
of the radius. 


Illustrative Example 2. Find the centroid of a loop of the lemniscate 


= a* cos 2 

Solution. Since OX is an axis of symmetry, we 
have f = 0. ^ 

iA=r*'r'^pdpdo 


2 Jo 


cos 2 OdO 


§ Af„ r: r ^ / P* COS 0 dp (iO “ J a 

fc'O 

r= J a'* / ^ (1 — 2 sin* cos tfd 
*^0 

■ sin ^ ~ 


12 ,, 
6 


Hence i = ^ ~ a\ 2 = 0.55 a. Anj*. 

A o 



^ r ^ " (cos 26i^ cos 6 d9, 

by (5). Art. 2 
-v2)=.X..v5. 


Illustrative Example 3. Find L over the region bounded by the drde 
p sr 2 f cos i9. 

Solution. Summing up for the elements in 
the triangular-shaped strip OP, the p-limits 
are zero and 2 r cos 0 (found from the e<|uation 
of the cirde). 


are - and Hence, by (55, 


■‘<1 


Zreoi# , . 3 Tr* . . 

p* dp do = — — . Arts, 



Or, summing up first for the elements in a circular strip (as QR), we have 

Ans. 


2 rj» arc ecu j 3 


Sr p^dd dp = 


PROBLEMS 

1. Bind th« area inside the circle p = | and to the right of the line 
4 p coed -3. 3(4 r-SVS) . 

16 

8 . Bind the area which is inside the circle p = 8 cos 9 and outside the 
ereVi p as f . 8(2 ir-f sVs) . 
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3. Find the area which b inside the circle p = 3 cos d and outside the 

circle p — coa$. Ans. 2 r. 

4. Find the area inside the cardioid p = 1 + cos 6 and to the right o( 

the line 4 p cos 0 = 3. , ir , SVS 

2+ IT' 

5. Find the area which is inside the cardioid p = 1 -f cos 0 and outside 
the circle p = l. 

4 

^ 6. Find the area which is inside the circle p = 1 and outside the cardi- 
oidp=l + co8d. 2-i. 

4 

V7. Find the area w’hich is inside the circle p 3 cos 0 and outside the 
cardioid p = 1 4* cos 0. Ans, x. 

8. Find the area which is inside the circle p — 1 and outside the parab- 
ola p(l 4- coa fl) = 1. 

ii 3 


9. Find the area which is inside the cardioid p = 1 4 cos 0 and outside 
the parabola p(l 4- cos 0) = 1. 3jr ^ 4. 

4 3 

10 , Find the area which is inside the circle p - cos 4 sin S and out- 
side the circle p = 1 . Ans, J. 

11 . Find the area which is inside the circle p = sin 0 and outside the 

cardioid p 3 = 1 — cos 8, 1 _ 


12. Find the area which is inside the lemniscate p^ = 2 cos 2 6 and 

outside the circle p = a. Ans. 0.684 a*, 

13. Find the area which is inside the cardioid p 4(1 4 cos 0) and 

outside the parabola p(l — cos 0) = 3. Ans, 5.504, 

14. Find the area which is inside the circle p = 2 u cos 0 and outside 
the circle p = a. Find the centroid of the area and /, arni J^, 


Ans. 



rr y 4 3\/3)a ^ 
~2(2 5r + 3\^)’ 

nV3 \ 
16 / 


(t 


oL 


15. Find the centroid of the area bounded by the cardioid 

p = 0(1 + CO 8 0). Ant. 2 = —• 

10. Find the centroid of the area bounded by a loop of the curve 

, = a«.2«. f = 

105 ir 

17. Find the centroid of the area bounded by a loop of the curve 
*psaM.30. 

'-■55V 
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18. Find /y for the lemniscate p* = a* coe 2 9. Atw. (3 7 + 8)a’. 


19. Find /, for the cardioid p = a(l 4- coe 0). 

80. Find /, and for one loop of the curve p : 

81. Prove from (1), Art. 254, that 

AA 


48 
a COB 2 0. 


"‘O' . * « 

AP-.0 p ap a0 
4»..0 


1 , 


and therefore AA ‘'differs from p Ap A0 by an infinitesimal of higher 
order” (Art. 99). Then AA in the left-hand member of (2), Art. 254, may 
be replaced by p Ap A0. (Proof omitted.) 

256. General method for finding the areas of curved surfaces. The 
method given in Art. 164 applied only to the area of a surface of 
revolution. We shall now give a more general method. Let 

(1) s = /(x»l/) 

be the equation of the surface KL in the figure, and suppose it is 
retjuired to calculate the area of the region S’ lying on the surface. 

Denote by .S' the region on the .YOl'-plane which is the orthogonal 
IM'ojection of S' on that plane. Now pass planes parallel to YOZ and 
XOZ at common distances 
Ax and Ay respectively. As 
in Art. 244, these planes form 
truncated prisms (as PB) 
bounded at the top by a 
portion (as PQ) of the given 
surface whose projection on 
the XO F-plane is a rectangle 
of area Ax Ay (as AB). This 
rectangle also forms the Iowct 
base of the prism. The coor- 
dinates of P are (x, y, z). 

Now consider the plane 
tangent to the surface KL 
at P. Evidently the same rectangle AB is the projection on the 
YOV-plane of that portion of the tangent plane (PR) which is in- 
tercepted by the prism PB. Assuming 7 as the angle the tangent 
plane makes with the YOF-plane, we have 

Area AB area PB • cos 7, 



rn» 

IpoH 


{>ro|«ctloii of « plotio ofoo opoo o meond piMm b oquml to iho td tbo] 
pomon proioetftd multiplM by Um ocmIoo of tbo botwoto tbt ] 

4|f Ax s area PR - cob y. 


or 
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Now 7 is equal to the angle between OZ and a line from 0 per- 
pendicular to the tangent plane. Hence from (If), Art. 237, and (S) 
and (3), Art. 4, we have 



Then Area PR = |^H- 


This we take as the element of area of the region S'. We then define 
Uie area of the region S' as 


lim 




Ag Ax, 


the summation extending over the region S, as in Art. 245. Denoting 
by A the area of the region S', we have 


S 


the limits of integration depending on the projection on the XOY-pkme 
of the reffion tehose area tee unsft to calculate. Thus, for (/) we choose 
our limits from the boundary curve or curves of the region S in the 
JTO y-i^ane isrecisely as we have been doing in the previous sections. 

B^ore integrating, the expression 


1 + 



must be reduced to a function of z and y only, by uang the equation 
of the curved surface on which the area lies. 

If it is more convenient to project the required area on the XOZ- 
idam, use the fommla 

8 


where the limits are found from the boundary of the region S, which 
is now the projection of the required area on the XOZ-plane. 
Similarly, we may use 





the limits being found fitnn the projection of the required area on the 
yOil-niane 
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lu some problems it is required to find the hrea of a portion of one 
surface intercepted by a second surface. In such cases the partial 
derivatives required for substitution in the formula should be found 
from the equation of the surface whose partial area is wanted. 

Since the limits are found by projecting the required area on one 
of the coordinate planes, it should be remembered that 

To find the projection of the area required on the XOY-plane, elimi- 
naU z between the equations of the surfaces whose intersections form the 
boundary of the area. 

Similarly, we eliminate y to find the projection on the XOZ-plane, and 
X to find it on the YOZ-plane. 


This area of a ctirved surface gives a further illustration of inte- 
gration of a function over a given area. Thus in (/) we integrate the 


function 



over the projection of the required curved surface on the XOV-plane. 
As remarked above, (J) and {K) must be reduced to 

jjf{x,z)dzdx and JJf(y, z)dy dz, 

respectively, by means of the equation of the surface on which the 
required curved surface lies. 


IixusnuTtve EXAurLB 1. Find th« arra of the surface of the sphere 

-f- -f f* 

by double intefr«tion« 

Solulioii. Let ABC in the (lg:ure be one eighth of the surface of the sphere. Here 
dx z dy z 


and 





The projection of the area required on the .YOV-plane is AOB^ a region bounded 


bya = 0(«OB); y«0(«Oi4); 

Integrating drat with respect to y, we sum up 
all the fleinenta along a atrip (as DEGF) which is 
also im>jected on the XOT^plane in a strip (as 
MN GF) i th at is^ our y-limita are lero and MF 
(a Vf* -- X*), Then integrating with respect to x 
sums up all such strips composing the surface ABC ; 
that is, our x*limita are i^ro and OA (- r). Sub* 
flUttttitig in (f}« we get 

«r A«>4irr*. Am. 


fdydx 



520 


DIFFERENTIAL AND INTEGRAL CALCULUS 


Illustratiyb Examplb 2. The center of a sphere of radius r is on the surface 
of a nght cylinder, the radiua of whose base is Find the area of the surface of 
the cylinder Intercepted by the sphere. 


Soludoa. Taking the origin at the center of the sphere, an element of the cylin- 
der for the s>axis, and a diameter of a right section of the cylinder for the x*axis, the 
equation of the sphere is 

xa + y* -h = f\ 

and of the cylinder x® + y* = rx. 

ODaAPB is evidently one fourth of the cylindrical 
surface required. Since this area projects into the 
semicircular arc ODA on the A'OF-plane, there b 
no region S from which to determine our limits 
in this plane ; hence we shall project our area on, 
say, the A'OZ-plane. Then the region S over 
which we integrate is OACB, which is bounded 
by s 0 (= 0,4), X = 0 (= OB), and -hrx — 

{= ACB), the last equation being found by elim- 
inating y between the equations of the two sur- 
face*. Integrating first with respect to z means that w e sum up all the elements in 
a vertical strip (as PD), the 2 ^limit 8 being xert> and Vr* - rx. Then, on integrating 
with respect to x, we sum up all such strips, the x-limits being zero and r. 

Since the required surface lies on the cylinder, the partial derivatives re<iuired 
for formula (/) must be found from the equation of the cylinder. 



Hence 


dy f ~ 2 X dy 

5i — TT’ 


Substituting in (/), 





Substiitiiing the value of y in terms of x from the equation of the cylinder, 
- X* Jo Vrx - X* Jo \ X 


““'jTX 


>/rx-x* 


4r>. 


PROBLEMS 


1. In the preceding example find the surface of the sphere intercepted 
by U» cylUKte. ^ _ 

Jo Jo Vr* - X* - V* 

8. The axes of two equal right circular cylinders, r being the radiua 
ct their bases, intersect at right angles. Find the surface of one inter- 
cepted by the other. 


Hwr. Take *» + » r* and ** + ,* = r* si the equatSom of the cylindere. 

"Vr»-.* «fy dx 
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3. Find the area of that portion of the sphere -h ^ ^2 ay cut 

'out by one nappe of the cone x* + 2 * == Am. 2 ira^. 

4u Find the surface of the cylinder x* + included between the 

plane z ^ mx and the XOK-plane. Am. 4 r^m. 

5. Find the area of that part of the plane 5 + ^ = 1 which is in- 
tercepted by the coordinate planes. ^ f 

Am. iV6^c2 ^ 

3. Find the area of the portion of the sphere -f 4- 2 * = 2 ay which 
lies within the paraboloid 5y = x^ -f z^. Am. 2 nab. 

1. In the preceding example find the area of the portion of the pa- 
raboloid which lies within the sphere. 


3. Find the area of the surface of the paraboloid y* -f 2 ^ = 4 ox in- 
tercepted by the parabolic cylinder y^ = ax and the plane x = 3 a. 

Am. xa*. 


9. In the preceding problem find the area of the surface of the cylinder 


intercepted by the paraboloid and plane. 


Atm. (13\/l3-l)-~. 

V3 


10. Find the surface of the cylinder 2 ^ + (x cos a + y sin «)* = r^ which 
is situated in the positive compartment of coordinates. 

Hint. The axis of this cylinder is the line * = 0, xco8a + y8ina = 0: and the 

radius of the base Ur. . r'-* 

A ns. 

am a cos a. 

11. Find the area of that portion of the surface of the cylinder 

bounded by a curve whose projection on the X V-plane is 
— a^. Afis. ^ a*. 

12. Find by integration the area of that portion of the surface of the 
sphere x* + y® + 2 * = 100 which lies between the parallel planes x = — 8 
and X = 6. 


257. Volumes found by triple integration. In many cases the vol- 
ume of a solid bounded by surfaces whose e<]uations are given may 
be calculated by means of three successive inlegrationst, the process 
bdng merely an extension of the methods employed in the preceding 
articles of this chapter (see also Art. 247). 

Suppose the solid in question is divided by planes parallel to the 
coordinate planes into rectangular parallelepipeds having the dimen- 
sions Az, Ay, Ax. The volume of one of these parallelepipeds is 

Az • Ay • Ax, 

and we choose it as the element of volume. 

Now sum up all such elements within the region 12 bounded by 
the given surfaces by first summing up all the elements in a colunm 
peralkd to one of tiie cotbrdinate axes, then summing up adl simh 
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columns in a slice parallel to one of the coordinate planes containii^ 
that axis, and finally summing up all such slices within the region in 
question. The volume V of the solid will then be the limit of this 
triple sum as Az, Ag, Az each approach zero as a limit. That is, 



Af -*0 


the summations being extended over the entire region R bounded by 
the given surfaces. This limit is denoted by 

(£) V - dz dy dx. 

R 

By extension of the principle of Art. 245, we sj>eak of (I) as the 
triple integral of the function fix, y, 2 ) = 1 throughout the region R. 
Many problems require the integration of a variable function of x, y, 
and z throughout a given region. The notation is 

(2) jjj fix, y, z)dz dy dx. 

K 

which is, of course, the limit of a triple sum analogous to the double 
sums we have already discussed. In more advanced treati.ses it is 
shown that the triple integral (2) is evaluale<l by succe.ssive integra- 
tion. The limits are found in ths same manner as for (L). 

Simple examples of (2) are afforded by the formula.s for t he centroid 
(i, y, i) (center of gravity) of a homogeneou.s solid, namely, 

Vx = j'j'j' t dx dy dz, Vy = j'j'j'y dx dy dz, I H t dx dy dz. 

They are obtained by reasoning as in Art. 249, u.sing moments of 
volume. In the integrands, (x, y, z) is an interior jwint. The centroid 
will lie in any plane of symmetry. 


IlxcsnuTivB Example 1. Find the volume of that portion of the eiUpaoid 

^ + + = i 

o* ^ 6* e* 

wfakdt Um in the firrt ocUnt. 

Let 0-ABC be that portion at the 
etlipioid whow vojitine is required, the equations 
of ^ boundbif surfaces being 

(f) fr ac 0 (s OAC), 

> *«0(*OjBC). 
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PQ m ftn element* being one of the rectangular parallelepipeds with dimensions 
As, Ay, Ax into which the planes parallel to the coordinate planes have divided the 
region. 

Integrating fixst with respect to s, we sum up all su ch elements in a column 

(as RS), the s-Umits being zero (from (4)) and TR = cW 1 - ^ ~ I; (from (3) by 
solving for s). ^ ^ 

Integrating next with respect to y, we sum up all such colu mns in a slice (as 

DEMNGF)f the y-Uniits being zero (from (5)) and MG = 6\/l (from the 

equation of the curve AGB, namely ^ = 1, by solving for y). 

a* O'* 

Lastly, integrating with respect to x, we sum up all such slices within the entire 
region the x-Hmits being zero (from (6)) and OA = a. 

/] 5 A 

Hence V = / / / di d, dr 

Jo Jo Jo 

wtb ^ wahc 

”77.1 • 

Therefore the volume of the entire ellipsoid k 


Illustrativk KXAMin.R 2. Find the volume of the solid bounded by the surfaces 

(7) z r: 4 - ~ 4 y^ 

(8) z - 3 -f 4 yK 
Solution. The surfaces are the elliptic paraboloids of 

the figure. Eliminating s between (7) and (8), we find 

(9) 4x^4 Jy^ -4, 
which b the equation of the cylinder A BCD (see figure) 
that passes thmugh the curve of intersection of (7) and 
(8) and has its elements parallel to OZ. 

We 

dz dy dr. 

lx* 4 4»» 


(10) 





The limits are found as follows : 

Integrating with respect to z, we sum up the elements of \"olume dzdydx in 
a column of ba^ dy dx from the surfatje (8) to the surface (7) (AfP to MQ in figure). 
The limits fur z are, then, given by the right-hand members in these equations. 
Thus we find 

■*2 v^i<r 


(U) 


''-‘X'X' 


W) 


(4 - 4 X* — J y®)dy dx. 


The limits on this double integral are those for the region OA B, the portion of 
the Brm of the base of the ^linder (9) which lies in the first quadrant. Working 
out (11), we find F = 4 jrV2 = 17.77 cubic units. Ana. 


The,iM‘oblem jpven may be such that the first integration should 
be parformed with respect to z or y, and not with respect to z, as 
above, llie limits must be deta’mined in accordance with the 
preceding disetumon. 
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258. Volumes, using cylindrical coordinates. In many problems in- 
volving integration the wwk is much simplified by employing cy- 
lindrical coordinates (p, d, z) as defined in (7), p. 6. The cylindrical 
equation of any one of the bounding surfaces may often be written 
down directly from its definition. In any case it may be found from 
its rectangular equation by the substitution 

(1) X = p cos 6, y~p sin 6. 

Cylindrical coordinates are especially useful when a bounding 
surface is a surface of revolution. For the equation of such a surface, 
when the axis is OZ, will have the form z = f{p) ; that is, the coordi- 
nate 6 will be absent. 

Volume under a surface. Let 

(2) 2 = F(p. 6) 

be the cylindrical equation of a .surface, as KL in the figure. We 
wish to find the volume of the solid bounded above by this .surface, 
below by the plane XOY, 
and laterally by the cylin- 
drical surface whose right 
section by the plane A'Oi' 
is the region S. This cylin- 
drical surface intercepts on 
the surface (2) the region S'. 

Divide the solid into ele- 
ments of volume as follows : 

Divide S into elements of 
area AA by drawing radial 
lines from O and arcs of cir- 
cles about O, as in Art. 254. 

Pass planes through the 
radial lines and OZ. Pass 
cylindrical surfaces of revo- 
lution about OZ standing <m the circular arcs within S. Then the 
solid is divided into columns such as MNPQ, where area MN = A A, 
and MP^z. The element of volume is then a right prism with base 
AA and altitude z. Hence 

(8) AV = 2AA. 

vcdume V is found by summing up the prisms (3) whose bases 
fie within 8 and finding the limit of t^ sum when the radial lines 
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and circular arcs within S increase in number so that Ap — » 0 and 
A9 — » 0. That is, 

(4) V = lim y y z AA. 


We now show that the double limit in (4) may be found by suc- 
cessive integration. (Compare Art. 244.) This is done by finding 
the volume, approximately, of a slice of the solid included between 
two radial plan^ such as ROZ and SOZ, and then taking the limit, 
of the sum of these slices. 

I>et DEFG be the section of the solid in the plane ROZ. The 
values of 2 along the curve GPF are given by (2) when 6 (= angle XOR) 
is held fast. In the plane ROZ take OR and OZ as rectangular axes 
and (p, 2) as coordinates. Let (p, z) be the centroid of area DEFG. 
Then by (2) and (3), Art. 177, 

X Ofi , rOlC ^ , 

pFip,d)dp. 

The integral will be a function of 6. 

Now revolve area DEFG about OZ. By Art. 250, the volume of the 
solid of revolution thus generated is 2 Trp • area DEFG. The planes 
ROZ and SOZ cut out a wedge from this solid of revolution who.se vol- 
ume is 19p • area DEFG, since angle ROS = AO (radians). Therefore 

(5) Mr%F(p.d)dp 

•'Uii 

is equal, approximately, to the volume of the slice of the solid in- 
cluded between the planes ROZ and SOZ. The limit of the sum of 
the wedges (5) when Ad — ♦ 0 is the exact volume. 

Hence 

(6) V=/Y'^F(P, d)p(/pdd, 

where a = Z A'OA, ^ = Z ,YOB, p» = OD =/i(d), pa = OE^fiiO), 
values to be found from the polar equations of the curves bounding S. 
The element of the integral in (6), namely, 

F(p, d)p dp dO — zp dp dO, 

may be thought of as the volume of a right prism of altitude z and 
base of area p dp dO. Thus AA in (3) is replaced by p Ap Ad, as in 
Art. 264. 

We have now the fcH-mula* 


(M) 


V sa j'J ip rfp dd saJ'J* P(p, d)p dp dO 
S S 


*Th» ordtr ot is iramaWritl. Proof bi oratttod. 
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for the volume under the surface (2), and the limits are found as in 
Art. 254 for the area of the region S. 

From (M) and (4) we may derive (2), Art. 254. 

iLLUsnuTivB Example 1. Show that the volume o( the solid bounded by 
the ellipsoid of revolution = «-()’ and the cylindrical surface 

ax ^0 \a given by 

(7) V = 4-f^' r^^Va^- pdpde. 

oJo Jo 

Evaluate this integrals 

Solutioflu By (i) the cylindrical equa- 
tion of the ellipsoid t» 4 - = 0 * 6 ®. 

H«Dce 

(8) « = ^Va*- p». 

a 

The polar equation of the circle 
ar* Hh = 0 in the XT-plane 

bounding S is, by ( 1 ), 

(9) p == a cos 0. 

For the semicircle the limits for p are 
aero and o cos $, when $ is held fast, and 
Cor aero and | r. Substituting in (M) the value of z from ) and the above iimitav 
w get (T). Integrating, 

V = i a^b(3 ir - 4) = L206 o^ 6 . 

Volume by triple integration. The element of volume A V will now 
be an dement of the right prism used above in (3), that is, a right 
prism with base AA and altitude Az. The solid is divided into such 
elements by passing through it the planes and cylindricsd surfaces 
\i8ed in the figure at the beginning of this article and also planes 
parallel to the plane XOY at distances apart equal to At. We 
now have 

(10) AV = Az AA. 

By summation and taking the limit when A«-»0, Ap-»0, 
A^ — » 0, we have 

(W) V^JJJpdzdpdS, 

for AA may be replaced by pApAd as before. 

Formula (3) in Art, 257 for the centroid become 

Vi «* p* cos 6 dz dp dd, Vy = *in $ dt dp dS, 

Vz«^jjjpzdzdpd9, 
ulisa eyibidrieal coordinates are used. 
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IlXUSTR/lTIVB EXAMPLB 2. 

b on the sphere 

ill) + = 8 

and whose lower surface b on the 
paraboloid of revolution 

(12) = 

Solutioa. The figure ahowa 
the sphere and the paraboloid in 
the first octant. The curve of in- 
tersection AB lies in the plane 
« ^ 2. Its projection DK on the 
XV-planc b the circle 

(13) i*' -f 1/^ 4. 

The cylindrical equations 
are. by (1) : 

(14) p* *f 2’ - 8 (the sphere 

(ID); 

(15) p’ - 2 2 (the paraboloid 

(12) I ; 

(16) P 2 (the circle (13)). 


Find the volume of the solid whose upper surface 



An element of area SA in the circle (16) b drawn at A/(p, B) in the figure, 
element of volume AD b shown at Pip, 6, «). 

We have, by (^V), 


(17) 


-rT/.:-''-' 


d$. 


An 


The limits are found a.M follows: Integrating with respect to z (holding p and 
0 fast), we sum up the elements of volume UO) m a column from the surface (16) 
to the surface (14) (A/ ra to S fP% in the figvire). From (15), 2 = AfPa = Jp»; 
from (14), t = MP\ - v8 ~ p^, the z-Hmita. The limits for p and B are those 
for the area of the circle (16). Integrating with respect to p give# the sum of the 
columns in the slice include<l l>etwt^n the plane passing through OZ and OM and 
the piano passing through OZ and OS, The final integration sums up these slices. 

Integrating in (17), 

r(8V^-.7)=:18.1. Ans, 


In the following problems, formulas (M) and (N) are to be 
when the equations of bounding surfaces are in cylindrical coordi- 
nates (cylindrical equations). If the corresponding rectangular equa- 
tions are needed for drawing a figure, they may be found by the 
transformation 

(18) p* = x® + |/*, 6 = arc tan 
to wluch may be added 

( 19 ) 
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PROBLEMS 


1. Find the volume ol the solid below the cylindrical surface a?* + r = 4, 
above the plane x + £ = 2, and included between the planes y = 0, y = 3. 

Ana. V = f I I dz dx dy = 13J cubic units. 


2. Work out Illustrative Example 2, Art. 247, using cylindrical co* 

An., V = 2 r*' dp ,» = 5 nn». 

Jo Jo " 

3. Find the volume of the solid bounded alx)ve by the c>dinder 
c = 4 — X- and below by the elliptic paraboloid r ~ 3 x- 4- 

Am. V = 4 dz dy dx = 4 tt* 

Jq Jo Jz X* i 


4. Two planes forming an angle a radians with each other meet along 
a diameter of a sphere of radius a. Find the volume of the sphirital urdyc 
included between the planes and the spherical surface, using cylindrical 
coiirdiiiates- A ns. § aa *. 


6. Find the volume below^ the plane r = x and al>ove the elliptic 
paraboloid 2 = x^ 4- Am. tt. 


6. Work Problem 5 using cylindrical codrdinates. 

Am. 

Jo Jo J^ 

7 . Find the volume bounded by the sphere p- + 
cylinder p = a cos 6. 


p dz dp dd — V. 

within the 
.Amji. § a*(x - J). 


A Find the volume above z = 0, below the cone z* = x* + y^ and 
within the cylinder x® + y* = 2 ox, using cylindrical coordinates. 

. Ans. V a*- 

9. Find the volume of the solid bounded by z = x + 1 and 2 z = x’ + y*. 

A ns. } x. 

10. In Problem 3 show that inte^^ration with respect to z gives (with- 
out further integration) V = 4 A — 4 /» — L, where A is the area of the 
ellii^ 4 X® + y* = 4, and /, and /, are moments of inertia for this ellipse 
as given by (£), Art. 252. 


11. Find the volume below the plane 2 r = 4 -f p cos above z = 0, 
and within the cylinder p = 2 coe 0. Am. f x. 

13. A solid is bounded by the paraboloid of revolution oz = p® and the 
plane z = c. Find the centroid. Ans. (0, 0, i c). 

lA A solid is bounded by the hyperboloid z® = a* + p® and the upper 
nappe of the cone z» = 2 p*. Find the volume. Am. | xo»( V5 - 1), 

lA Find the centnrid <rf the atdld in Problem 13. 

Am. (0, 0, I a(y/2 +1)). 
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16. Find the centroid of the solid in Problem 1. Ans. (L §, V)* 

16. Find the centroid of the solid in Problem 2. Ana. (| a, 0, ^ a). 

17. Find the centroid of the solid in Problem 8. 

18. Find the volume of the solid bounded below by z = 0, above by 
the cone z — a — p, and laterally by p = a cos 5. Ana. ^ a^(9 ir — 16), 

19. Find the centroid of the solid in the preceding problem. 

20. Find the volume of the solid below the spherical surface p^ 4- = 25 

and above the upper nappe of the conical surface z = p 4- 1. 

21. Compare Illustrative Example 3, Art. 165, and Illustrative Ex- 
ample 1, Art. 257, and derive (N), Art. 165, from (I), Art. 257. 

22. Derive formula (2), Art. 178, from the first formula in (3), Art. 267. 


ADDITIONAL PROBLEMS 
* 

1. Find the volume Iwunded above by the sphere p* + z® = r*, below 
by the cone z = p ctn i>, and included between the pjanes 0 = 0, 
0 = 0 + A0, <t> and 0 being acute angles. (The solid is part of a spherical 
wedge, like 0-S(t\ in the figure of Art. 222 when OQ is drawn.) 

Am. i r* Aji(l — cos ^). 

2. Find (w’ithout integration) the volume bounded by the sphere 
= r’, the cones z = p ctn z = p ctn (<f» + A0), and the planes 

0 =1 0, 0 = 0 + A0, using the result in the preceding problem. (The solid 
is like O-PiRQS in the figure of Art. 222 when OR and OQ are drawn.) 

Am. J r® A0 sin (^ + i A<p) sin J A<i>. 

3. Find (w'ithout integration) the volume bounded by z = p ctn <j>, 

1 = p ctn (tj> + A<i>), 0 = 0, 0 = 0 + A0, and included between the spheres 
p» + if = r*. p® + z® = (r -f Ar)®, using the answer in Problem 2. 

.4ms. 2 A0 Ar sin (<^ + J Afp) sin 4 + r Ar + J Ar®). 

(The solid is obtained from the figure in Art. 222 by producing each of the 
radii OPu OR, OQ, OS a distance Ar to Pi', R', <?', S' on the sphere 
p* + 8® = (r + Ar)®. The cones Intersect this sphere in the circular area 
Pi'R' and Q'S', and the planes in the arcs of great circles Pi'S', R'Q'. The 
solid has the vertices PiRQS-Pi'R'Q'S’.) 

4. The solid of Problem 3 is the element of volume A F when spherical 

codrdinates (8), p. 6, are used. Replace 0 by 0. Then one vertex P of 
AV has the q>herieal codrdinates (r, 6). Prove, from Problem 3, 


At .0 r* sin ^ Ar AA A8 


Therefore AF differs from r* sin ^ Ar A^ A9 by an infiniteeiiniU of higher 
order (Ait. 99). 
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0. In the solid of the preceding problem prove that the edges of AV 
meeting at any vertex are mutually perpendicular, and that the lengths 
of those intersecting at (r, $) are, respectively, Ar, r A0, r sin ^ Ad. 

6. Describe the three systems of surfaces (spheres, cones, planes) 
which must be drawn to divide a solid R into elements of volume LV 
(Problem 4) when ^herical coordinates are used. Let (r, <ft, 6) be any 
point of AF. Then we write 

d)r* sin <l> dr d4> d6. 

In the left-hand member AF may be replaced by r* sin 4> Ar A^ Ad 
(see Problem 4), that is, by the product of the three edges in Problem 5. 
The right-hand member is calculated by successive integration. (Proof 
omitted.) 

7. Work out the integral in the preceding problem if F{t, 4>, d) = r, 
and R is the sphere r = 2 a cos that is, j* + v* + 2 * = 2 oi. 

Ans. ^ *'**^r® sin </> (ir dd = I TTO*. 

8. Work out the integral in Problem 6 if Fir, d) = r’ cos and R 

is the region r = 2 a cos Am. §1 raK 



CHAPTER XXVI 

CURVES FOR REFERENCE 


For the convenience of the student a nmnber of the more commoo 
curves employed In the text are collected here. 

Cubical Parabola Semicubical Parabola 




y = ox*. 


y* = ox*. 


The Witch op Agnesi The Cissoid op Diocles 
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Tbs 1JBIIN18CATB or Besnouuj Tbb Conchoid or Nicombdbs 



(xa + 1,2)2 = a 2 (x 2 _ y »), = (y + 0)2(62 _ 

p^ — a^ cos 2 6. p = a CSC 6 + b. 

(In the figure, h > a.) 


Cycloid, Ordinary Case Cycloid, Vertex at Origin 



X = a arc vers ^ — V2 ay — y^. 

X =■ a (6 — sin 6 ), 
y = o(l — cos 6 ). 


x = a arc vers ^ + \/2 au — v* 
a 

fz = a(6 + an 6), 
ty = a(l — cos 6 ). 


Catenary 


Parabola 




"f* y^ ®® 0^, 
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IlMApON 



p = 5 — a cos d. 
(In the figure, b < a.) 


Spiral of Arc iumeoes 



HmERBOuc OR Reciprocal 
Spiral 




Logarithmic or Equiangular 
Spiral 



Lituub 
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Tbkss-Lbavbd Rosb Thksb-Lbavbd Robb 



p=:a sin 2 6. p = acos2 0. 


Two>Leaved Rose Lemniscatb Eight-Leaved Rose 
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Absolute convergence, 348 
Acceleration, curvilinear motion, 
121 ; rectilinear motion, 83 
Adiabatic law, 70 
Agnesi, witch of, 531 
Anchor ring, 267 

Angle of intersection, of plane 
cuTN'es, 43; polar form of, 126; 
of skew curves, 475 ; of surfaces, 
481 

Approximate formulas, 367, 372, 
490 

Arc, centroid of, 335 ; differential 
of, 142, 144, 473 ; length of, plane 
curve, 271 ; skew curve, 473 
Archim^es, 127, 128, 155, 277, 534 
Area, of a curved surface, 517 ; mo- 
ment of, 320, 503, 514 ; moment 
of inertia ot 508, 514 ; plane, 241, 
258, 498; in polar coordinates, 
262, 512 ; of a surface of revolu- 
tion, 277 
Astroid, 119, 533 
Auxiliary equation, 390 

Bending, direction of, 75 
Bernoulli, lemniscate of, 532 
Binomial differentials, 299, 307 
Binomial theorem, 1, 353 
Boyle’s law, 70 

Calculation, of e, 361 ; of loga- 
rithms, 362 ; of x, 366 
Cardioid, 117, 119, 125, 135, 145, 
155, 244, 271, 275, 281, 328, 835, 
516, 517, 533 

Catenary, 152, 270, 276, 282, 423, 
432, 434, 532 
Cauchy, 346 


Center of fluid pressure, 506 
Centroid, of a homogeneous solid, 
522, 526; of a plane area, 320, 
337, 503 ; of a solid of revoluMon, 
323 

Change of variable, 166, 240, 457 
Ciasoid, 44, 46, 270, 277, 322, 531 
Complementary function, 394 
Complex number, 440 
Compound-interest law, 399 
Conchoid, 532 
Conoid, 284 

Constant, 7 ; absolute, 7 ; arbi- 
trary, 7 ; of integration, 189, 229, 
233, 376 ; numerical, 7 
Continuity of functions, 12, 444 
Convergence, 340 

Coordinates, cylindrical, 6, 524- 
527; polar, 123; spherical, 6, 
529, 530 

Cosine curve, 533 
Critical values, 52 
Cubic, skew, 474 

Curvature, 149 ; center of, 157, 
171; circle of, 15J1, 170; radius 
of, 152 

Curve-tracing, 81 
Curvilinear motion, 120, 146 
Cycloid, 116, 119, 144, 151, 161, 
244, 270, 274, 276, 281, 5il2 
Cylindrical coordinates, 6, 524-527 

Derivative, definition, 21 ; inter- 
pretation of, by geometry, 25, 
446 ; partial, 445 ; as a rate, 64 ; 
symbols for, 22, 445 ; tote'. 455; 
tranidormation of, 166 
Descartes, folium of, ^*9. 28' 
533 


568 



664 


INDEX 


DijBTerentwl, 136; of are, 142, 144, 
473 ; (rf area, 237 ; formulaa for, 
140 ; geometric interpretation, 
137, 477; as an infinitesimal, 
146 ; total. 449 

Differential coeflicient, 21, 136 
Differential equations, applicationa 
to mechanics, 402; definitions, 
375; first order, 378; higher 
order, 387; homogeneous, 380; 
Unear, 383, 390, 407 
Differentiation, 22; formulas for, 
28, 29, 86, 87, 115, 119, 420, 425, 
426, 435 ; general rule for, 23 ; of 
impUcit functions, 40, 73, 154, 
458 ; logarithmic, 93 ; partial, 
445, 462 ; successive, 73, 462 
IXodes, dasoid of, 44, 46, 270, 277, 
822, 531 

Direction a curve, 42 

EUipamd, 280, 285, 522 
Envelopes, 466 

Equations, graphical solution, 128 ; 
interpolation, 129; of motion, 
120 : Newton’s method, 131 
Errors, 138, 451 ; percentage, 138 ; 
relative, 138 

Evolute, 158, 469 ; of tiie cycloid, 
161 ; of the ellipse, 160, 533 ; of 
tire parabola, 159, 470; proper- 
ties of, 162 

Exprmential curve, 89, 535 
Exponential function, 89 

Factmial number, 338 
Family of curves, 230, 466 
fluid preasore, 325 ; carter <ff, 506 
Fluxions, 19, 357 

Fdium of Deacartes, 46, 119, 288, 
533 

Formulas, approodmate, 367, 872, 
4W); for reference, 1-6 
Fouriit* 288 

'*'un®**®*‘ compUnnentary, 894 ; 

of. 12, 444 ; deereas- 
'finition of, 8, 444; 


derived, 21; differentiable, 21, 
23; discontinuous, example e' 
108 ; exponential, 89 ; of a futi<' 
tion, 37 ; graph of, 10, 444 ; hy- 
perbolic, 414, 415; implicit, 39, 
73, 458 ; increasing, 60 ; inverse, 
38 ; inverse hyperboUe, 423 ; in- 
verse trigonometric, 105; loga- 
rithmic, 89 ; mean value of, 333 ; 
periodic, 97 ; of several variables, 
444 ; sine, 97 ; table of hyper- 
bolies, 416 ; transcendental, 86 ; 
trigonometric, 99 

Fundamental theorem of the in- 
tegral calculus, 254-257 

Graph of a function, 10, 444 
Gravity, center of, 320, 323 
Greek alphabet, 6 
Gudermann, 435 

Gudermannian, 435 ; inverse, 436 
Gyration, radius of, 508 

Harmonic dbration, 403, 405 
Helix, circular, 473, 474, 482 
Homer’s method, 130 
Hyperboloid, 528 

Hypocycloid, 46. 119, 156, 244, 268, 
270, 276, 280, 288, 468, 633 

Increments, 19 ; approximation oi, 
137, 451 

Indeterminate forma, 174 
Inertia, moment of, 508, 514 
Infinitesimals, 17 ; replacement 
tiieorem, 147 
Infinity, 13 
Inflectional points, 79 
Initial conditions, 229 
Integrals, 188; chattge In limits, 
240; decomposition of interval, 
250; definite, 237; discontinu- 
ous, 251 : geometric represents- 
tion, 244, 492; improper, 269- 
253 ; indefinite, 189 ; intercbsttgf 
oi limits, 249; multiple, 491; 
table of, 638 ; use of table, 815 
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Integrand, 195 

Integration, 187 ; approxinoate, 245 ; 
of binomial differentiala, 299; 
formulas for, 191-193, 430, 432, 
433, 435; fundamental theorem 
of, 254 ; by miscellaneous substi- 
tutions, 221, 305, 432 ; by parts, 
223; by rational fractions, 289; 
by rationalization, 221, 296 ; by 
reciprocal substitution, 305; by 
reduction formulas, 307, 312 ; 
successive, 491 ; of trigonometric 
forms, 213, 303, 312 
Interpolation, 129, 372 
Interval of a variable, 7 
Involute, 163 ; of a circle, 156, 276, 
288, 537 

Isothermal expansion, 330 
Jacobi, 445 
Laplace, 19 

Laws of the mean, 172, 182, 482 
Leibnitz, 26 

Lemniscate, 127, 155, 263, 515, 516, 
517, 532 

Length of arc, plane curves, 271 ; 
in polar coordinates, 274; of 
skew curves, 473 
Limacon, 534 
Limit of a variable, 10 
Limits, change in, 240 ; of an inte- 
gral, 238; theorems on, 11, 17 
Lituus, 534 

Logarithmic ciuwe, 89, 535 
Logarithmic differentiation, 93 
Logarithmic function, 89 
LtHcarithms, common, 88 ; natural, 
87 

Loxodrome, 439 

Maclaurin's series, 857, 367 
Maxima and minima, 47 ; analytic 
treatment, 182; definitions, 52; 
first meth^, 53 ; functions two 
variables, 488; second method, 
76 


Mean value, extended tbeoron of, • 
182; of a function, 338; theo- 
rems of, 172, 482 
Mechanics, 402 
Mercator, 439 ; chart, 439 
Moment, of area, 320, 503; of in- 
ertia, 507, 508, 514; polar, 510, 
514 

Motion, curvilinear, 120 ; recti- 
linear, 65, 83 

Napierian logarithms, 88 
Newton, 19, 27, 131, 132, 133, 332, 
401 

Nicomedes, conchmd of, 532 
Normal, to a plane curve, 43 ; plane 
to a skew curve, 471, 480 ; to a 
surface, 475 

Osculating circle, 170 

Pappus, theorems of, 335, 504 
Parabola, 532, 537 ; cubical, 156, 
531 ; semicubical, 266, 498, 531 
Parabolic rule, 247 
Paraboloid of revolution, 268, 521, 
528 

Parameter, 115, 466 
Parametric equations, 115; first 
derivative, 115; second deriva- 
tive, 119 

Point of inflection, 79 
Polar coordinates, 123 ; moment of 
inertia. 514; subnormal, 126; 
subtangent, 126 
Power rule, 32 

Pressure, fltud, 325; cent« oL 
506 

Probability curve, 535 
Projectile, 121, 234, 471 

Quadratic equation, 1 

Radius, of curvature, 152 ; 

gyration, 608 
Railroad curves, 152 
Ratsa, 64. 455 



Reetifieatioii, oi plane curveo, 271 ; 
in pcdar coOt^nates, 274; of 
dcew curves, 473 
Reduction fwmulas, 307, 312 
Replacemoit theorem, 147 
Rhumb line, 439 
Rolle'a theorem, 169 
Roots of equations, 128 
Rose-leaf curves, 536 

Secant curve, 535 
Sequence, 338 

Series, 338 ; absolute convergence, 
348 ; alternating, 347 ; approxi- 
mate formulas from, 367, 372; 
binomial, 353; Cauchy’s test, 
345; comparison tests, 342 ; con- 
vergent, 340 ; ilifferentiation and 
intention of, 365; divergent, 
340 ; geometric, 339 ; harmonic, 
342 ; Maclaurin’s, 357 ; opera- 
tions with, 362 ; oscillating, 339 ; 
p, 344 ; power, 350, 354 ; 

Taylor's, 369, 488 
Simpson’s rule, 247 
Sine curve, 533 

Slrew curves, 471, 480; length of, 
473 

Slope of' a curve, 42; parametric 
form, 115; polar form, 125 
Solids of revolution, centroid of, 
323 ; surface 277 ; volume of, 
265, 267, 268 
Speed. 121, 146 

Spherical coordinates, 6, 529, 530 
Sphot^d, oblate, 266; prolate, 
266 

Sfnral, of Archimedes, 127, 128, 155, 
277, 534; hyperbolic m redp- 
roeal, 119. 128, 264, 277, 534; 
h)garithmie or equiangular, 127, 
128,584; parmboUe, 535 


Stirling. 357 
Strophdd, 534 
Subnormal, 43 ; polar, 126 
Subtangent, 43 ; polar, 126 
Successive ^ff^entiation, 73, 462 
Successive integration, 491 

Table, of hyperbolic functions, 416 ; 
of integrals, 538 

Tangent, horizontal, 42, 117; to a 
plane curve, 43 ; to a skew curve, 
471,480; plane to a surface, 475; 
vertical, 42, 117 
Tangent curve, 535 
Taylor’s theorem, 369, 488 
Telegraph line, 428-429 
Torus, 267 

'Tractrix, 85, 270, 282, 419, 423, 436, 
537 

Transformation of derivatives, 166 
Transition curves, 152 
Trapezoidal rule, 245 
Triple integration, 521 
Trisectrix, 155, 264 

Variable, change of, 166, 457 ; defi- 
nition, 7 ; dependent, 8 ; inde- 
pendent, 8 

Velocity, curvilinear motion, 120, 
146 ; rectilinear motion, 65 
Vibration, damped harmonic, 405; 
forced harmonic, 405 ; simple 
harmonic, 403 

Volume, of a hollow solid of revo- 
lution, 267 ; of a solid with 
known cross section, 283; of a 
solid (rf revolution, 265, 267; 
under a surface, 501, 524; by 
triple integration, 521, 526 

Witch, 62, 251, 269, 822, 631 
Work, 328 
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